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We study the traffic of two types of molecular motors using the two-species asymmetric simple exclusion
process �ASEP� with periodic boundary conditions and with attachment and detachment of particles. We
determine characteristic properties such as motor densities and currents by simulations and analytical calcula-
tions. For motors with different unbinding probabilities, mean-field theory gives the correct bound density and
total current of the motors, as shown by numerical simulations. For motors differing in their stepping prob-
abilities, the particle-hole symmetry of the current-density relationship is broken and mean-field theory fails
drastically. The total motor current exhibits exponential finite-size scaling, which we use to extrapolate the total
current to the thermodynamic limit. Finally, we also study the motion of a single motor in the background of
many nonmoving motors.
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I. INTRODUCTION

Intracellular transport by molecular motor proteins is es-
sential for many cellular functions such as shuttling vesicles
or organelles to their proper destinations �1,2�. In eukaryotic
cells, polar cytoskeletal filaments serve as tracks for three
families of cytoskeletal motors: kinesins and dyneins that
move along microtubules, and myosins that walk along actin
filaments �1,2�.

The movements of a molecular motor along its filamen-
tous track can be described as a biased random walk. How-
ever, after a certain number of steps the motor unbinds from
the track because the thermal noise of the environment over-
comes the finite motor-filament binding energy. The motor
then diffuses in the surrounding fluid as a Brownian particle
until it comes close to the track to rebind to it. On large time
scales, motors therefore perform peculiar “motor walks” that
consist of alternating periods of directed motion or biased
random walks on the tracks and undirected diffusive motion
in the fluid environment �3�.

Intracellular transport is typically achieved by several
types of motors rather than just by one type �4,5�. Different
types of motors may either move independently along the
same filament or work together to power bi-directional trans-
port of a cargo that carries two types of motors �6�. Here we
consider the first case, where different species of motors
move on the same filament, and interact only via their mutual
exclusion. These motors species might move into different
directions, or they might move into the same direction but
have different velocities or different affinities to the filament.
We are interested in the traffic behavior of the latter systems.

A simple model for motor traffic is based on the asym-
metric simple exclusion process �ASEP� �7�. In the ASEP,
particles that interact through mutual exclusion from lattice
sites perform biased random walks along a one-dimensional
lattice. This paradigmatic model for nonequilibrium transport
exhibits interesting phenomena such as boundary induced
phase transitions and traffic jams �7�. To describe the traffic
of motor proteins, ASEP-like models have to be supple-
mented with the dynamics of binding to and unbinding from
the track to account for the finite run length of the motors
�8–12�.

ASEPs with a single species of particles can be general-
ized to models with multiple species �13,14�. Even without
attachment and detachment of particles, multispecies ASEPs
exhibit a variety of cooperative phenomena, such as sponta-
neous symmetry breaking �15� and phase separation �16,17�.

To model cellular traffic with different types of motors,
one has to consider multispecies ASEPs with attachment and
detachment of particles. Apart from investigations on condi-
tions for the exact solvability �18,19�, most work on multi-
species ASEPs with detachment and attachment has focused
on the traffic of two species of particles moving into opposite
directions �20–24�. These models exhibit continuous phase
transitions �20,21,23�, hysteresis of the total current �21�,
traffic jams �24�, spontaneous symmetry breaking, and local-
ized shocks �22�. Here we focus on the case where two spe-
cies of particles move in the same direction, but do so either
with different velocities or with different binding affinities to
the filament. A few such systems have been studied experi-
mentally in vitro, in particular the traffic of mixtures of fast-
moving and slow- or nonmoving kinesin motors �25�.

The paper is organized as follows: In Sec. II we will
present the theoretical model for multispecies motor traffic.
We will focus on the situation that two motor species differ
in only one parameter. In Sec. III we will discuss the traffic
of two types of motors which differ only in their unbinding
parameters. In Sec. IV we will discuss the traffic of two
species with different stepping parameters, specifically one
species with zero velocity. We will end with a summary and
discussion in Sec. V.

