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Recent experimental studies on supported lipid bilayers and giant vesicles have

shown that uni-lamellar membrane systems can undergo spontaneous tubulation,

i.e., can form membrane tubules or nanotubes without the application of external

forces. In the case of supported lipid bilayers, the tube formation was induced by

the adsorption of antimicrobial peptides. In the case of giant vesicles,

spontaneous tubulation was observed after the polymer solution inside the

vesicles underwent phase separation into two aqueous phases. Here, these

processes are studied theoretically and shown to be driven by membrane tension

generated by spontaneous curvature. The latter curvature is estimated for

different types of adsorbing particles, such as ions, small molecules, and

macromolecules, that differ in their size and in their adsorption kinetics. When

the two sides of the membranes are exposed to two different concentrations of

these particles, the membranes will acquire a spontaneous (or preferred)

curvature. Particularly large spontaneous curvatures are induced by the

adsorption of amphipathic peptides and BAR domain proteins. Another

mechanism that induces spontaneous curvature is provided by different depletion

layers in front of the two sides of the membranes. Irrespective of its molecular

origin, a spontaneous curvature is predicted to generate a tension in weakly

curved membranes, a ‘spontaneous’ tension that can vary over several orders of

magnitudes and can be as high as 1 mJ m�2. The concept of spontaneous tension

is first used to explain the spontaneous tubulation of supported lipid bilayers

when exposed to adsorbing particles. This tubulation process is energetically

preferred when the spontaneous tension exceeds the adhesive strength of the

underlying solid support. Furthermore, in the case of giant vesicles, the

spontaneous tension can balance the osmotic pressure difference between the

interior and exterior aqueous compartment. The vesicles are then able to form

stable cylindrical nanotubes that protrude into the vesicle interior as observed

recently for membranes in contact with two aqueous polymer phases. In these

latter systems, the vesicle membranes are governed by two spontaneous tensions

that can be directly measured since they are intimately related to the effective and

intrinsic contact angles.
Theory and Bio-Systems, Max Planck Institute of Colloids and Interfaces, 14424 Potsdam,
Germany. E-mail: lipowsky@mpikg.mpg.de; Fax: +49 331 567 9602; Tel: +49 331 567 9600

† Electronic Supplementary Information (ESI) available with computational details: Appendix
A on ‘Spontaneous curvature induced by adsorption’ and Appendix B on ‘Stress-free shapes of
spherical and cylindrical membranes’. See DOI: 10.1039/c2fd20105d

This journal is ª The Royal Society of Chemistry 2013 Faraday Discuss., 2013, 161, 305–331 | 305



1 Introduction

Membranes and vesicles often attain spherical shapes or undergo shape transforma-
tions that lead to spherical buds. Such shapes have been studied for several decades,
both experimentally and theoretically, and are reasonably well understood. It is also
known for some time that membrane tubules or nanotubes, often denoted as
‘‘tethers’’, can be pulled from large vesicles by applying external forces to the
membranes. It is less obvious that such tubules may also form spontaneously, i.e.,
in the absence of external forces. Nevertheless, spontaneous tubulation processes
have been observed for a variety of systems.
About a hundred years ago, tubular ‘myelin’ structures were observed by optical

microscopy when lamellar liquid crystals of ammonium oleate or lecithin were
swollen in excess water, see Fig. 1.1 More recently, many different proteins have
been identified that adsorb onto multilamellar liposomes and lead to extended
membrane tubules. These proteins include N-BAR proteins, such as amphiphysin2,3

and endophilin,4 F-BAR proteins, such as syndapins,5 and other proteins involved in
endocytosis, such as epsin.6

Very recently, two different unilamellar systems have been found to undergo spon-
taneous tubulation. One of these systems is provided by supported lipid bilayers that
were exposed to a variety of antimicrobial peptides.7–10 The other system consists of
giant vesicles in contact with aqueous solutions of PEG and dextran that undergo
phase separation into a PEG-rich and a dextran-rich phase.11

In this paper, the process of spontaneous tubulation is studied theoretically in
order to develop a unified perspective for all of these systems. First, different species
of adsorbing particles are considered, such as ions, small molecules, and macromol-
ecules, which differ in their size and in their adsorption kinetics. When the two sides
of the membranes are exposed to different concentrations of the adsorbing particles,
their adsorbate coverage will be different, and the asymmetric membranes will then
prefer to bend to one of the aqueous compartments. In all examples considered here,
the membranes prefer to bend away from the compartment with the higher concen-
tration of adsorbing particles.12 This asymmetry is quantitatively described by the
spontaneous (or preferred) curvature of the membranes. Another mechanism that
Fig. 1 Tubular structures as observed by Otto Lehmann about a hundred years ago when
lamellar liquid crystals of ammonia oleate were exposed to excess water.1
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induces spontaneous curvature is provided by different depletion layers in front of
the two membrane surfaces.12 Irrespective of its molecular origin, a spontaneous
curvature is predicted to generate a membrane tension that can vary over a wide
range and can be as large as 1 mJ m�2. Since this tension is intimately related to
the spontaneous curvature, the term ‘spontaneous tension’ as introduced here seems
appropriate for it.
The spontaneous tension is shown to be a rather useful concept in order to

understand the tubulation of supported lipid bilayers as observed experimentally
in ref. 7–10. Indeed, spontaneous tubulation of the bilayer is predicted to depend
on the relative magnitude of the adsorption-induced spontaneous tension and the
adhesive strength of the underlying substrate. Thus, this tubulation process can be
understood as the competition between the adhesive support and the adsorbing
particles. A similar competition should also apply to the outmost membrane of a
liposome, when this membrane acquires a spontaneous curvature via adsorption.
The concept of spontaneous tension also provides useful insight into the sponta-

neous tubulation of giant vesicles as observed in ref. 11. When viewed with optical
microscopy, the shapes of these vesicles consist of two spherical caps and, thus,
appear to be rather tense. As shown here, this shape is primarily governed by the
spontaneous tension generated by the spontaneous curvature. In fact, the spherical
caps are described, to an excellent approximation, by simple Laplace-like equations,
in which the osmotic pressure differences are balanced by the spontaneous tensions
alone. The latter tensions are also shown to be intimately related to the effective
and intrinsic contact angles that can be determined directly from the optical
micrographs.
This article is organized as follows: section 2 describes the theoretical approach,

which is based on a mesoscopic description of the membranes in terms of their elastic
properties. For weakly curved membranes, the main contribution to the bending
energy arises from the spontaneous tension generated by the spontaneous curvature.
Section 3 determines the spontaneous curvature induced by the adsorption of a
variety of particles, such as ions, small molecules, as well as polymers and proteins.
The latter section also describes the range of values that the spontaneous curvatures
and tensions can assume. Supported lipid bilayers that acquire a spontaneous curva-
ture by adsorption are considered in section 4, where a simple criterion for sponta-
neous tubulation is derived. Giant vesicles bounded by membranes with a relatively
large spontaneous curvature are discussed in section 5 and giant vesicles in contact
with two aqueous phases in section 6. The last section contains a brief summary and
outlook.

2 Theoretical preliminaries

The theoretical description used here is based on a mesoscopic view of the
membranes. Indeed, the membranes will be primarily characterized by their surface
area A and two elastic parameters, their bending rigidity k, which provides the basic
energy scale, and their spontaneous (or preferred) curvature m, which represents an
inverse length scale. The bending rigidity k was originally introduced in the context
of elastic membrane models for giant vesicles13–15 but is, in fact, a meaningful
concept down to molecular scales as revealed by molecular dynamics simulations.16

The spontaneous curvature m is a phenomenological parameter for the intuitive
notion that a surface may prefer to bend towards one side rather than towards
the other. It was originally considered for monolayers by Bancroft and Tucker17

and introduced for bilayers by Helfrich.14

If flip flops between the two leaflets of the bilayers are sufficiently slow, the elastic
energy also contains a contribution from the area difference between these two leaf-
lets governed by another bending rigidity,18 which can be easily incorporated
into the theory but is omitted here in order to eliminate one parameter from the
discussion.
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2.1 Sign convention about the membrane’s mean curvature

All theories that describe the membrane’s bending energy involve the mean curva-
ture M, which is equal, for each point on the membrane surface to the arithmetic

mean of the two principal curvatures C1 and C2 at this point, i.e., M ¼ 1

2
ðC1 þ C2Þ.

It is important to realize that the mean curvature M may be positive or negative
since each membrane has two sides or surfaces, which are in contact with two
distinct aqueous compartments, the exterior and the interior one, see Fig. 2. For a
closed vesicle or cell membrane, the interior compartment is the one enclosed
by the membrane. For a supported bilayer, the interior compartment is bounded
by the bilayer membrane and the solid substrate surface. Here and below, I will
use the sign convention that the mean curvatureM is positive if the membrane bends
locally away from its exterior surface, i.e., bulges locally towards the exterior
compartment, see Fig. 2(a). Likewise, M is negative if the membrane bends locally
away from its interior surface.
The sign convention forM is intimately related to the choice for the normal vector

of the membrane surface. The convention used here implies that this normal vector is
always chosen to point into the exterior compartment.

