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Cell adhesion and the adhesion of vesicles to the membranes of cells
or organelles are pivotal for immune responses, tissue formation,
and cell signaling. The adhesion processes depend sensitively on the
binding constant of the membrane-anchored receptor and ligand
proteins that mediate adhesion, but this constant is difficult to
measure in experiments. We have investigated the binding of
membrane-anchored receptor and ligand proteins with molecular
dynamics simulations. We find that the binding constant of the
anchored proteins strongly decreases with the membrane rough-
ness caused by thermally excited membrane shape fluctuations
on nanoscales. We present a theory that explains the roughness
dependence of the binding constant for the anchored proteins from
membrane confinement and that relates this constant to the binding
constant of soluble proteins without membrane anchors. Because
the binding constant of soluble proteins is readily accessible in ex-
periments, our results provide a useful route to compute the binding
constant of membrane-anchored receptor and ligand proteins.

protein binding | membrane adhesion | adhesion molecules |
binding equilibrium and kinetics

Acentral problem in cell adhesion is to quantify the binding
affinity of the membrane-anchored receptor and ligand

proteins that cause adhesion (1–4). The distinction of “self” and
“foreign” in cell-mediated immune responses, for example, depends
on subtle affinity differences between receptor and ligand proteins
anchored on the surfaces of apposing cells (5). The binding affinity
of anchored receptor and ligand proteins, which are restricted to the
two-dimensional (2D) membrane environment, is typically de-
scribed by the binding equilibrium constant K2D of the proteins.
Because K2D is difficult to measure in experiments, it is often es-
timated from the binding constant K3D of soluble variants of the
receptors and ligands that lack the membrane anchors and are free
to diffuse in three dimensions (3D). Standard approaches are based
on the relation K2D =K3D=lc suggested by Bell et al. (6), where lc is
a characteristic length that reflects the different units of area and
volume for K2D and K3D, respectively. However, different methods
to measure the binding equilibrium constant of membrane-
anchored proteins have led to values of K2D and associated values
of lc that differ by several orders of magnitude (7). In contrast to the
standard approaches, the simulation data and theory presented
here indicate that the relation between K2D and K3D involves three
different length scales, and that the most important of these length
scales is the membrane roughness resulting from shape fluctuations
on nanoscales. Because the membrane roughness depends on
the concentration of the receptor–ligand bonds that constrain
the shape fluctuations, our results help to understand differences
in K2D values from different experiments.
In this article, we report simulations of biomembrane adhesion

with a molecular model of lipids and proteins (Fig. 1A). We
systematically vary the size of the membranes and the numbers
of receptors and ligands and determine the binding constant K2D
and the on- and off-rate constants kon and koff of the membrane-
anchored receptors and ligands for these different systems with
high precision from thousands of binding and unbinding events

observed in our molecular dynamics simulations. Our largest ap-
posing membranes are composed of 9,838 lipid molecules each and
include 15 membrane-anchored receptors and ligands, respectively
(Fig. 1C), whereas the smallest membranes contain 296 lipids and
single receptor and ligand molecules. In addition, we determine the
binding constant K3D and the on- and off-rate constants of soluble
variants of our receptors and ligands without membrane anchors.
We find that K2D is not a constant, but depends strongly on

the relative roughness ξ⊥ of the apposing membranes. The rel-
ative membrane roughness is the local standard deviation (SD)
of the membranes from their average separation due to thermally
excited shape fluctuations. The relative roughness varies with the
concentration of the bound receptor–ligand complexes because
the complexes constrain membrane shape fluctuations. At the op-
timal average membrane separation for receptor–ligand binding,
the binding constant K2D is inversely proportional to the mem-
brane roughness for roughnesses larger than about 0.5 nm and,
thus, even for roughnesses that are significantly smaller than the
membrane thickness.
To understand the roughness dependence of K2D and the re-

lation of K2D to the binding equilibrium constant K3D of soluble
receptors and ligands without membrane anchors, we have de-
veloped a general theory in which the binding free energy of the
receptor–ligand complexes is decomposed into enthalpic and en-
tropic terms. We find that the roughness dependence of K2D
can be fully understood from the entropy loss of the membranes
upon receptor–ligand binding. The theory is in good quantitative
agreement with our simulation results and provides a unique route
to calculate K2D from experimental values for K3D. In addition to
the membrane roughness, our theory includes two characteristic
lengths of the receptor–ligand complexes, which reflect variations
in the overall extension and in the binding site of the complexes.