II. THEORETICAL MODEL FOR MULTISPECIES MOTOR
TRAFFIC

To investigate cellular transport or in vitro experiments
with multiple species of molecular motors, we study multi-
species ASEP models with attachment and detachment of
particles. As mentioned in the introduction section, motors
perform random walks, which are biased toward the same
direction for all motor species, along a cytoskeletal filament.
Such filaments are polymers which have periodic motor
binding sites with repeat distance �, and motors walk along
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the filament with steps of the same size �. For microtubules,
the lattice constant is �=8 nm. We therefore represent the
filament by a one-dimensional lattice of L binding sites with
spacing �. Per unit time �, a bound motor of type i on the
filament makes a forward step with probability �i if the tar-
get site is free, unbinds with probability �i and remains at the
same site otherwise �8�. Unbound motors are treated as a
motor reservoir �9,10� with unbound density �ub,i for the ith
type of motors. An unbound motor binds to the filament with
the sticking probability �ad,i when the binding site is empty.
The treatment of unbound motors as a reservoir is slightly
different from that in a previous lattice model for motor traf-
fic in Ref. �8�, where the diffusion of unbound motors has
been treated explicitly as Brownian movement. The simpli-
fication to treat the unbound motors as a reservoir is appro-
priate if the density of unbound motors is homogeneous, as is
the case for sufficiently fast diffusion and large motor num-
bers in the bulk solution. This is typically the case in in vitro
experiments, where the buffer is an aqueous solution with
motor concentrations in the nanomolar or micromolar range.
The typical length of a microtubule is of the order of 10 �m
or even larger, one order of magnitude larger than the typical
motor run length, which is of the order of 1 �m for kinesins.
Therefore, we use periodic boundary conditions throughout
this paper. This simplification is appropriate as most motors
do not feel the ends of the filament, so that effects of the
filament ends can be neglected.1 In our simulations, the
length L of the filaments is chosen sufficiently large so that
finite-size effects can be ignored, as we show explicitly in
Sec. IV below.2

To sum up, as shown in Fig. 1, during each time step �
one of the L sites is randomly chosen and updated according
to the following stochastic dynamical rules:

Stepping:i0 → 0i with probability �i, �1�

Detachment:i → 0 with probability �i, �2�

Attachment:0 → i with probability �ub,i�ad,i, �3�

where 0 denotes a vacancy site and i represents a site occu-
pied by a motor particle of species i. All probabilities for
other transitions are zero.

We performed simulations of many motor particles that
move on a one-dimensional periodic lattice with L sites ac-
cording to the dynamical rules �1�–�3�. In the simulations, we
control the number of motors in the system by changing the
value of the unbound motor densities. This mimics in vitro
experiments where the motor concentration in the buffer is
an easily accessible control parameter. Cells can also control
the motor concentration in the cytoplasm by regulating gene
expression. For our simulation with fixed unbound motor
density, we use a random-sequential update. Each simulation
step, which corresponds to a unit of the basic time scale �,
consists of L Monte Carlo moves. At each such move, a
lattice site is chosen randomly and updated according to the
dynamical rules �1�–�3�. The simulations are performed for
about 1010 steps in order to ensure that the steady state of the
system has been reached. The bound densities and currents
are calculated by averaging over all the simulation steps and
over all lattice sites.

In this paper, we consider the traffic of two species of
motors for long times, i.e., in the stationary state. Generally
speaking, all the parameters for different motor species
might be different. Here, as a simple starting point of theo-
retical work, we focus on the situation that the two motor
species differ in only one parameter. We consider different
unbinding probabilities, i.e., �1��2, in Sec. III and different
forward stepping probabilities, i.e., �1��2, in Sec. IV. We
will not explicitly consider the case of different binding
probabilities for different motor species, i.e., �ad,1��ad,2,
because this case is equivalent to that of different species
with only different unbound densities, since the attachment
probability is the product of binding probability for single
motor �ad,i and unbound motor density �ub,i, see the dynami-
cal rule �3�.

Since we are interested in modeling molecular motor traf-
fic, we choose the probabilities for motor movement as
found experimentally for some specific molecular motors.
We focus on the well-studied motor kinesin-1 for which all
necessary parameters have been measured in single-molecule
experiments. Kinesin takes about 100 steps before unbinding
from the filament �1�, so that we can estimate the ratio of
stepping and unbinding probabilities to be � /��100. Kine-
sin’s microtubule desorption constant KD,MT is of the order of
0.1–1 �M �25,26�, which fixes the ratio of the unbinding
and binding probabilities � /�ad=NA�3KD,MT�10−4 with the
Avogadro constant NA, see Ref. �27�. We choose the discreti-
zation time unit � so that the binding probability �ad�1,
which means that we have unbinding probability �=10−4 and
stepping probability �=10−2. Considering kinesin’s velocity
v0=�� /��1 �m /s �1�, this means that our discretization
time is ��10−4 s, which is sufficiently small to avoid dis-

1Note that we do not scale the binding and unbinding probabilities
of motors with the filament size L. The latter scaling, which has
been used in Ref. �10�, leads to a motor run length that is compa-
rable to the filament length L in the limit of large L.