2.2 Bending energy of the membrane

If the membrane has a uniform composition, its shape is governed by uniform
elastic properties as described by constant bending rigidity k and spontaneous
curvature m.‡ Following the sign convention for the mean curvature, see Fig. 2,
the spontaneous curvature m is taken to be positive and negative if the membrane
prefers to bend away from (or bulge towards) the exterior and interior compartment,
respectively. The membrane shape is then governed by the bending energy

Ebe ¼
Ð
dA2k(M � m)2, (1)

which represents an integral over the membrane area and depends on the mean
curvature M that will, in general, vary along the membrane. Furthermore, I will
consider membrane processes at constant temperature, for which the membrane
area A remains constant on the experimentally relevant time scales.
The bending energy (1) vanishes forM ¼ m, i.e., if the whole membrane adapts its

shape to the spontaneous curvature m. In general, such an adaptation will not be
possible, however, since the membrane experiences additional constraints arising,
e.g., from adhesive surfaces or osmotic conditions.
Fig. 2 Sign convention for mean curvature M: (a) The mean curvature is positive if the
membrane bends locally away from (or bulges locally towards) the exterior compartment;
(b) the mean curvature vanishes for a planar membrane; and (c) the mean curvature is negative
if the membrane bends locally away from (or bulges towards) the interior compartment.

‡ The term ‘spontaneous curvature’ is used in this paper as an abbreviation for ‘spontaneous
mean curvature’, which explains the notation m.
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2.3 Definition of spontaneous tension

Now, assume that a large segment of the membrane cannot attain the optimal mean
curvatureM ¼ m. It is then instructive to rewrite the bending energy (1) in the form:

Ebe ¼ 2km2A � 4kmY1 + 2kY2, (2)

with

Y1 h
Ð
dAM and Y2 h

Ð
dAM2. (3)

The total mean curvature Y1 has the dimension of a length and the integral Y2

is dimensionless. For a sphere with radius Rsp, for instance, one has Y1 ¼ 4pRsp

and Y2 ¼ 4p. Therefore, when a large membrane segment of area DA cannot adapt
to its optimal mean curvature M ¼ m, the bending energy behaves as

Ebe z 2km2DA for large DA, (4)

which is, in fact, the bending energy of a planar membrane with M ¼ 0 and sponta-
neous curvature m. Therefore, a planar or weakly curved membrane with mean
curvature |M| � |m| experiences the spontaneous tension

s h 2km2. (5)

In the next section, we will see that the magnitude of this tension can vary over a
wide range, from 10�6 mJ m�2 up to 1 mJ m�2. Furthermore, the spontaneous tension
s will play an important role in all subsequent sections since it turns out to be the
main driving force for the spontaneous tubulation of membranes.

3 Spontaneous curvature induced by adsorption processes

In general, one can envisage a variety of molecular mechanisms for the generation of
spontaneous (or preferred) curvature. Here, I will focus on mechanisms related to
the adsorption of ions, small molecules, and macromolecules, such as polymers
and proteins, from the surrounding aqueous solution. In general, adsorption can
take place on both membrane sides or surfaces. Since the exterior and interior
membrane surface are exposed to different aqueous compartments, the correspond-
ing adsorption processes may lead to different ionic or molecular compositions of
the two surfaces. In such a situation, the membrane will prefer to bend away from
one of the compartments and will, thus, acquire a spontaneous (or preferred) curva-
ture. As shown in ref. 12, the Gibbs adsorption equation implies that the membrane
will bend away from the compartment that leads to the larger coverage of adsorbed
ions or small molecules.
In the next three subsections, the spontaneous curvature will be estimated for

three different adsorption processes: (i) adsorption of ions and small molecules;
(ii) adsorption of flexible polymers; and (iii) adsorption of BAR domain proteins.
The last subsection describes the range of values that the spontaneous curvature
and, thus, the spontaneous tension may assume.

3.1 Spontaneous curvature from adsorbed ions and small molecules

First, consider a membrane in contact with aqueous compartments that contain
small ‘particles’, such as atomic ions or small molecules, which adsorb onto the
membrane surfaces. The particles are osmotically active in the sense that the
membrane is impermeable to these particles on the relevant time scales. Further-
more, in this subsection, the particles are taken to be small compared to the
membrane thickness of about 4 nm. In such a situation, the membrane prefers to
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bend away from the membrane surface with the larger coverage of adsorbed particles
as shown in Fig. 3(a).12

The value of the spontaneous curvature can be estimated if one views the
membrane as an ultra-thin film bounded by two surfaces that are exposed to the
particle concentrations Cex and Cin in the exterior and interior compartment, respec-
tively.12,19 Different concentrations lead to different coverages Gex and Gin of the
two membrane surfaces. As shown in Appendix A in the ESI,† a membrane of
thickness lme and bending rigidity k is theoretically found to exhibit the spontaneous
curvature:

m ¼ kBT

4k
lmeðGex � GinÞ (6)

for dilute solutions of the adsorbing particles. Thus, the spontaneous curvature m is
proportional to the dimensionless ratio kBT/k, to the membrane thickness lme x 4
nm, and to the coverage difference Gex � Gin. The coverages can be parametrized in
terms of the maximal coverage Gmax, see eqn (A.3) in the ESI,† and the equilibrium
constant Kd, see eqn (A.6) in the ESI.† One then obtains:

m ¼ kBT

4k
lmeGmax

Cex � Cin

Kd

(7)

for small concentrationsCex(Kd andCin(Kd. For lipid bilayers, the ratio kBT/kx
1/20. The inverse length scale lmeGmax/4 is related to the molecular dimensions of the
adsorbed particles and the surface density of binding sites, see eqn (A.3) in the ESI.† If
themaximal coverage is of the order of one adsorbed particle per head group area, one
has lmeGmax/4x 1 nm�1. In such a situation, the adsorbed particles can induce a spon-
taneous curvature m up to about 1/(20 nm) for Cex x Kd and Cin ¼ 0.
The sign of the spontaneous curvature m is determined by the sign of Gex � Gin f

Cex � Cin. Thus, m is positive and bends away from the exterior compartment if the
concentration Cex in this compartment exceeds the concentration Cin in the interior
compartment. This distinction also applies to the examples discussed in the
following subsections. However, in order to simplify the notation, I will now focus
on the limiting case, in which Cin ¼ 0 and the particles adsorb only from the exterior
compartment, see Fig. 3.

3.2 Adsorption of flexible polymers

As a second mechanism, consider flexible polymers, such as polypeptides or DNA
strands, that are adsorbed by membrane-anchored molecules. The size of the poly-
mers as measured by their average end-to-end distance, Rpo, is now taken to be large
Fig. 3 Membrane curvature generated by adsorption from the exterior compartment: (a)
adsorption of ions or small molecules (orange): the membrane curves towards the adsorbate;12

(b) adsorption of flexible polymers to membrane anchors,20 such as biotinylated DNA (red) to
membrane-anchored avidin (orange);21 and (c) adsorption of N-BAR domain proteins that
mold the local membrane shape.3,22The thickness of the bilayermembranes (blue) is about 4 nm.
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compared to the membrane thickness. An example is provided by biotinylated DNA
strands that are adsorbed to a membrane-anchored avidin molecules,21 see Fig. 3(b).
When the flexible polymer is adsorbed, it loses configurational entropy that acts to
bend the membrane away from it. More precisely, the entropy loss of a single poly-
mer with average end-to-end distance Rpo induces the spontaneous curvature:20

m1 ¼ q

p

kBT

4k

1

Rpo

(8)

within amembrane segment of areaApo¼pR2
po, where the dimensionless coefficient q

is equal to (p/6)1/2 for ideal (or Gaussian) polymer chains and of order one in general.
Thus, the integrated mean curvature induced by a single polymer is Apom1. Further-
more, if Npo polymers are adsorbed onto the exterior membrane surface with area
A, the polymer coverage of this surface is equal to Gpo ¼ Npo/A. The entropy loss of
the adsorbed polymers now induces the spontaneous curvature:23

m ¼ Apom1Gpo ¼ q
kBT

4k
RpoGpo; (9)

as obtained from a superposition of the curvatures induced by the individual poly-
mers. Compared to eqn (6) for ions and small molecules, the membrane thickness
lme has now been replaced by the polymer size Rpo. The maximal coverage
Gmax that can be obtained by adsorption of water-soluble polymers should be of
the order of 1/R2

po. For this coverage, the spontaneous mean curvature m is of the
order of kBT/(4kRpo) as in eqn (8), which is about 1/(80Rpo) for lipid bilayers
with kBT/k x 1/20.
When the polymer coverage Gpo is expressed in terms of the exterior concentration

Cpo and the equilibrium constant Kd, one obtains the expression:

m ¼ q
kBT

4k

1

Rpo

Cpo

Kd

for Cpo(Kd; (10)

where Gmax ¼ 1/R2
po has been used.