Results
Binding Constant K2D of Membrane-Anchored Receptors and Ligands.
In our molecular dynamics simulations of biomembrane adhesion,
the membranes are confined within a rectangular simulation box
with periodic boundary conditions of size Lx ×Ly ×Lz. Whereas
the box extension Lz in the direction perpendicular to the mem-
branes has the same value in all simulations, the extensions
Lx =Ly are varied to simulate different membrane sizes (Fig. 1 B
and C). Binding events of the receptor and ligand proteins in our
simulations can be clearly identified from the distance between
the binding sites of the proteins (Fig. 2). The binding equilibrium
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constant K2D of the anchored receptor and ligand proteins can
then be calculated from the total dwell times in the bound and
unbound states of the proteins observed in our simulations (Model
and Methods).
The binding equilibrium constant and binding kinetics of

membrane-anchored receptors and ligands depend on the distance
between the two apposing membranes because receptor–ligand
complexes cannot form if the two membranes are too far apart or
too close. In Fig. 3, the binding constant K2D of a single anchored
receptor and a single anchored ligand molecule is shown as a
function of the average membrane separation �l, which is kept
constant in our simulations. In these simulations, the number of
lipids is adjusted such that the membrane tension vanishes (8).
For both membrane sizes Lx ×Ly = 14× 14  nm2 and 30 × 30 nm2,
the binding constant K2D is maximal at an average membrane
separation close to the length of the receptor–ligand complexes.
In the following, we will focus on the average membrane separation
�l=�l0 at which K2D is maximal because maxima in K2D correspond
to minima of the free-energy difference between the bound and
unbound state of the membranes (Eq. 5). In a situation in which
the membrane separation is not constrained, which is the typical

situation in experiments, the membranes thus will “choose” the
“optimal” average membrane separation �l0. Within numerical
accuracy, the optimal average membrane separation obtained
from our simulations does not depend on the membrane size.
In Fig. 3, the binding constants for the larger membrane area

Lx ×Ly = 30× 30 nm2 are significantly smaller than the binding
constants for the membrane area Lx ×Ly = 14× 14 nm2. These
differences in the binding constants for different membrane sizes
can be understood from the shape fluctuations of the membranes.
A characteristic measure for the strength of the fluctuations is
the relative roughness of the two membranes, which is the SD