2In most of our simulations, the filament length L was chosen to
be L=200 corresponding to about 2 �m. In the presence of slow
motors, the actual run length of the fast motors is strongly reduced
and small compared to L=200. In the absence of slow motors, as in
Sec. III, the length of the filament is irrelevant as well since our
system then exhibits mean-field behavior for all L.
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FIG. 1. �Color� The model for multispecies motor traffic. Per
unit time �, bound motors of species i hop one step forward along
the filament with probability �i and detach from the filament with
probability �i, while unbound motors with density �ub,i attach to an
empty site with probability �ad,i. Exclusion interactions between
motors prohibit the movement of motors if the target site is occu-
pied by another motor. The system is on a ring of L sites with lattice
constant �.
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cretization artifacts. The typical values of the probabilities
used in this article are summarized in Table I.

III. TWO SPECIES OF MOTORS WITH DIFFERENT
UNBINDING PROBABILITIES

In this section we consider the case of two species of
motors which have different unbinding probabilities �1 and
�2. The stepping probability � and the binding probability
�ad for both species are the same so that the indices of the
corresponding symbols can be omitted.

Since the detachment and attachment rules �2� and �3� do
not involve neighboring sites, there is no correlation of mo-
tors in the processes of binding and unbinding. Therefore the
balances of attachment and detachment for both species of
motors in the stationary state can be described by mean-field
theory as follows:

�ad�ub,1�1 − �b� = �1�b,1, �4�

�ad�ub,2�1 − �b� = �2�b,2, �5�

where �b,1 and �b,2 are the bound densities of type-1 and
type-2 motors, respectively, and �b=�b,1+�b,2 is the total
bound density. The terms on the left-hand side of Eqs. �4�
and �5� represent the attachment of motors, with the mean-
field factor �1−�b� for the exclusion interaction between mo-
tors. The terms on the right-hand side represent the detach-
ment of bound motors. Here we ignore the exclusion
interaction when motors try to detach from the filament since
the total unbound density of motors �ub=�ub,1+�ub,2 is very
low, typically below 10−3, which corresponds to a bulk con-
centration of unbound motor proteins below �ub /�3NA
�1 M.

For convenience, we define the fractions

�ub,i �
�ub,i

�ub
and �b,i �

�b,i

�b
�6�

of the ith type of motors in the unbound and bound states,
respectively, with �ub,1+�ub,2=�b,1+�b,2=1. Because the
two species of motors have different unbinding probabilities,
the fractions of these two types of motors in the bound states
are not equal to those in the unbound states, or more pre-
cisely,

�b,1

�ub,1
=

�2

�1

�b,2

�ub,2
�

�b,2

�ub,2
. �7�

From Eqs. �4� and �5� we obtain the bound densities of
both types of motors and the total bound density,

�b =
�ad�ub

�ad�ub + �eff
, �8�

with an effective unbinding probability

�eff = �1�b,1 + �2�b,2 =
�1�2

�1�ub,2 + �2�ub,1
. �9�

Equation �8� has the same form as the relation of binding and
unbinding probabilities in the 1-species ASEP with attach-
ment and detachment, except that the unbinding probability
of the single motor species is replaced by the weighted av-
erage effective unbinding probability �eff. In the limit of
�ub,1=0 or �ub,2=0, the effective unbinding probability be-
comes �eff=�2 or �eff=�1, respectively, and Eq. �8� reduces to
the corresponding relation of the single-species ASEP.

The total current J of both species can be determined by
mean-field theory as the product of forward stepping prob-
ability �, total bound density �b of the two types of motors,
and density of vacancies 1−�b,

J =
�

�
�b�1 − �b� . �10�

The total motor current has a maximum at �b=0.5. It de-
creases for bound densities larger than �b=0.5 because over-
crowding of bound motors leads to traffic jams.

Results of the mean-field theory for the ASEP with two
species of particles with different unbinding probabilities are
in excellent agreement with simulation results �see the ex-
ample with �2=8�1 in Fig. 2� and with the numerical solution
of the associated stochastic process for small system sizes
�not shown�. This observation indicates that mean-field
theory is exact in the case of two species of motors which
differ only in the unbinding probabilities.

As shown in Fig. 2, the total bound density �b increases
with the total unbound density �ub, as to be expected. The
total current J as function of unbound density �ub has a maxi-
mum because overcrowding by motors causes traffic jams.
The maximum shifts to higher unbound density with increas-
ing fraction of type-2 motors, because type-2 motors have a
larger unbinding probability than type-1 motors. Therefore a
higher fraction of type-2 motors leads to smaller bound den-
sity and less traffic jam.