For DNA anchored to DOPCmembranes, as experimentally studied in ref. 21, the
spontaneous curvature m has been estimated from vesicle budding. Indeed, for a
membrane with uniform composition, the mean curvaturesMve andMbud of mother
vesicle and bud close to their joint neck determine the spontaneous curvature via the
neck condition:24,25

m ¼ 1

2
ðMve þMbudÞ: (11)

The spontaneous curvaturem deduced in this manner was found to be of the order
of 1 mm�1. On the other hand, the entropy loss of the anchored polymers should
induce the curvature mx 1/(80Rpo) which is about 1/52 mm) since the DNA strands
used in ref. 21 had the size Rpo x 0.65 mm. One simple explanation for the much
larger experimental value of m is provided by the putative adsorption of counterions
onto the membrane. Indeed, the negatively charged DNA attracts a cloud of posi-
tively charged counterions and the adsorbed DNA drags this cloud towards the
membrane, which implies an increased counterion concentration close to the
membrane. If these ions adsorb onto the membrane with the relatively small
coverage Gex x 1/(50 nm2), this adsorption process would induce the spontaneous
curvature m x 1 mm�1 according to eqn (6).
3.3 Adsorption of BAR domain proteins

During the last decade, many proteins have been found that have a banana-like
shape and bind to membranes, thereby molding the shape of these membranes
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and generating an appreciable membrane curvature. In fact, a whole superfamily of
BAR domain proteins has been identified, that include N-BAR proteins, such as am-
phiphysin2,3 and endophilin,4 as well as F-BAR proteins, such as syndapins5 (for
reviews, see ref. 22,26–28). All of these molecules are banana-shaped protein dimers
with a concave, positively charged surface that binds to negatively charged
membranes.
As an example, let us consider the amphiphysin N-BAR protein depicted in

Fig. 3(c).3,22 The banana-like shape of this protein has a membrane binding surface
with a length of about 14.4 nm, a width of about 1.6 nm, and a curvature radius
RBAR of about 11 nm.3 Thus, it covers a membrane area ABAR of about 23 nm2.
It is believed that a single BAR domain protein can bend the adjacent membrane

segment of area ABAR in such a way that this membrane segment acquires the mean
curvature:

M ¼ m1 ¼ 1/(2RBAR). (12)

Such a process involves the bending energy:

Ebe ¼ ABAR2km
2
1 x k/11, (13)

where the latter estimate corresponds to the amphiphysin N-BAR protein. This
bending energy must be overcome by the energy gain arising from adhesion which
has the form:

Ead ¼ ABARW with W < 0, (14)

whereW is the adhesion energy per unit area. Inserting the eqn (13) and (14) into the
inequality Ebe + Ead < 0, one obtains the lower bound:

|W| > |W|min h 2km2
1 (15)

for the adhesive strength |W|. Thus, in order to overcome the bending energy,
the adhesive strength |W| must exceed the value |W|min. For lipid bilayers with
kx 10�19 J, this threshold value is given by |W|min x 0.4 mJ m�2. The latter adhesive
strength represents a substantial energy density since the tension of rupture of a lipid
bilayer is only a few mJ m�2.
Now, consider a membrane segment of area A that adsorbs a certain number

NBAR of BAR domain proteins from the exterior compartment as in Fig. 3(c).
The corresponding protein coverage is given by:

GBAR ¼ NBAR/A z GmaxCBAR/Kd, (16)

with Gmax x 1/ABAR, where CBAR and Kd now denote the bulk concentration and
the desorption equilibrium constant of the BAR domain proteins in close analogy
to the adsorption of small molecules and polymers as discussed before. Such a
membrane segment will acquire the spontaneous curvature:

m ¼ ABARm1GBAR ¼ ABAR

2RBAR

GBAR for GBAR\G�; (17)

as obtained by superimposing the curvatures induced by the single BAR domain
proteins. The parameter G* in eqn (17) corresponds to the critical coverage, at which
the adsorbed proteins are expected to undergo an isotropic–nematic transition.
Indeed, the curvature superposition should be valid as long as the lipid/protein
membrane remains in an isotropic fluid state, which implies that the adsorbed BAR
domain proteins undergo rotational and translational diffusionwithin themembrane.
Since these proteins have a relatively large aspect ratio of about 9, theywill undergo an
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isotropic–nematic transition with increasing coverage. For hard rods with this aspect
ratio, computer simulations29 lead to the estimate G* x 4.8/(14.4 nm)2 x 1/(43 nm2)
for the critical coverage, which corresponds to about half the maximal coverage.
For GBAR > G*, the bound BAR domain proteins will become orientationally ordered
and the spontaneous curvature will no longer be isotropic.

3.4 Magnitude of spontaneous tension

The available estimates for the spontaneous curvature m are now used to assess the
range of values that the spontaneous tension s ¼ 2km2 can assume. One then finds
that this tension can vary over a wide range from 2 � 10�8 mJ m�2 up to 1 mJ m�2,
see Table 1. All s-values in this table were obtained by using the typical value
k x 10�19 J for the bending rigidity.
The first column of Table 1 refers to lipid bilayers exposed to a mixture of two

sugar molecules, the monosaccharide glucose and the trisaccharide raffinose, see
ref. 30. Analyzing the shape fluctuations or undulations of quasi-spherical vesicles,
a method called flicker spectroscopy, the spontaneous curvature was found to be
about 0.01 mm�1 to 0.1 mm�1, comparable to or somewhat larger than the mean
curvature of the vesicle membranes. This spontaneous curvature agrees with theoret-
ical estimates based on two depletion layers in front of the two membrane surfaces.12

These depletion layers differ in their thickness because of the different sizes of the
two sugar molecules. The corresponding spontaneous tension s is rather small
and varies between 2 � 10�8 mJ m�2 and 2 � 10�6 mJ m�2. In fact, the experimental
method of flicker spectroscopy is limited to relatively small values of m and s since
the spontaneous tension s acts to suppress the bending undulations.
The second column in Table 1 corresponds to the adsorption of anchored poly-

mers as discussed in subsection 3.2. As mentioned in this subsection, one
system that was studied experimentally is provided by biotinylated DNA strands
adsorbed to membrane-anchored avidin.21 In this case, the spontaneous curvature
was estimated to lie between 0.1 mm�1 and 1 mm�1, which implies that s varies
from 2 � 10�6 mJ m�2 to 2 � 10�4 mJ m�2.
The values in the third column of Table 1 have been obtained for vesicles that

contain aqueous solutions of PEG and dextran molecules.11 This system represents
a very instructive example, for which the spontaneous tension s can be directly
measured as explained in section 6 below. As a result, one finds that s varies between
2 � 10�3 mJ m�2 and 2 � 10�2 mJ m�2, from which one estimates the spontaneous
curvature to lie between 3 mm�1 and 10 mm�1.
The last column in Table 1 corresponds to BAR domain proteins as discussed in

section 3.3 above. In this case, the spontaneous curvature m depends on the protein
coverage G, see eqn (17), and satisfiesm#m1 withm1 ¼ 1/(2RBAR)( 1/(20 nm) as in
eqn (12). The latter m-value implies the rather large tension value s x 1 mJ m�2,
which is, in fact, only somewhat smaller than the tension of membrane rupture.

4 Spontaneous tubulation of supported bilayer membranes

The tubulation of supported bilayers has been observed in several recent experi-
ments.7,10,31 In these experiments, amphiphatic, antimicrobial peptides were added
Table 1 Spontaneous (or preferred) curvatures m in units of mm�1 and associated spontaneous

tensions s in units of 2 mJ m�2 for four different membrane systems with bending rigidity

k x 10�19 J

Sugar solutions30 DNA strands21 PEG/dextran solutions11 BAR domains3,22

m [mm�1] 0.01–0.1 0.1–1 3–10 10–50

s [2 mJ m�2] 10�8–10�6 10�6–10�4 10�3–10�2 10�2–0.5

This journal is ª The Royal Society of Chemistry 2013 Faraday Discuss., 2013, 161, 305–331 | 313



to the exterior solution, which then adsorbed onto the supported membranes.
Rather long tubules were observed that grew relatively slowly from these
membranes. For example, when cyclic hexapeptide C-RW molecules were adsorbed
on negatively charged POPG membranes, a process studied in ref. 10, the length of
some tubules exceeded 100 mm after one hour with a diameter between 1 and 4 mm.
In the present section, I will argue that this tubulation process is driven by the spon-
taneous tension generated in the bilayer membranes by the adsorption-induced
spontaneous curvature. The latter curvature can be directly estimated from the
diameter of the tubules.
4.1 Planar membranes adhering to solid surfaces

In order to understand the main physical mechanism underlying the spontaneous tu-
bulation of membranes and vesicles, we will first consider a large supported
membrane that adheres to a solid surface. The membrane has the area A and its
shape energy is given by:

E ¼ Ebe + WA, (18)

with the bending energy as in eqn (1) and the adhesion energy density W < 0.
If the membrane has no spontaneous curvature, the membrane will be planar with

mean curvatureM¼m¼ 0. Now, assume that some molecules are added to the exte-
rior compartment and that these molecules adsorb onto the supported membrane,
thereby generating a spontaneous mean curvature m > 0 in this membrane. Because
of this curvature, the flat state will acquire the bending energy Ebe ¼ 2km2A ¼ sA
and the shape energy assumes the form:

E ¼ 2km2A + WA ¼ (s � |W|)A. (19)