ξ⊥ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðli − l�Þ2�q

of the local separation li of the membranes from

the average separation �l= hlii where 〈. . .〉 denotes the thermo-
dynamic average. To calculate the roughness ξ⊥, we divide the
x-y plane of our simulation box, which is on average parallel to
the membranes, into patches i of size 2 × 2 nm2, and determine
the local separation li of two apposing patches from the separation
of the membrane midplanes. In Fig. 4, the binding constants K2D
from different membrane systems are shown as a function of the
membrane roughness ξ⊥ at the optimal average membrane sep-
aration �l0. The binding constant K2D of the membrane-anchored
receptors and ligands clearly decreases with the relative roughness
ξ⊥ of the membranes. The data shown in Fig. 4 are from sim-
ulations of membrane systems that differ in membrane area,
number of receptors and ligands, membrane tension, or mem-
brane potential. The dark blue data points in Fig. 4 are from
simulations with tensionless membranes and a single receptor
and ligand. The different values for K2D and ξ⊥ in these simu-
lations result from different membrane sizes. The arrows in Fig.
4 indicate the two points that correspond to the two maxima of
Fig. 3 for the membrane sizes 14 × 14 nm2 and 30 × 30 nm2. The
roughness for the membrane area 30 × 30 nm2 is about a factor 2
larger than the roughness for the membrane area 14 × 14 nm2,
whereas the K2D value at the optimal separation is about a factor
2 smaller for the membrane area 30 × 30 nm2. The membrane
roughness in our simulations depends on the size of the mem-
branes because the periodic boundaries of the simulation box
suppress membrane shape fluctuations with wavelength larger
than Lx=2π, where Lx =Ly is the linear membrane size. The purple
data points in Fig. 4 are from simulations with eight receptors
and eight ligands and a membrane area of Lx ×Ly = 40× 40 nm2,
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Fig. 1. (A) Coarse-grained structures of a lipid molecule and of a membrane-
anchored receptor or ligand. The hydrophilic head group of a lipid molecule
consists of three beads (dark gray), and the two hydrophobic chains are com-
posed of four beads each (light gray) (8). The membrane-anchored receptors
and ligands consist of 84 beads arranged in a cylindrical shape and have hy-
drophobic anchors that are embedded in the lipid bilayer and mimic the trans-
membrane segments of membrane proteins. The transmembrane anchor of a
receptor or ligand molecule is composed of four layers of hydrophobic lipid-
chain–like beads (yellow) in between two layers of lipid-head–like beads (blue).
The interaction domain of the receptor and ligand molecules consists of six
layers of hydrophilic beads (red), with an interaction bead or “binding site”
located in the center of the top layer of beads (black). (B) Simulation snap-
shot of two apposing membranes bound together by a single anchored re-
ceptor and ligand molecule. For clarity, the interaction domain of the receptor
is shown in red and the interaction domain of the ligand in green. Each
membrane here has an area of 30 × 30 nm2. (C ) Simulation snapshot of
two apposing membranes of area 80 × 80 nm2 interacting via 15 anchored
receptor and 15 ligand molecules. The water beads are not displayed in
these snapshots.
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Fig. 2. Distance r between the binding sites of a single membrane-anchored
receptor and ligand for a short time interval of a simulation with two apposing
membranes of area 30 × 30 nm2 as in Fig. 1B. Bound states of the receptor
and ligand can be clearly identified from time segments in which the distance
r between the centers of the binding sites exhibits small fluctuations around
the value r = 1 nm at which the minimum of the binding potential is located.
In this example, the receptor and ligand bind twice and unbind twice.
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and the brown data points from simulations with 15 receptors and
15 ligands and membrane area 80 × 80 nm2. The different values
for K2D and ξ⊥ in these simulations with tensionless membranes
are for states with different numbers n of receptor–ligand bonds.
These states exhibit different membrane roughnesses, as the
receptor–ligand bonds constrain the membrane fluctuations (see
Model and Methods for details). The three light blue data points
are from simulations with positive (left point) or negative (two
right points) membrane tension for the area 14 × 14 nm2. Positive
tension stretches the membranes and decreases the roughness,
whereas negative tension compresses the membranes and in-
creases the roughness. To extend the roughness range to smaller
values, we have also performed simulations in which the mem-
brane fluctuations are confined by membrane potentials (red
points; see SI Text for details). In experiments, such a situation
occurs for membranes bound to apposing surfaces as, for example,
in the surface force apparatus (9, 10).
The fact that all data points of Fig. 4 collapse onto a single

curve indicates that the relative membrane roughness ξ⊥ deter-
mines K2D irrespective of whether the size of ξ⊥ is controlled by
the membrane area, the concentration of the receptor–ligand
complexes, the membrane tension, or confining membrane poten-
tials. For roughnesses larger than about 0.5 nm, this curve can be
well fitted by the inverse proportionality relation

K2D=K3D = ð2:7± 0:1Þ=ξ⊥ [1]

between the binding constant K2D of the anchored receptors and
ligands and the relative membrane roughness ξ⊥ (see dashed line
in Fig. 4). Here, K3D is the binding constant of our soluble recep-
tors and ligands without membrane anchors, which we have de-
termined from simulations in water (see SI Text for details). The
inverse proportionality between K2D and the relative membrane
roughness ξ⊥ for sufficiently large roughnesses and the deviations
from this proportionality for smaller roughness can be understood
from a general theory for K2D and K3D derived in the next section.

A General Relation Between K2D and K3D. We first focus on K3D and
consider a single soluble receptor and a single soluble ligand in a
volume V. The two molecules are bound with equilibrium proba-
bility Pb, and unbound with probability Pu. Detailed balance implies
Puk+ =Pbk−, where k+ = kon=V and k− = koff are the transition

rates between the bound and unbound state of the molecules.
Because of K3D = kon=koff , we have

K3D =V
Pb

Pu
=V e−ΔG3D=kBT ; [2]

where ΔG3D is the binding free energy—that is, the free-energy
difference between the bound and unbound state. We now con-
sider the receptor and ligand as rigid rods with translational and
rotational degrees of freedom. Following a standard approach in
which the binding free energy is expanded around its minimum
(11, 12), we obtain (see SI Text for details)