IV. TWO SPECIES OF MOTORS WITH DIFFERENT
STEPPING PROBABILITIES

We next consider two motor species that differ only in the
forward stepping probabilities, i.e., �1��2. The binding
probability �ad and unbinding probability � for these two
species are the same so that the indices of the corresponding
symbols can be omitted. Without loss of generality, we as-
sume that type-1 motors have a larger stepping probability
than type-2 motors. We will focus on the case that the second
motor species has zero forward stepping probability �2=0,
because we expect that this largest difference between �1 and
�2 leads to the strongest effect. This choice is also motivated
by in vitro experiments, which addressed the traffic of mix-
tures of moving motors and nonmoving mutant motors �25�.

TABLE I. Summary of the typical values of probabilities per
time step �=10−4 s used in this article, which mimic the properties
of the molecular motor kinesin-1.

Probability Stepping � Detachment � Attachment �ad

Typical value
of kinesin 10−2 10−4 1

TRAFFIC BY MULTIPLE SPECIES OF MOLECULAR MOTORS PHYSICAL REVIEW E 80, 041928 �2009�

041928-3



A. Traffic of two species of motors with different stepping
probabilities

As already discussed in Sec. III, there are no correlations
of motors in the processes of attachment and detachment.
Therefore the balances of binding and unbinding processes
for both kinds of motors can be described by mean-field
theory as given in Eqs. �4� and �5� with the simplified con-
dition �1=�2=�. From these equations, the total bound den-
sity �b of the two types of motors is given by

�b =
�ad�ub

�ad�ub + �
. �11�

Equation �11� can be viewed as a special case of Eq. �8� with
�1=�2=�, so that �eff=� �see Eq. �9��.

Since type-1 and type-2 motors have the same binding
and unbinding probabilities �ad and �, the fractions of both
types of motors in the bound and unbound states are equal,

�ub,i = �b,i � �i for i = 1,2, �12�

with �1+�2=1.
The total current is given by the sum of the currents of the

two motor species as J=J1+J2. Within the mean-field ap-
proximation, the currents of the two motor species are

JMF,i =
�i

�
�b,i�1 − �b� for i = 1,2. �13�

Note that in this approximation, both species experience the
exclusion interaction through the same hindrance factor 1
−�b, which depends on the total bound motor density �b. So
the mean-field total current is

JMF = JMF,1 + JMF,2 =
�1�1 + �2�2

�
�b�1 − �b� . �14�

As a function of the total bound density �b, the current JMF
has a maximum at �b=0.5 and is symmetric with respect to
�b=0.5. However, simulations show that the actual value of
the total motor current for large systems is much lower than
the mean-field prediction, see Fig. 3. In addition, the total
current as function of bound density is no longer symmetric
with respect to �b=0.5 for L	2. These deviations from the

mean-field prediction indicate strong correlations of bound
motors which come from the blocking of type-1 motors by
the nonmoving type-2 motors.

To take these correlations into account, we consider the
exact time evolution of the system. The possible configura-
tions of the system can be labeled by the sequence of lattice
site occupancies. For example, the configuration C=012 of a
system of size L=3 means that the first site is empty and the
second and the third sites are occupied by a type-1 motor and
a type-2 motor, respectively. At time t, the system is in con-
figuration C with probability P�C , t�. At the next time step t
+�, the system evolves stochastically following the rules
�1�–�3�, and the probability P�C , t� to find the system in con-
figuration C satisfies the Master equation
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FIG. 2. �Color online� Traffic of two motor species with different unbinding probabilities. �a� Total bound density �b and �b� normalized
total current J /� �in the unit of �−1� as a function of total unbound density �ub for different fractions �ub,2 of type-2 motors. The simulation
results �data points� agree well with the mean-field calculation of Eqs. �8�–�10� �solid lines�. The parameters are �1=10−4, �2=8�1, �
=10−2, �ad=1, and L=200.
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FIG. 3. �Color online� Traffic of two species of motors with
different stepping probabilities. The normalized total motor current
J /�1 �in the unit of �−1� as a function of total bound density �b.
Mean field theory as given by Eq. �14� �solid black line� predicts a
much larger total current than observed by simulation of a large
system of size L=200 �data points�. The other lines show the exact
analytical results from solving Eq. �17� for small system sizes L
=2,3 ,4 ,7, with the result for L=2 being identical to the mean-field
result. The parameters are �1=10−2, �2=0, �ad=1, �=10−4, and
�2=0.3.
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P�C,t + �� − P�C,t� = �
C�

M�C,C��P�C�,t� . �15�

Here, the off-diagonal terms M�C ,C�� of the transition matrix
M with C��C represent the probability of a transition from
configuration C� to configuration C during the time interval �,
and the diagonal terms

M�C,C� = − �
C��C

M�C�,C� �16�

represent the total exit probability from the corresponding
configuration C.