This shape energy is positive if the spontaneous tension s exceeds the adhesive
strength |W|, i.e., if

s > s* h |W|, (20)

which defines the tension threshold s*. Therefore, for sufficiently large spontaneous
tension exceeding this threshold, the supported membrane prefers to unbind from
the solid surface. However, the planar membrane also needs to undergo a shape
transformation during its unbinding process.
Indeed, let us first assume that a membrane segment of area DA remains planar as

it unbinds. Such a process is energetically unfavorable since the unbound membrane
segment has the shape energy sDA, which is larger than the shape energy (s � |W|)
DA of the bound segment. Thus, as the membrane segment unbinds, it needs to
deform in such a way that its mean curvature M becomes close to the spontaneous
curvature m. Two possible shape transformations come to mind: budding as shown
in Fig. 4(a,b) and tubulation as in Fig. 4(c). It turns out that, for supported
membranes with a uniform composition, bud formation is energetically unfavorable,
whereas tubulation can be used to relax the spontaneous tension. This distinction
will now be derived by considering three pathways: budding of an intramembrane
domain, budding of a uniform membrane, and tubulation of a uniform membrane.
4.2 Domain-induced budding of supported membrane

First, assume that the adsorption of the molecules leads to phase separation into
fluid a and b phases and that this process proceeds via the formation of b-domains
surrounded by an a-phase. Such domains were first considered theoretically and
predicted to undergo budding transformations.32,33 Both the formation of these
314 | Faraday Discuss., 2013, 161, 305–331 This journal is ª The Royal Society of Chemistry 2013



Fig. 4 Supported bilayer membranes that acquire a spontaneous curvature m > 0 via adsorp-
tion form the exterior compartment may undergo budding or tubulation in order to adapt their
shape to this curvature: (a) if the supported membrane undergoes phase separation into intra-
membrane domains of the b-phase (blue), that acquire a spontaneous curvature mb, which is
large compared to the one in the mother membrane consisting of a-phase (red), the b-domains
form spherical buds with a diameter of the order of 2/m; (b) if the whole planar membrane
acquires the uniform spontaneous curvature m > 0, it can again form spherical buds but these
buds now have a smaller diameter of the order of 1/m. As a consequence, this process is ener-
getically unfavorable and the corresponding energy cost grows linearly with the number of
buds; and (c) a much better alternative for the uniform membrane is to unbind from the
substrate by forming a nanotube with diameter 1/m, which has vanishing bending energy apart
from the contributions of the two tube ends.
domains and the associated budding process have been confirmed experimentally by
fluorescence microscopy of giant vesicles.34–41

If the b-domains have a spontaneous curvature mb, which is large compared to
the spontaneous curvature ma of the mother membrane consisting of a-phase, the
b-domains will undergo a budding transformation32 and will form spherical buds
with radius Rbud ¼ 1/mb and bud diameter 2/mb as shown in Fig. 4(a). The existence
of such buds follows from the generalized neck condition:33

(Ma � ma) + (Mb � mb) ¼ l/(2k) (21)

for the mean curvatures Ma and Mb of the two domains close to their joint neck,
where l represents the line tension of the domain boundary. If the planar
a-membrane with Ma ¼ 0 has no spontaneous curvature, i.e., ma ¼ 0, the neck
condition (21) simplifies and becomes:

Mb ¼ mb + l/(2k) ¼ 1/Rb. (22)

A planar b-domain with area DAb ¼ 4pR2
b has the shape energy

Epl ¼ 4pR2
b(sb � |W|) + 2pRbl with sb h 2km2

b. (23)

As this planar b-domain is transformed into a spherical bud with curvature radius
Rb, its shape energy becomes:

Ebud ¼ 4pR2
b2k(Mb � mb)

2 ¼ 4pR2
bl

2/(2k). (24)

The budding transformation of the domain then leads to the energy change:x

DE1 h Ebud � Epl ¼ 4pR2
b(sb* � sb) (25)

with the tension threshold
x The b-bud is connected to the a-membrane by a small neck with constant mean curvature and
zero bending energy.
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sb�hjW j � 1

2
lmb

�
1� l=ð2kmbÞ

�
: (26)

Thus, the planar b-domain and the spherical b-bud have the same shape energy
for sb ¼ sb*, and the transformation from the planar b-domain to the spherical
bud is energetically favorable if

DE1 < 0 or sb > sb*. (27)

Thus, in the latter case, the bound b-segment can get rid of the adsorption-induced
tension s by forming spherical buds.
Compared to the uniform membrane, see eqn (20), the tension threshold sb* of the

b-domain as given by eqn (26) involves an additional term proportional to the line
tension l. This term is negative implying:

sb* # |W| for mb $ l/(2k). (28)

For bending rigidity k x 10�19 J and line tension l x 10�13 J m�1, the ratio
l/(2k) x 1/(2 mm).
In general, domain-induced budding has to overcome an energy barrier. This

energy barrier is large for small domains and decreases with increasing domain
size L until it vanishes at a certain critical size Lo, which behaves as:32

Lo z 2/m for small l/(kmb). (29)

In the same limit, the energy barrier at the transition point with sb ¼ sb* vanishes
as

DEba z qk(l/kmb)
4/3, (30)

with the dimensionless coefficient q x 2.2.

4.3 Budding of supported membrane with uniform composition

Next, assume that the whole supported membrane acquires the adsorption-induced
spontaneous curvature m and that the corresponding spontaneous tension s ¼ 2km2

satisfies s > |W|. In this case, the membrane may again try to unbind by the
formation of spherical buds but these buds are more strongly curved with radius
Rbud ¼ 1/(2m) and bud diameter 1/m, see Fig. 4(b). This increased curvature follows
from the neck condition for uniform membranes as in eqn (11), which now becomes:

m ¼ 1

2

�
Mpl þMbud

�¼ 1

2
Mbud ¼ 1=ð2RbudÞ: (31)

The area of such a bud is equal to:

Abud ¼ 4pR2
bud ¼ p/m2. (32)

A planar membrane segment with area DA ¼ Abud has the shape energy:

Epl ¼ (s � |W|)Abud ¼ 2kp � |W|Abud. (33)

When this segment is transformed into a spherical bud with mean curvature
Mbud ¼ 2m, its shape energy becomes:

Ebud ¼ Abud2k(Mbud � m)2 ¼ 2pk. (34)
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Therefore, the budding transformation now leads to the energy change:

DE2 ¼ Ebud � Epl ¼ |W|Abud ¼ p|W|/m2, (35)

which is positive and thus represents an energy cost as long as the solid surface is
adhesive with W < 0. Thus, the formation of Nbud such buds leads to the energy
costNbudDE2 ¼Nbudp|W|/m2, which grows linearly withNbud. Therefore, the forma-
tion of buds from a supported membrane with uniform composition and, thus,
uniform spontaneous curvature m does not provide a downhill pathway for the
unbinding of the supported membrane.

4.4 Tubulation of supported membrane with uniform composition

An energetically much more favorable pathway for the unbinding of a uniform
membrane with spontaneous curvature m consists in the formation of cylindrical
tubules as shown in Fig. 4(c). These tubules have radius Rcy ¼ 1/2m, which is equal
to the radius Rsp ¼ 1/2m of the spherical buds in Fig. 4(b), but their mean curvature
M ¼ 1/2Rcy ¼ m leads to a vanishing bending energy in contrast to the buds, which
have mean curvature M ¼ 1/Rsp ¼ 2m. As before, a planar membrane segment with
area DA has the shape energy:

Epl ¼ (s � |W|)DA. (36)

If this segment is now transformed into a cylindrical tubule with mean curvature
M ¼ m and radius 1/2m as in Fig. 4(c), the bending energy vanishes along the main
body of the tubule and its shape energy is equal to the bending energy contributions
from the two ends of the tube, i.e.,

Etub ¼ Eend, (37)

which becomes independent of the tube area DA for large DA. The transformation of
the planar segment to the tubule thus leads to the energy change:

DE3 ¼ Etub � Epl ¼ Eend � (s � |W|)DA, (38)

which behaves as

DE3 z �(s � |W|)DA for large DA (39)

corresponding to long tubes. Therefore, if the supported membrane acquires a
uniform spontaneous curvature m that leads to a spontaneous tension s > |W|,
the membrane will unbind from the solid surface via the formation of tubules.
Vice versa, if we transform a long tubule with area DA back into a planar membrane
segment, we need to perform the (reversible) work (s � |W|)DA.