ΔG3D ’ ΔU −TΔStrans −TΔSrot

’ ΔU − kBT   ln
�
Vb

V

�
− kBT   ln

�
ωb

4π

�
[3]

with the binding enthalpy ΔU and the loss ΔStrans and ΔSrot in
translational and rotational entropy upon binding. Here, Vb is
the translational phase space volume of the bound receptor rel-
ative to the ligand in the complex, and ωb is the rotational phase
space volume of the bound receptor relative to the ligand. In the
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Fig. 3. Binding constant K2D as a function of the average membrane sep-
aration �l from simulations with membrane area A=14× 14 nm2 (upper) and
30 × 30 nm2 (lower) and a single membrane-anchored receptor and ligand
pair. The dashed lines are guides for the eye.

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
200

400

600

800

1000

1200

1400
1 R + 1 L, zero tension, different areas  

8 R + 8 L, zero tension, 40 x40 nm2

15 R + 15 L, zero tension, 80 x80 nm2

1 R + 1 L, nonzero tension, 14 x14 nm2

1 R + 1 L, confining potentials

K
2D

[n
m

2
]

membrane roughness ξ [ nm]

Fig. 4. Binding constant K2D at the optimal membrane separation for re-
ceptor–ligand binding as a function of the relative roughness ξ⊥ of the two
apposing membranes caused by thermally excited membrane shape fluctu-
ations. The dark blue data points are from simulations with single mem-
brane-anchored receptor and ligand molecules and tensionless membranes
of area A = 14 × 14, 18 × 18, 22 × 22, 26 × 26, and 30 × 30 nm2 (from left
to right). The arrows indicate the two points that correspond to the maxima
of Fig. 3 for the area 14 × 14 nm2 (left arrow) and 30 × 30 nm2 (right arrow).
The light blue data points are from simulations with area 14 × 14 nm2 and
membrane tension 1.68 ± 0.01, −1.02 ± 0.02, and −1.50 ± 0.01 kBT/nm

2 (from
left to right). The red data points are from simulations with membrane area
14 × 14 nm2 and confining potentials for head beads of the two distal
monolayers of the membranes (see SI Text for details). The five purple data
points are from simulations with eight receptor and eight ligand molecules
and area 40 × 40 nm2 of the two membranes, for the five binding reactions
n= 1⇌ 2⇌ 3⇌4⇌5⇌6 (from right to left), where n is the number of formed
receptor–ligand complexes. The six brown data points result from simulations
with 15 receptors and 15 ligands and membrane area 80 × 80 nm2 (Fig. 1C),
for the six binding reactions n= 2⇌ 3⇌ 4⇌ 5⇌6⇌7⇌8 (from right to left).
The dashed and full lines represent two fits to the data using the value
K3D ’ 157 nm3 for the binding constant of soluble receptors and ligands
obtained from separate simulations. The dashed line is obtained from a
least-square fit of the data points with roughness values larger than 0.5 nm
to the functional form K2D=K3D =C=ξ⊥, which leads to C = 2:7± 0:1 as in Eq. 1.
The full line is obtained from a least-square fit of all data points to the
functional form K2D=K3D =C′=ðξ2RL+ξ2⊥Þ1=2 given by Eq. 9. This fit leads to
C′= 2:8± 0:1 and ξRL = 0:2± 0:1 nm.
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unbound state, the rod-like receptor and ligand rotate freely
with rotational phase space volume 4π. Eqs. 2 and 3 lead to the
general result

K3D ’ Vb
ωb

4π
e−ΔU=kBT [4]

for the binding constant of soluble receptor and ligand molecules.
In analogy to the soluble molecules, we now consider a single

pair of membrane-anchored receptor and ligand molecules in
two apposing membranes of area A. The transition rates between
the bound and unbound state of the molecules are k+ = kon=A and
k−= koff (Model and Methods). The detailed balance condition
Puk+=Pbk− and the definition K2D = kon=koff then lead to

K2D =A
Pb

Pu
=Ae−ΔG2D=kBT [5]

with the free-energy difference ΔG2D between the bound and
unbound state. The free-energy difference can be decomposed
as (see SI Text for details)