For long times, the system evolves into the stationary
state with time-independent probabilities Pst�C�, which sat-
isfy

0 = �
C�

M�C,C��Pst�C�� , �17�

and are therefore given by the null eigenvector of the transi-
tion matrix M. From the stationary distribution Pst, it is
straightforward to obtain the total bound density and total
current by averaging over the appropriate configurations.

For a system of size L with two motor species, there are in
total 3L possible configurations. Therefore the dimension of
the transition matrix increases exponentially with the system
size L and Eq. �17� can in practice only be solved for very
small systems.

The dimension of the transition matrix can be reduced
based on the symmetry of the system. Since the system is
homogeneous with periodic boundary conditions, configura-
tions which differ by a translational shift are equivalent. For
example, the configurations 102, 021, and 210 of a system of
size L=3 are all equivalent and can be combined into one
equivalence class. Since the translation operators form a cy-
clic group CL, the number of equivalence classes for arbitrary
size L is equal to the cycle index Z�CL�, which is given by
Burnside’s Lemma �28�,

Z�CL� =
1

L
�
k=1

L

3GCD�k,L� �
1

L
3L, �18�

where GCD�k ,L� is the greatest common divisor of k and L
and the number 3 comes from the three possible configura-
tions 0, 1, and 2 for every filament site. This symmetry al-
lows a reduction in the matrix size by combing all equivalent
configurations into corresponding equivalence classes and
appropriately modifying the transition probabilities, as de-
scribed in detail in the appendix. In the limit of large L, this
procedure reduces the dimension 3L of the transition matrix
by a factor of 1 /L, as can be seen from Eq. �18�.

We then solve for the null eigenvector of the reduced
transition matrix and obtain the exact total current for system
of size L=2 to L=10. As shown in Fig. 3, the total current
for system size L=2 is identical to the mean-field total cur-
rent �14� as can be checked explicitly by exact solution of
Eq. �17� for L=2. For systems with L	2, the particle-hole
symmetry on the filament is lost, and the asymmetry of the
total current as function of the total bound density with re-
spect to �b=0.5 increases for increasing L, see Fig. 3.

As can also be seen in Fig. 3, as well as in Fig. 4, the total
current decreases for increasing system size L. The reason is
that in systems which are small compared to the motor run
length, a stepping motor “sees” the hole left by its image in
front, which leads effectively to reduced congestion and
larger total current. As the system size increases, this effect
becomes less pronounced, so that the total current decreases
and reaches a plateau value for system sizes comparable to
the run length, which is 100 sites for our choice of param-
eters, see Fig. 4.

As shown in the inset of Fig. 4, a more detailed look at
this finite-size effect reveals that the approach of the total
current toward its plateau value J
 can be approximated by
the function

J�L� = J
 + ba−L. �19�

Here, the two parameters a and b, which characterize the
exponential decay, depend on the dynamic parameters of the
system such as forward stepping probability �1 or the frac-
tion �2 of type-2 motors.

We now use this finite-size effect to obtain the total cur-
rent J
 for large systems. We first obtain the exact results for
the total current of small systems with size L=2 to 8 by
solving Eq. �17�. Then we fit these total current values by Eq.
�19� to estimate the plateau total current J
. This extrapola-
tion method gives fair agreement with the simulation results,
see Figs. 4 and 5.

Figure 5 shows the results for the total motor current as
function of total bound density. Since nonmoving type-2 mo-
tors tend to hinder the stepping events of type-1 motors and
hence enhance the traffic jams, the current-density curves are
asymmetric with respect to �b=0.5, with the position of the
maximum shifted toward the low-density region. As the frac-
tion of type-2 motors increases, the total motor current de-
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FIG. 4. �Color� Traffic of two species of motors with different
stepping probabilities. The normalized total motor current J /�1 �in
the unit of �−1� decreases with the system size L to a plateau value
J
. The simulation data �points� are well fitted by the exponential
function of Eq. �19� �solid lines�, which itself is a fit to the exact
analytical solution of Eq. �17� for small systems �white x�. The inset
shows a semilogarithmic plot of the normalized total current
J� /�1= �J−J
� /�1 �in the unit of �−1� from which the plateau value
has been subtracted. The parameters are �1=10−2, �2=0, �ad=1,
�=10−4, and �2=0.3.
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creases. This effect is quite dramatic: For instance, the total
motor current drops more than one half as the fraction of
type-2 motors increases from 0 to 0.1. We note that a similar
effect has recently been discussed in the context of the traffic
of RNA polymerases in transcription of bacterial ribosomal
RNA �29�.