4.5 Stability of cylindrical tubules and osmotic conditions

One might expect that a cylindrical tubule as in Fig. 4(c) undergoes another shape
transformation, in analogy to the classical Rayleigh–Plateau instability of liquid
cylinders, and then forms a string of small spheres. A liquid cylinder of constant
volume is unstable with respect to such a transformation because a string of spher-
ical droplets has a smaller interfacial area and, thus, a smaller interfacial free energy.
This reduction in free energy is, however, not available to the cylindrical tubule since
any shape transformation of the tube must conserve its membrane area.
Thus, let us compare a cylindrical tubule of radius Rcy ¼ 1/2m with a necklace-like

tubule consisting of a string of small spheres with radius Rsp ¼ 1/m. Ignoring again
the contributions from the tube ends, both shapes have the same mean curvature
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M ¼ m and, thus, vanishing bending energy, However, these two shapes differ in
their volume which implies that their energy difference will depend on the osmotic
pressures. A cylindrical tubule of radius Rcy ¼ 1/2m and length L has the volume:

Vcy ¼ pR2
cyL ¼ pL/(4m2). (40)

If we transform this tubule into a string of small spheres with radius Rsp ¼ 1/m for
fixed membrane area, we obtain:

Nss ¼ mL/4 (41)

such spheres. These spheres have the volume:

Vss ¼ Nss

4p

3
R3

sp ¼ pL=
�
3m2

�
.Vcy: (42)

Thus, during the transformation of a cylindrical into a necklace-like tubule, the
tubule volume is increased by:

DVtub ¼ Vss � Vcy ¼ pL/(12m2), (43)

proportional to the tube length L, and the tubule must perform the mechanical
work:

DE4 ¼ DVtub(Ptub,ex � Ptub,in), (44)

where Ptub,ex and Ptub,in represent the osmotic pressure within the exterior compart-
ment and the tubule, respectively. The energy change DE4 is positive for Ptub,ex >
Ptub,in and negative for Ptub,ex < Ptub,in. Thus, the cylindrical tubule will be stable
if the exterior osmotic pressure exceeds the osmotic pressure within the tubule.
This conclusion agrees with the results of linear stability analysis as performed in
ref. 42–44.
When the adsorbing particles are added to the exterior compartment of a sup-

ported bilayer, these particles increase the osmotic pressure within this compart-
ment. Thus, the osmotic pressure difference Ptub,ex � Ptub,in should be positive
after the addition of the particles. However, as time goes on, this osmotic pressure
difference can relax via defects in the supported bilayer. For Ptub,ex ¼ Ptub,in, no
work is necessary to transform the cylindrical tubule into the necklace-like tubule.
Since both tubule morphology have the same bending energy apart from the contri-
butions at the tube ends, the latter contributions are now essential to determine,
which morphology of the tubule is energetically more favorable. The experimental
observations in ref. 10 indicate that the necklace-like morphology is energetically
more favorable for the distal tube end not connected to the supported bilayer.

4.6 Value of spontaneous curvature

The previous considerations show that the supported membrane can unbind from
the substrate surface by forming long tubules that protrude into the exterior
compartment provided the spontaneous tension s generated by the adsorption-
induced spontaneous curvature m exceeds the tension threshold s* of the supporting
substrate, which is equal to the adhesive strength ¼ |W| of this substrate. Since s ¼
2km2, this condition is equivalent to the inequalities:

m > m* h (|W|/2k)1/2 and |W| < |W|* h 2km2 (45)

for the spontaneous curvature and the adhesive strength, respectively. During the
adsorption process, the spontaneous curvaturem grows continuously until it exceeds
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the threshold value m*. For m > m*, the planar, supported membrane can reduce its
shape energy by forming unsupported tubules with mean curvature m > m*. The
initial shape transformation will encounter an energy barrier, which is expected to
be of the order of the bending energy contribution Eend from the two tube ends,
but could be strongly reduced by domain-induced budding.
The tubules of POPG membranes as observed in ref. 10 after the adsorption of

cyclic hexapeptide C-RW had a diameter that varied between 1 and 4 mm. As shown
in Fig. 4, the diameter of a cylindrical tubule is equal to the inverse spontaneous
curvature. Therefore, in these experiments, the adsorption process induced a spon-
taneous curvature m within the range

1/(4 mm) ( m ( 1/mm. (46)

Inserting the smallerm-value together with the putative bending rigidity value kx
10�19 J into the relation (45), one obtains the bound

|W| < |W|* x 10�5 mJ m�2 (47)

for the adhesive strength |W| between the supported membrane and the supporting
substrate surface. Thus, the theory described here predicts that the adhesive strength
|W| of the supporting substrate in ref. 10 is smaller than 10�5 J m�2, corresponding to
relatively weak adhesion.

4.7 Tubulation of supported bilayers on deformable substrates

Recently, tubulation was also observed for lipid bilayers supported by deformable
polydimethylsiloxane (PDMS) sheets with a thickness of about 100 mm.45 Initially,
the PDMS sheets were planar and the supported bilayers were exposed to vesicles
that adsorbed onto the bilayers. The sheets were then bent and stretched by applying
a hydrostatic pressure. After this pressure was switched off, the sheets relaxed to
their planar state and were, thus, compressed. This relatively fast compression
induced the formation of many tubules that emanated from the supported bilayers.
The excess membrane area for these tubules should arise from the adsorbed vesicles,
after they have fused with the stretched bilayers. Since the volume of the tubules
grows continuously during their formation process, they must be connected to water
reservoirs, which are presumably provided by water layers between the supported
bilayers and the PDMS sheets. If these water layers are relatively thin and the orig-
inal defects in the supported bilayers have been closed by fusion with the adsorbed
vesicles, the small available water volume could favor the formation of membrane
tubes kinetically. Thus, it will be interesting to see if the tube formation persists
when the compression speed of the PDMS sheets is strongly reduced. Tube forma-
tion during slow compression would imply that the tubules are again stabilized by
spontaneous curvature.

5 Spontaneous tubulation of giant vesicles

5.1 Giant vesicles with spherical membrane segments

Giant vesicles with a radius of the order of 10 mm can attain a large variety of shapes,
which have been studied for a long time, both experimentally and theoretically.
Here, I will focus on the shapes of visually tense vesicles that exhibit large spherical
segments with a well-defined curvature radius Rsp that can be directly measured in
the optical microscope. Some examples are shown in Fig. 5.
Spherical shapes are always found when the vesicles are slightly inflated by

decreasing the osmotic pressure in the surrounding solution, spherical segments
are observed for strong vesicle adhesion to solid or rigid substrate surfaces as well
as in micropipette experiments, where their curvature radius is used in order to
This journal is ª The Royal Society of Chemistry 2013 Faraday Discuss., 2013, 161, 305–331 | 319



deduce the membrane tension from the applied aspiration pressure.48 Likewise, the
shapes of vesicle membranes that enclose a phase-separated solution of PEG
and dextran are provided by two spherical caps around the two coexisting liquid
droplets.
5.2 Shape energy of vesicles

The vesicle shapes shown in Fig. 5 are determined by the osmotic conditions, by the
elastic properties that determine the membrane’s bending energy, and by the
membrane tension. The osmotic pressures in the interior and exterior aqueous
compartment will be denoted by Psp,in and Psp,ex, respectively, their pressure differ-
ence by:

DP h Psp,in � Psp,ex. (48)

For isothermal processes as considered here, the total membrane area is constant.
It is then convenient to incorporate the constraint of constant area by introducing
the auxiliary tension S that plays the role of a Lagrange multiplier. The shape energy
of the vesicle membrane now has the form:

E ¼ �DPV + SA + Ebe, (49)

with the bending energy Ebe as in eqn (1).
As emphasized in section 2.3, the bending energy contains another term propor-

tional to membrane area, which defines the spontaneous tension s ¼ 2km2 as in eqn
(5). When the latter tension is combined with the auxiliary tension S, one obtains the
total membrane tension:

Ŝ h S + s ¼ S + 2km2. (50)
Fig. 5 Examples for tense vesicle membranes (blue or blue/red) with spherical segments as
visible in the optical microscope: (a) vesicles attain a spherical shape after osmotic inflation;
(b) vesicles that adhere strongly to a solid substrate (shaded) form spherical cap shapes; (c) vesi-
cles that are aspirated into micropipettes (shaded) form two spherical membrane caps con-
nected by a cylindrical one; (d,e) vesicle shapes consisting of two spherical caps that (d) are
formed by two coexisting intramembrane domains, a (red) and b (blue), and (e) enclose two
coexisting liquid droplets, a and b, which are separated by a liquid–liquid interface (purple
broken line). The black double-arrows specify the various curvature radii Rsp of the spheres
and spherical caps. The sharp membrane kinks at the boundaries of the spherical caps reflect
the optical resolution and represent membrane segments that are smoothly bent on smaller
length scales.46,47 It will become clear in the following that all of these vesicle shapes may
also contain stable nanotubes that point towards the interior of the vesicles.
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For the membrane systems considered here, the large spherical segments may be
regarded as area reservoirs for the tubules. The auxiliary tension S then vanishes
for large curvature radii Rsp of the spherical segments as will be shown below.
Therefore, the giant vesicle systems considered here are, in fact, characterized by
|S| � s and Ŝ z s.