Our finding of the exponential finite-size scaling of the
total current is different from the 1 /L scaling observed in the
single-species ASEP with periodic boundary conditions,
which arises from the constraint of a fixed particle number in
such a model �30�. The presence of attachment and detach-
ment kinetics removes this constraint and leads to weaker
finite-size effects. Accordingly, we do not observe any finite-
size corrections for the case �2=0, which corresponds to a
single-species ASEP with periodic boundary conditions and
particle attachment and detachment �data not shown�. Expo-
nential finite-size corrections to the total current, as observed
for �2	0, are also obtained in single-species ASEPs with
open boundaries in the low or high-density phase �14�. It
appears that the exponential scaling can be obtained when
there are interfaces between regions of different densities or
boundary layers, i.e., interfaces at the boundary of the sys-
tem. This is corroborated by the fact that the finite-size effect
disappears for the single-species ASEP with open boundary
conditions with or without particle attachment and detach-
ment kinetics, if the boundary rates are chosen so that there
are no boundary layers. It is likely that the local traffic jams
induced by the slow particles for �2	0 have an effect simi-
lar to that of jamming at interfaces between regions of dif-
ferent densities.

B. Single moving motor with obstacle motors

From a theoretical point of view, single tagged particles
have been used to study interesting phenomena in ASEP-
type models, such as shocks �31�. The motion of a single
labeled motor in the environment of many other motors has

also been studied in single molecule experiments �25�.
These experiments motivate us to consider the case of

only one moving type-1 motor which has a nonzero stepping
probability �1 in the background of type-2 motors with step-
ping probability �2=0, which we will from now on call ob-
stacle motors. Both types of motors have the same unbinding
probability � and binding probability �ad.

Because there is only a single type-1 moving motor, the
total bound density given by Eq. �11� is basically identical to
the bound density of type-2 obstacle motors �b,2 provided
that the system is sufficiently large.

Since we are interested in the movement of the bound
type-1 motor, we will only take into account the bound state
of the moving motor. By noticing that there is only one mov-
ing bound motor, we can label the states of the system by the
site which is just in front of the moving bound motor. There
are two states of this site: occupied by an obstacle motor or
empty, and these states are denoted by 12 and 10, respec-
tively.

The system changes from state 12 to state 10 with prob-
ability � when the obstacle motor in front of the moving
motor detaches from the filament,

12→
�

10 �20�

Likewise, the state of the system changes from 10 to 12
with probability �ad�ub,2 when an obstacle motor binds to the
empty site in front of the moving motor, and with probability
�1�b,2 when the moving motor moves forward �with prob-
ability �1� and meets an obstacle motor �with probability
�b,2�,

10 →
�ad�ub,2

12 or 10X →
�1�b,2

012.

Here X denotes a site that is occupied by an obstacle motor
with probability �b,2 or free with probability �1−�b,2�.

The transition matrix

S = �− � �ad�ub,2 + �1�b,2

� − �ad�ub,2 − �1�b,2
	 �21�

for the state vector �12,10�T determines the stationary state
of the system as the null eigenvector

E0 = � �ad�ub,2 + �1�b,2

� + �ad�ub,2 + �1�b,2
,

�

� + �ad�ub,2 + �1�b,2
	T

.

�22�

Since only the state 10 contributes to the motion of the
moving bound motor, its velocity is given as

v = �0, �1
�

�
	E0

=
�1�

� + �ad�ub,2 + ��1�ad�ub,2�/�� + �ad�ub,2�
�

�
. �23�

As shown in Fig. 6, the velocity of the moving bound
motor decreases as the concentration of obstacle motors in-
creases, and the exact Eq. �23� is in good agreement with the
simulation data.
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FIG. 5. �Color online� Traffic of two species of motors with
different stepping probabilities. Normalized total motor current
J /�1 �in the unit of �−1� as a function of total bound density �b for
different fraction �2 of type-2 motors. The extrapolations �lines�
following Eq. �19� from exact results for small systems of sizes L
=2–8 are in fair agreement with the simulation results �data points�.
The parameters are �1=10−2, �2=0, �ad=1, �=10−4, and L=200.
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V. SUMMARY AND DISCUSSION

Motivated by cellular traffic, which is powered by several
different species of molecular motors, we have studied the
traffic of two motor species along the same track. For this
purpose we have used a two-species ASEP model with peri-
odic boundary conditions with attachment and detachment
kinetics, in which the two motor species move into the same
direction but have different velocities or unbinding rates. We
have determined characteristic properties of the movements,
such as motor density and total motor current, especially the
current-density relationship, by computer simulations and by
analytical calculations. As in the cell or in in vitro experi-
ments, our control parameter is provided by the densities of
unbound motors.