5.3 In-tubes and out-tubes connected to spherical membranes

To proceed, let us now consider a vesicle as shown in Fig. 6(a,b) that has the shape of
a large sphere with radius Rsp and a cylindrical tube with radius Rcy and length L.
Alternatively, we may consider any of the spherical membrane segments depicted
in Fig. 5 as will become clear in the next subsection. Likewise, as shown in Appendix
B.8,† the results obtained for a vesicle with one tubule also holds for a vesicle with
several tubules as in Fig. 6(c).
The spherical vesicle in Fig. 6 is assumed to be so large that its radius Rsp can be

directly measured by optical microscope. Thus, this radius will be treated as an
observable parameter. In contrast, the tube radius Rcy satisfies Rcy � Rsp and will
typically lie below the optical resolution. As shown in Fig. 6, it is important to distin-
guish two different cases, out-tubes and in-tubes as shown in Fig. 6(a) and (b,c),
respectively.
Out-tubes and in-tubes differ in several important aspects. First, the out- and in-

tubes are connected to different volume reservoirs: the out-tubes exchange
aqueous solution with the interior vesicle compartment, which has a volume of
the order of R3

sp, whereas the in-tubes exchange volume with the exterior compart-
ment, which represents an effectively infinite volume reservoir. Second, the
membranes of the out- and in-tubes experience different osmotic pressure differences
as given by:

Pcy hPcy;in � Pcy;ex ¼ þDP for out-tubes
¼ �DP for in-tubes:

(51)
Fig. 6 Schematic cross-sections through spherical vesicles with radius Rsp connected to
membrane tubes with radius Rcy � Rsp and length L: (a) out-tube protruding into the exterior
compartment with positive mean curvature Mcy ¼ 1/2Rcy; (b) in-tube protruding into the inte-
rior compartment of the vesicle with negative mean curvature Mcy ¼ �1/2Rcy; and (c) vesicle
with three in-tubes. The schematic drawings are somewhat idealized because (i) the tube radii
will usually be much smaller compared to the size of the spherical vesicle and (ii) the tubes
undergo thermally-excited bending undulations and, thus, move in and out of the focal plane
in the absence of external forces that pull at the tube ends. The osmotic pressures in the interior
and exterior compartments are denoted by Psp,in and Pex,sp, respectively. For DP ¼ Psp,in �
Pex,sp > 0, the osmotic pressures act to expand the sphere and the out-tube but to compress
the in-tube. The spherical vesicle has a sufficiently large radius Rsp that can be directly
measured by optical microscopy, whereas the tube radius Rcy is typically below optical resolu-
tion. The stress balance conditions for these sphere/tube systems also apply when the sphere is
replaced by spherical membrane segments as in Fig. 5.
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Thus, the membrane of an out-tube is subject to the same pressure difference as
the membrane of the large spherical segment whereas an in-tube feels the opposite
pressure difference. Third, because of the sign convention introduced in Fig. 2,
an out-tube has positive mean curvature Mcy ¼ +1(2Rcy) whereas an in-tube has
negative mean curvature Mcy ¼ �1(2Rcy).

5.4 Stress balance for spherical membranes and cylindrical tubes

In mechanical equilibrium, the spherical segment attains a certain curvature radius
Rsp and a certain mean curvature Msp ¼ 1/Rsp that is characterized by vanishing
stress in the radial direction perpendicular to the membrane. As shown in Appendix
B.1,† one then obtains the radial stress balance relation:

DP ¼ 2ŜMsp � 4kmM2
sp ¼ 2SMsp + 4km2Msp(1 � Msp/m), (52)

with the total membrane tension Ŝ ¼ S + 2km2 as in (50). A spherical membrane
segment that satisfies this radial stress balance condition will be regarded as
‘stress-free’.{
A cylindrical tubule is characterized by its radius Rcy and its length L, see Fig. 6.

Mechanical equilibrium of such a tubule implies two stress balance relations, one for
the radial direction perpendicular to the cylindrical membrane and one for the axial
direction parallel to cylindrical axis. These two relations can be solved for the total
tension Ŝ and the osmotic pressure difference DP. In the absence of external forces,
one then obtains the total tension:

Ŝ ¼ 8kmMcy � 6kM2
cy, (53)

the auxiliary tension

S ¼ Ŝ� s ¼ �6k
�
Mcy �m

��
Mcy � 1

3
m

�
(54)

and the osmotic pressure difference

DP ¼ 16kM2
cy(m � Mcy), (55)

see Appendix B.3.† A cylindrical tube that satisfies these relations will be considered
as ‘stress-free’.

5.5 In- and out-tubes connected to large vesicles

So far, the spherical vesicle membrane and the cylindrical tubules have been consid-
ered separately. Now, we take into account that these two segments belong to the
same membrane, which implies that the stress balance relations (53) and (55) for
the tube must be fulfilled together with the stress balance relation (52) for the spher-
ical membrane segment.49 One can then eliminate both the pressure difference DP
and the auxiliary tension S and obtain a functional relationship between the mean
curvatureMcy of the cylindrical nanotube and the mean curvature Msp of the spher-
ical segment as well as the elastic membrane parameters k and m. As shown in
Appendix B.6,† this relation has the simple form

Mcy zm� 1

4
Msp

"
1� 1

4

�
Msp

m

�2
#
for small Msp=jmj ¼ 2Rcy=Rsp; (56)
{ The intuitive term ‘stress-free’ is used here and below for all shapes that correspond to
extrema of the shape energy (49). If such an extremum represents a minimum, the stress-free
shape is stable; if it represents a saddle point or maximum, the stress-free shape is unstable.
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with m < 0 for in-tubes and m > 0 for out-tubes. Since Msp ¼ 1/Rsp > 0, the correc-
tion term is always negative and makes the mean curvature Mcy less positive for
out-tubes but more negative for in-tubes. It follows from (56) that the tube radius
is given by:

Rcy ¼ 1

2Mcy

z
1

2m
þ 1

8m2Rsp

for out-tubes (57)

and by

Rcy ¼ � 1

2Mcy

z� 1

2m
� 1

8m2Rsp

for in-tubes: (58)

Therefore, as the curvature radius Rsp of the large sphere or spherical cap
decreases, the radius Rcy of a stress-free out-tube increases whereas the radius Rcy

of a stress-free in-tube decreases.
As shown in Appendix B.8,† it is straightforward to generalize these consider-

ations to several tubes connected to the same spherical membrane segment. One
then obtains the following two simple rules: (i) a spherical membrane segment
cannot be connected, at the same time, to both stress-free out-tubes and stress-
free in-tubes; and (ii) when connected to the same spherical segment, all stress-free
out- and in-tubes have the same radius as given by (57) and (58), respectively,
provided the membrane has uniform elastic properties.k

5.6 Stability of membrane tubes

The local stability of membrane tubes has been theoretically studied in ref. 42–44. In
the absence of external pulling forces, the results of these studies imply that the
stability of these tubes are primarily determined by the osmotic pressure difference
Pcy ¼ Pcy,in � Pcy,ex across the tube membranes. Thus, in order to determine the
stability of the in- and out-tubes, we need to determine the pressure difference DP
for the two types of tubes. This pressure difference is given by:

DP ¼ 16kM2
cy(m � Mcy) z 4km2Msp � 2kmM2

sp (59)

as follows from a combination of the eqn (55) and (56). In addition, since the leading
term on the right hand side of (59) is positive irrespective of the sign of the sponta-
neous curvature m, the pressure difference DP becomes:

DP z 4km2Msp z 4kM2
cyMsp ¼ k/(R2

cyRsp) > 0 for |m| [ Msp, (60)

a relation that applies to both stress-free out- and stress-free in-tubes.
At the same time, the pressure difference Pcy ¼ Pcy,in � Pcy,ex across the tube

membranes is equal to +DP for out-tubes and to �DP for in-tubes as in (51). There-
fore, the out-tubes experience a positive pressure difference Pcy whereas the in-tubes
feel a negative one. As a consequence, the out-tubes are unstable but the in-tubes are
stable even in the absence of external forces that pull on these tubes, as shown more
explicitly in Appendices B.10 and B.11.† The results of this linear stability analysis
agree with the arguments presented in subsection 4.5, where the volume of a cylin-
drical tube was shown to be smaller than the volume of a necklace-like tube bounded
by the same membrane area.
k It is straightforward to extend this approach to vesicles, for which the spherical membrane
segment and the tubules consist of different intramembrane phases and, thus, have different
elastic properties.
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5.7 Dominance of spontaneous tension

The total tension Ŝ ¼ S + s of a stress-free and stable in-tube is given by eqn (53),
which depends on the bending rigidity k, the spontaneous curvature m < 0, and the
tube’s mean curvature Mcy < 0. Inserting expression (56) for Mcy into this relation,
the total tension becomes:

Ŝ z 2km2 + kmMsp ¼ s + kmMsp. (61)

It then follows that the auxiliary tension S ¼ Ŝ � s behaves as:

Sz kmMsp ¼ Msp

2m
s (62)

or

Sz
Msp

2Mcy

sz� Rcy

Rsp

s: (63)

Thus, in the limit of small Rcy/Rsp corresponding to large spherical segments or
thin tubes, the total tension Ŝ approaches the spontaneous tension s, whereas the
auxiliary tension S z kmMsp vanishes. Since the spontaneous curvature m is nega-
tive for in-tubes, the auxiliary tension S is negative, as well and its absolute value is
smaller than the spontaneous tension s by a factor Rcy/Rsp � 1. Therefore, the total
tension Ŝ of stable in-tubes protruding into the interior of large vesicles is dominated
by the spontaneous tension s.
The dominance of the spontaneous tension has also important consequences for

the osmotic pressure difference DP as given by expression (52). First, this expression
assumes the simpler form:

DP z 2SMsp + 4km2Msp ¼ 2ŜMsp for |m| [ Msp, (64)

which is a Laplace-like equation that is linear in Msp, compare Appendix B.2.†
Inspection of (52) shows that the omitted nonlinear term is smaller by a factor
Msp/|m|. Furthermore, because the auxiliary tension S z (Msp/m)s as in (62), the
term proportional to S is of the same order as the nonlinear one, and the osmotic
pressure difference assumes the simple form:

DP ¼ 2sMsp[1 + O(Msp/|m|)] for |m| [ Msp. (65)