We have considered two motor species that differ in only
one property. If the two motor species only differ in the
unbinding probabilities, increasing the fraction of motors
with larger unbinding probability leads to a decrease in the
total bound density of motors. As a consequence, upon in-
creasing the fraction of motors with larger unbinding prob-
ability, the total current decreases in the low-density region
and increases in the high-density region, see Fig. 2�b�. For
the case of two motor species with different velocities we
have focused on the extreme case of nonzero and zero step-
ping probability for the two motor types. As to be expected,
the total motor current decreases with increasing fraction of
nonmoving motors. Since particle-hole symmetry is broken
for two motor types with different stepping parameters, the
current-density relationship becomes asymmetric with re-
spect to the bound density �b=0.5. As shown in Fig. 3, its
maximum shifts toward lower bound densities because non-
moving motors hinder the stepping of moving motors and
hence enhance traffic jams.

To obtain these results, we have employed computer
simulations and analytical calculations. We have first used
mean-field theory to analyze our model. The attachment and
detachment processes only involve single filament sites and
therefore do not introduce new correlations into the model,

so that mean-field theory works well for the case of two
species which differ only in their unbinding parameters.
However, mean-field theory fails to estimate the total current
of two motor species with different stepping probabilities, as
illustrated in Fig. 3. In this case, the exclusion interaction
leads to strong interference of the motors moving at different
velocities and therefore to correlations and failure of mean-
field theory. In order to obtain analytical results in this latter
case, we go beyond mean field and use finite-size scaling of
the total current to extrapolate the total current value of small
systems to the thermodynamic limit of large system size.
This is possible because the total current decreases exponen-
tially with the system size, as shown in Fig. 4.

Our theoretical study is based on a simple model for traf-
fic by multiple motor species, which can be regarded as a
starting point toward the understanding of intracellular trans-
port with different kinds of molecular motors. Our model
could be extended in many ways, e.g., by considering more
than two different motor species that may differ in various
properties. Also, the model for the motors can be refined to
include internal states of the stepping process or interactions
between the motors which go beyond spatial exclusion. In
the simple form presented here, our model gives a qualitative
picture of the effects of traffic by several motor species. It
makes predictions for the current-density relationship, see
Figs. 2 and 5, and for the velocity of a single motor in the
presence of immobile obstacles, see Fig. 6. It also suggests
that the movements of different species of motors, and there-
fore of different kinds of cargo, can be cross regulated, so
that the movement of one type of motor is controlled indi-
rectly by the presence or absence of other types of motors or
by changes in the parameters of these motors. As an ex-
ample, in the case of two species with different stepping
probabilities, a small fraction of slow moving motors can
strongly suppress the movement of fast-moving motors and
lead to a significant reduction in the current. This may be
useful for the regulation of transport of different types of
cargo along the same filament, both for in vivo traffic and for
in vitro biomimetic applications.

TABLE II. The translation symmetry reduces the dimension of
the transition matrix.

System size
L

Dimension of original
transition matrix

Dimension of reduced
transition matrix

2 9 6

3 27 11

4 81 24

5 243 51

6 729 130

7 2187 315

8 6561 834

9 19683 2195

10 59049 5934

11 177147 16107

12 531441 44368
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FIG. 6. �Color� Velocity v �in the unit of � /�� of a single moving
motor as a function of the unbound density �ub,2 of obstacle motors.
The simulation results �data points� are in excellent agreement with
the analytic results given by Eq. �23� �lines�. The parameters are
�2=0, �ad=1, �=10−4, and L=100.
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APPENDIX

In this appendix, we explain in detail how we calculate
the exact total current of the system studied in Sec. IV A. We
illustrate the method for a system of size L=2. We recall that
the type-1 motors have positive stepping probability �1 and
type-2 motors have zero stepping probability �2=0. Both
species have the same unbinding probability � and the same
binding probability �ad.

For a system with size L=2, there are 32=9 configura-
tions: 00, 01, 02, 10, 11, 12, 20, 21, and 22, where 0, 1, and
2 denote an empty site, a site occupied by a type-1 motor and
a site occupied by a type-2 motor, respectively. We label
these nine configurations by i=0, . . . ,8 and combine them to
the state vector �00,01,02,10,11,12,20,21,22�T. The cor-
responding transition matrix M, as defined in Eqs. �15� and
�16�, is given by

M =

M0,0 � � � 0 0 � 0 0

�ad�ub,1 M1,1 0 �1 � 0 0 � 0

�ad�ub,2 0 M2,2 0 0 � �2 0 �

�ad�ub,1 �1 0 M3,3 � � 0 0 0

0 �ad�ub,1 0 �ad�ub,1 M4,4 0 0 0 0

0 0 �ad�ub,1 �ad�ub,2 0 M5,5 0 0 0

�ad�ub,2 0 �2 0 0 0 M6,6 � �

0 �ad�ub,2 0 0 0 0 �ad�ub,1 M7,7 0

0 0 �ad�ub,2 0 0 0 �ad�ub,2 0 M8,8

� . �A1�

The diagonal terms Mi,i are abbreviations for M�C�i� ,C�i��, i
=0, . . . ,8, which represent the exit probability from configu-
ration C�i� during time interval �. In order to conserve the
probability, the sum of Mi,i and all other elements in the
column i is zero, compare Eq. �16�. For instance, M0,0=
−2�ad�ub,1−2�ad�ub,2 and M1,1=−�−�1−�ad�ub,1−�ad�ub,2.

The stationary state of the system Pst is given by the null
eigenvector of the transition matrix M as presented in Eq.
�17�. By averaging all the contributions to the total current
from the stationary probability distribution, we get the total
current,

J = Tr�D · Pst�/�L , �A2�

with a diagonal matrix D, which represents the contributions
of each configuration to the total current. For L=2, this ma-
trix is given by

D = diag�0,�1,�2,�1,0,0,�2,0,0 . �A3�

The dimension of the transition matrix for the all 3L con-
figurations increases exponentially as the system size L in-
creases. With the help of translation symmetry, the dimen-
sion of transition matrix can be reduced by a factor �1 /L as
explained in Eq. �18�, see also Table II.

The translation operators form a cyclic group CL. The
quotient set of the cyclic group C2 contains Z�C2�=6 equiva-
lence classes, i.e., �00�, �01�, �02�, �11�, �12�, and �22�, which
contain 1, 2, 2, 1, 2, and 1 equivalent configurations, respec-
tively. Each equivalence class represents all configurations
which differ by a translational shift. For instance, the equiva-
lence class �01� represents not only the configuration 01 but
also the configuration 10, which can be translated into 01 by
the cyclic group C2.

The corresponding reduced transition matrix is obtained
by adding up all the transition probabilities within the same
equivalence class. For L=2, the reduced transition matrix for
the vector of equivalence classes
��00� , �01� , �02� , �11� , �12� , �22��T is

M� =

M1,1� 2� 2� 0 0 0

2�ad�ub,1 M2,2� 0 2� 2� 0

2�ad�ub,2 0 M3,3� 0 2� 2�

0 2�ad�ub,1 0 M4,4� 0 0

0 2�ad�ub,2 2�ad�ub,1 0 M5,5� 0

0 0 2�ad�ub,2 0 0 M6,6�

� , �A4�
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with

M1,1� = − 2�ad�ub,1 − 2�ad�ub,2,

M2,2� = − 2� − 2�ad�ub,1 − 2�ad�ub,2,

M3,3� = − 2� − 2�ad�ub,1 − 2�ad�ub,2,

M4,4� = − 2� ,

M5,5� = − 4� ,

M6,6� = − 2� .

The null eigenvector of the reduced transition matrix M�
gives the stationary probability distribution of equivalence
classes P�st. The numbers of equivalent configurations for
the equivalence classes ��00�,�01�,�02�,�11�,�12�,�22�� are
summarized as a weight vector,

W = �1,2,2,1,2,1�T, �A5�

and the stationary probability distribution of the equivalence
classes P�st satisfies the normalization condition,

WT · P�st = 1. �A6�

The contributions of the classes
��00� , �01� , �02� , �11� , �12� , �22��T to the total current are de-
scribed by

D� = diag�0,�1,�2,0,0,0 . �A7�

Finally, the total current is obtained by averaging the station-
ary probability distribution of equivalence classes, weighted
by the number of equivalent configurations within the
classes,

J = �WT · D� · P�st�/�L . �A8�
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