Thus, the presence of stable in-tubes with |Mcy| z |m| [ Msp implies that the
osmotic pressure difference DP is primarily balanced by the spontaneous tension
s. In general, the stress balance as described by (65) will always apply if the sponta-
neous curvature m of the membrane is sufficiently large with |m| [ Msp. Thus, the
stress balance (65) could apply to all shapes depicted in Fig. 5 but this is difficult to
decide unless one can detect the presence of nanotubes.
6 Membrane tubulation in aqueous two-phase systems

As shown in the previous section, the total membrane tension Ŝ ¼ S + s is governed
by the spontaneous tension s ¼ 2km2 for large spherical membrane segments
connected to stable nanotubes. Therefore, if we could measure the total tension
Ŝ z s, we could deduce the spontaneous (or preferred) curvature m from this
measurement. Such a deduction has been recently achieved for vesicles in contact
with aqueous solutions of dextran and polyethylene glycol (PEG).11,50

When the polymer concentrations exceed a few weight percent, aqueous PEG/
dextran solutions undergo phase separation, and the lipid membranes are exposed
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to different aqueous phases. The phase separation process leads to partial or
complete wetting of the membranes by the aqueous phases51 and induces shape
transformations of the vesicles such as droplet-induced budding,50,52 which can be
directly observed in the optical microscope. In addition, the phase separation
process within the interior vesicle compartment also induces stable nanotubes that
have a diameter below the resolution of conventional optical microscopy but can
be observed by fluorescence microscopy.11

Phase separation within the vesicles can be induced by temperature changes53 or
by osmotic deflation,51 i.e., by adding osmotically active particles to the exterior
solution. The latter method has the advantage that the membrane area is not
changed during the isothermal process. The resulting osmotic unbalance leads to
water permeation through the vesicle membranes and to a reduced volume of the
vesicles. Since the polymers cannot permeate the membrane, the polymer concentra-
tion is increased, and the aqueous solution inside the vesicles undergoes phase sepa-
ration into the PEG-rich a phase and the dextran-rich b phase. The theoretical
considerations described in this section are, in fact, quite general and apply to vesi-
cles in any aqueous solution that can undergo phase separation into two aqueous
phases.
The phase separation process within a single vesicle proceeds via several stages

that can be observed in the optical microscope.54 First, many small droplets are
formed within the vesicle. These droplets then grow and coalesce until the interior
compartment of the vesicle contains, apart from the nanotubes, only two large drop-
lets, one a and one b droplet. As a result, when viewed with conventional optical
microscopy, a single vesicle typically attains a state as shown schematically in
Fig. 5(e) and Fig. 7(a). In such a state, both liquid phases a and b are in contact
with the vesicle membrane corresponding to partial wetting of this membrane.
These vesicles have been addressed in several previous studies, both experimen-

tally and theoretically.11,47,50,51 In addition, the experimental aspects of these systems
have been recently reviewed in ref. 55. Therefore, I will focus here on two aspects
that have not been pointed out in previous publications but are important from a
conceptual point of view: (i) The effective contact angles as observed in the optical
microscope are primarily determined by the spontaneous tensions and, thus, by the
spontaneous curvatures of the different membrane segments; and (ii) The relation
between the effective contact angles and the intrinsic one that was derived in ref.
47 under the simplifying assumption of vanishing spontaneous curvatures is, in
fact, valid for arbitrary spontaneous curvatures.
6.1 Vesicle geometry and total membrane tensions

After the phase separation inside the vesicle has been completed, the vesicle
membrane typically assumes the shape as shown in Fig. 7(a): the membrane encloses
two liquid droplets consisting of the a and b phase, respectively, which are separated
by a normal liquid–liquid interface with interfacial tension Sab. This shape has
several remarkable features.
First, the membrane consists of two membrane segments that form two spherical

caps around the two droplets. One membrane segment separates the a droplet from
the exterior phase g, the other segment separates the b droplet from g. The two
membrane segments will, in general, have different bending rigidities kag and kbg
as well as different spontaneous curvatures mag and mbg. The total tension of the
ag membrane is then given by:

Ŝag ¼ S + sag ¼ S + 2kagm
2
ag (66)

and the total tension of the bg membrane by

Ŝbg ¼ S + sbg ¼ S + 2kbgm
2
bg. (67)
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Fig. 7 (a) Schematic shape of a vesicle membrane (blue/red) enclosing two liquid droplets of a
and b phase immersed in the exterior liquid g as observed by conventional optical microscopy.
The system contains three surfaces: the ab-interface (purple) between the two droplets, as well
as two different membrane segments that separate (i) the a droplet and (ii) the b droplet from
the exterior g phase. The three arrows are tangential to these three surfaces along the contact
line (1), where they define the three effective contact angles qa, qb, and qg with qa + qb + qg ¼
2p; (b) the three arrows represent three tensions: the interfacial tension Sab as well as the two
membrane tensions Ŝag and Ŝbg; (c) because the three tensions balance each other in mechan-
ical equilibrium, they form a triangle, which implies that any chosen tension cannot exceed the
sum of the two other tensions; and (d) enlarged view of the vicinity of the contact line: the
membrane bends smoothly and the two membrane segments have a common tangent plane
(vertical broken line). The angle between this common tangent plane and the plane tangential
to the ab-interface represents the intrinsic contact angle qin.

47
Both total tensions involve the same auxiliary tension S since the areas Aag and
Abg of the two membrane segments can vary and adapt to the volumes of the two
liquid droplets as long as the total membrane area is conserved.** In ref. 11 and
47, two auxiliary tensions were used which is misleading from a conceptual point
of view even though it does not affect the final results.
Second, the two membrane segments and the ab interface meet along the three-

phase contact line with effective contact angles qa, qb, and qg as defined in
Fig. 7(a,b). This contact angles are related to the different tensions via the triangle
shown in Fig. 7(c). For three interfacial tensions, this triangle is known as the
Neumann triangle.56 As a consequence, the tensions and the effective contact angles
satisfy the relations:

Sab + Ŝagcos(qa) + Ŝbgcos(qb) ¼ 0, (68)

Ŝag + Sabcos(qa) + Ŝbgcos(qg) ¼ 0, (69)

and

Ŝbg + Sabcos(qb) + Ŝagcos(qg) ¼ 0, (70)

two of which are linearly independent and determine the two tension ratios Ŝag/Sab

and Ŝbg/Sab by the simple relations:
** In contrast, a vesicle membrane that undergoes phase separation into two intramembrane
domains for fixed membrane composition involves two auxiliary tensions, which are
conjugate to the fixed areas of the two intramembrane domains.
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Ŝag

Sab

¼ sinðqbÞ
sinðqgÞ (71)

and

Ŝbg

Sab

¼ sinðqaÞ
sinðqgÞ: (72)

Thus, by measuring the interfacial tension Sab and the effective contact angles,
one can obtain the total membrane tensions Ŝag and Ŝbg, a procedure that was
successfully used in ref. 11 and 50. Furthermore, combining the two relations (71)
and (72) with the decompositions Ŝag ¼ S + sag and Ŝbg ¼ S + sbg of the two
membrane tensions, it also follows that:

sag

Sab

� sbg

Sab

¼ sinðqbÞ
sinðqgÞ �

sinðqaÞ
sinðqgÞ: (73)

6.2 Once again: tensions dominated by spontaneous tensions

As mentioned, the experiments in ref. 11 also showed that the ag-membrane segment
in contact with the PEG-rich a phase was connected to many nanotubes protruding
into the PEG-rich phase. Since the ag-membrane formed a spherical cap, we can
directly apply the analysis of the previous section and conclude that the auxiliary
tension S and the spontaneous tension sag are related via

Sz� Rcy

Rsp

sag ¼ �Rcy

Rsp

2kagm
2
ag (74)

as follows from (63). For the PEG-dextran system studied in ref. 11, the spherical
curvature radius Rsp was measured to be about 40 mm, whereas the tube radius
was estimated to be about 200 nm from the theoretical analysis. Thus, for this
system, one has S x �sag/400 and the total tension

Ŝag ¼ S + sag z sag ¼ 2kagm
2
ag (75)

to an excellent approximation. It now follows from (71) that:

sag

Sab

z
sinðqbÞ
sinðqgÞ (76)

and from (73) that

sbg

Sab

z
sinðqaÞ
sinðqgÞ; (77)

which implies that

Ŝbg ¼ S + sbg z sbg ¼ 2kbgm
2
bg. (78)

A combination of the two relations (76) and (77) leads to:

sag

sbg

¼ kagm
2
ag

kbgm
2
bg

z
sinðqbÞ
sinðqaÞ; (79)

which provides a simple and intriguing relation between the spontaneous tensions of
the two membrane segments and the effective contact angles as visible in the optical
microscope.
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6.3 Intrinsic contact angle in the presence of spontaneous curvature

When viewed with optical resolution, the membrane shape exhibits a kink along the
contact line as in Fig. 7(a). Because of this kink, one can measure the effective
contact angles qa, qb, and qg displayed in this figure. However, if the membrane
shape had a kink that persisted to smaller length scales, its bending energy would
become infinite. Therefore, when viewed with higher resolution, the membrane
should be smoothly curved as in Fig. 7(d).47 The ag- and the bg-segment then
have a comment tangent plane along the contact line. The angle between this
common tangent plane and the plane tangential to the ab-interface represents the
intrinsic contact angle qin.
Since both membrane segments are assumed to have uniform composition and,

thus, uniform elastic parameters, the membrane tensions Ŝag and Ŝbg as defined
by (66) and (67) are constant within the corresponding membrane segments up to
the contact line. Inspection of Fig. 7(d) then shows that the force balance at the
contact line has the simple form:

Sabcos(qin) ¼ Ŝbg � Ŝag ¼ sbg � sag, (80)

where corrections arising from the contact line tension have been ignored. The
contact angle relation (80) looks like the well-known Young equation for liquid
droplets at planar surfaces but it describes a completely different situation, since
the intrinsic tensions sag and sbg depend on the elastic properties of the two
membrane segments.††
Furthermore, inserting the tension ratios (71) and (72) into the contact angle rela-

tion (80), all three tensions can be eliminated, and one obtains the purely geometric
relation:

cosqin ¼ sinqa � sinqb

sinqg
¼ sinqa � sinqb

sinð2p� qa � qbÞ: (81)

Using this latter relation, the intrinsic contact angle can be easily calculated from
the measured values of the effective contact angles qa, qb, and qg without recourse to
the tensions.
The relation (81) was first derived in ref. 47 under the simplifying assumption that

the membrane segments have no spontaneous curvature. However, without such a
curvature, the ag-segment of the vesicle membrane could not form the experimen-
tally observed nanotubes as explained in ref. 11. The derivation of the relation
(81) as described here shows that this relation is also valid if the ag- and bg-segments
of the vesicle membrane have different spontaneous curvatures and/or different
bending rigidities.
7 Summary and outlook

In this paper, the spontaneous tubulation of lipid bilayers and other biomembranes
was studied theoretically. It was shown that adsorption processes can induce a large
spontaneous (or preferred) curvature. In all cases studied here and displayed in
Fig. 3, the sign of the adsorption-induced spontaneous curvature implies that the
membranes prefer to bend away from the aqueous compartment with the higher
concentration of adsorbing particles. In general, the opposite direction of bending
seems also possible as theoretically found for flexible polymers that are adsorbed
to relatively large membrane anchors.57 Another case, in which the membranes
†† Note that (80) would also involve the difference Sbg � Sag if we chose two different
auxiliary tensions Sbg s Sag. Since such a term would make the intrinsic contact angle
dependent on the vesicle geometry, we see once more that Sbg ¼ Sag ¼ S as in (66) and (67).
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should bend towards the compartment with the higher concentration, is provided by
proteins or other nanoparticles that have the shape of a hemisphere and adsorb onto
the membranes with their spherical surface, but such a system remains to be explored
experimentally.
Another mechanism that induces spontaneous curvature is provided by different

depletion layers in front of the two membrane surfaces as theoretically studied in ref.
12. Irrespective of its molecular origin, a spontaneous curvature is predicted to
generate a spontaneous tension in weakly curved membranes, a tension that can
vary over several orders of magnitudes and can be as high as 1 mJ m�2.
For supported lipid bilayers with adsorption-induced spontaneous curvature, a

simple criterion for spontaneous tubulation was derived: the bilayers should
unbind via the formation of tubules as in Fig. 4(c) when the spontaneous tension
exceeds the adhesive strength of the underlying support, see the inequalities in eqn
(20) and (45). As mentioned in the introduction, the spontaneous tubulation of
multilamellar liposomes has also been observed after the adsorption of BAR
domain proteins and other proteins such as epsin. The structure of these liposomes
has not been characterized in detail but the adjacent membranes within the multi-
layer will experience mutual attractive interactions. Thus, the membrane that
forms the exterior surface of the multilayer stack experiences the same kind of
competition as the supported bilayers: the membrane acquires a spontaneous
curvature and associated tension via protein adsorption, and this spontaneous
tension again competes with the adhesion towards the adjacent membrane within
the multilayer stack.
For giant unilamellar vesicles, it was shown that spherical membrane segments

of the vesicle shape as in Fig. 5 can reveal the presence of a large spontaneous
tension that balances the osmotic pressure between the interior and exterior
compartment, see (65). Such a situation must be present if the vesicles are con-
nected to nanotubes that protrude into the interior compartment as schematically
shown in Fig. 6(b,c) and as experimentally discovered for vesicles in contact with
two aqueous polymer phases.11,55 In general, the spontaneous tension may prevail
whenever the vesicles exhibit spherical membrane segments, a situation that is
observed frequently, see the examples in Fig. 5, but it is, in general, difficult to
identify the spontaneous curvature as the tension-generating mechanism. One
very useful exception is provided by vesicles in contact with two aqueous phases
as in Fig.7, for which the spontaneous tension can be easily calculated from the
effective contact angles via the relations (76) and (77), and the effective contact
angles can be directly measured by optical microscopy. Finally, the relation (80)
shows that the intrinsic contact angle is determined by the difference of the spon-
taneous tensions.
One aspect that has not been addressed here for the aqueous two-phase systems is

the adsorption of membrane nanotubes onto the interface between the two liquid
droplets as observed in ref. 11. This adsorption process is a direct consequence of
the partial wetting of the membrane by the two aqueous phases and acts to reduce
the effective interfacial tension between the two liquid droplets. The influence of this
wetting process will be discussed elsewhere.58 In addition, many other aspects of
membranes in contact with aqueous two-phase systems remain to be explored.
Experimentally, only one such system containing PEG and dextran molecules has
been studied so far. The theory described here shows, however, that spontaneous
tubulation of giant vesicles will occur for many other polymer or protein solutions
as well. Indeed, for an appropriate choice of the polymer or protein concentrations
in the interior and exterior compartment, the membranes will prefer to bend away
from the interior compartments as a result of the molecular interactions with the
polymers or proteins and will then form tubes in order to store their excess areas.
Theoretically, it will be rather useful to study the spontaneous tubulation of
membranes by computer simulations with molecular resolution in order to estimate
the initial energy barriers for this process.
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Spontaneous tubulation of membranes and vesicles reveals
membrane tension generated by spontaneous curvature
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In Section 6 of Ref.1, lipid vesicles enclosing two aqueous phases,
α and β, have been considered. These phases typically form two
droplets that partially wet the vesicle membrane and, thus, partition
this membrane into two distinct membrane segments, αγ and βγ,
with surface areas Aαγ and Aβγ. In Section 6.1, it was argued that
the vesicle shapes involve only a single Lagrange multiplier tension,
Σ, which is conjugate to the total membrane area A = Aαγ + Aβγ,
because we have only a single constraint acting on this total area.
The latter argument is, however, deceptive: in general, we need
two Lagrange multiplier tensions Σαγ and Σβγ as one can see most
clearly if one views these two quantities as the mechanical tensions
that act to stretch (or compress) the two membrane segments.

Thus, consider the equilibrium shapes of vesicles with minimal
energy Eve for fixed droplet volumes Vα and Vβ as a function of total
membrane area A. For each value of A, these equilibrium shapes
are characterized by certain segmental areas Aαγ and Aβγ. Likewise,
the bending energy of these shapes consists of two terms, Ebe,αγ(Aαγ)
and Ebe,βγ(Aβγ), corresponding to the two segments. The mechanical
tensions Σαγ and Σβγ within these segments are then given by

Σαγ = −
�

d

dAαγ
Eve

�

Vα,Vβ

= −
�

d

dAαγ
Ebe,αγ

�

Vα,Vβ

+ . . . (1)

and

Σβγ = −
�

d

dAβγ
Eve

�

Vα,Vβ

= −
�

d

dAβγ
Ebe,βγ

�

Vα,Vβ

+ . . . (2)

where the derivatives are taken at constant volumes Vα and Vβ. The
dots indicate terms arising from additional energy contributions2 of
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the αβ interface and the contact line. The values for Σαγ and Σαγ

as obtained from (1) and (2) will, in general, differ because the two
membrane segments are exposed to different environments and are,
thus, characterized by different elastic parameters. In addition, the
segmental areas Aαγ and Aβγ can depend on the total membrane
area A in a nonlinear manner, reflecting the variable partitioning of
this area between the two segments.

For Σαγ �= Σβγ, the equations (66) and (67) in Ref.1, which de-
scribe the total membrane tensions Σ̂αγ and Σ̂βγ, assume the form3

Σ̂αγ = Σαγ + σαγ = Σαγ + 2καγ m
2
αγ (66∗)

and
Σ̂βγ = Σβγ + σβγ = Σβγ + 2κβγ m

2
βγ . (67∗)

Furthermore, the relation (73) in Ref.1 is then replaced by

Σαγ + σαγ
Σαβ

− Σβγ + σβγ
Σαβ

=
sin(θβ)

sin(θγ)
− sin(θα)

sin(θγ)
(73∗)

and the equations (77) - (79) are no longer valid. Finally, equation
(80) in Ref.1 now attains the more general form

Σαβ cos(θin) = Σ̂βγ − Σ̂αγ = Σβγ + σβγ − Σαγ − σαγ . (80∗)

If the αγ membrane segment forms nanotubes, the mechanical ten-
sion Σαγ of this segment can be neglected because it is much smaller
than the spontaneous tension σαγ,1 and the total tension

Σβγ + σβγ ≈ σαγ + Σαβ cos(θin) (3)

within the βγ segment must balance both the spontaneous tension
σαγ of the αγ segment and the interfacial tension Σαβ of the liquid-
liquid interface between the two droplets.
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