ΔG2D’ ΔU −TΔStrans −TΔSrot −TΔSmem

’ ΔU − kBT   ln
�
Ab

A

�
− kBT   ln

�
ωbωRL

ωRωL

�

+
kBT
2

ln

�
1+

ξ2⊥
ξ2RL

� [6]

with the translational and rotational entropy loss ΔStrans and ΔSrot
of the receptor and ligand, and the entropy loss ΔSmem of the
membranes upon bond formation. Here, Ab is the translational
phase space area of the bound receptor relative to the ligand in
the two directions parallel to the membranes, ωR and ωL are the
rotational phase space volumes of the unbound membrane-
anchored receptor and ligand molecules relative to the membranes,
and ωRL is the rotational phase space volume of a bound receptor
or bound ligand relative to the membranes. The entropy loss
ΔSmem of the membranes is obtained from exact results for a
local harmonic constraint that restricts membrane shape fluctua-
tions (13). This entropy loss depends on the relative roughness
ξ⊥ of the membranes and on a characteristic length ξRL that reflects
intrinsic variations in the extension of the receptor–ligand complex
in the direction perpendicular to the membranes, which result
mainly from variations in the binding distance and anchoring angles
of the molecules. Eqs. 5 and 6 lead to the general result

K2D’ Ab
ωbωRL

ωRωL

"
1+

ξ2⊥
ξ2RL

#−1
2

e−ΔU=kBT [7]

  ’ Ab
ωbωRL

ωRωL

ξRL

ξ⊥
e−ΔU=kBT for ξ⊥ � ξRL [8]

for the binding constant of the membrane-anchored receptors
and ligands.
Finally, from a combination of Eqs. 4, 7, and 8, we obtain

the general relation

K2D

K3D
’ 4πωRL

ωRωL

ξRL

ξb

�
ξ2RL+ ξ2⊥

�−1
2 [9]

’ 4πωRL

ωRωL

ξRL

ξbξ⊥
for ξ⊥ � ξRL [10]

between the binding equilibrium constant of the membrane-
anchored molecules and the binding constant of their soluble

counterparts without membrane anchors. We have assumed here
that the binding interface of the membrane-anchored receptors
and ligands is identical with the binding interface of their soluble
counterparts (4), which implies that the binding enthalpy ΔU and
the rational phase space volume ωb of the bound receptor relative
to the ligand are the same for both types of receptors and ligands.
According to Eqs. 9 and 10, the ratio K2D=K3D of the binding
constants depends (i) on the membrane roughness ξ⊥, (ii) on
two characteristic lengths ξb and ξRL of the receptor–ligand com-
plexes, and (iii) on the rotational phase space volumes ωRL, ωR,
and ωL of the bound and unbound membrane-anchored recep-
tors and ligands. The characteristic length ξb of the receptor–
ligand complexes is defined as ξb =Vb=Ab and can be calculated
from the SD of the distance between the binding sites in the
direction parallel to the receptor–ligand complex, as Vb is the
translational phase space volume of the bound complex and Ab
the translational phase space area in the two directions perpen-
dicular to the complex, and parallel to the membranes (see SI Text
for details). We obtain the value ξb ’ 0:78  nm for our receptor–
ligand complexes. The characteristic length ξRL can be determined
from a comparison with our simulation results for K2D at the
optimal membrane separation, which leads to the estimate ξRL =
0:2± 0:1  nm (see full line in Fig. 4). The rotational phase space
volumes ωR, ωL, and ωRL can be calculated from the angular
distributions of the receptors and ligands relative to the mem-
branes. We obtain the values ωR =ωL ’ 0:75 for our unbound
receptors and ligands, and ωRL ’ 0:33 for bound receptors or
bound ligands. From these values and the values for the charac-
teristic lengths ξb and ξRL of the receptor–ligand complexes given
above, we obtain the estimate ð4πωRL=ωRωLÞðξRL=ξbÞ= 1:9± 1:0
for the numerical prefactor in Eqs. 9 and 10, which is consistent
with the values obtained from fits to our simulation results for
K2D at the optimal membrane separation (see Eq. 1 and caption
of Fig. 4).

On- and Off-Rate Constants. Because K2D can be expressed as the
ratio of on- and off-rate constants kon and koff of the membrane-
anchored receptors and ligands, an interesting question is whether
the decrease of K2D results from a decrease of kon or an increase
of koff with the roughness, or both. We find that both kon and koff
contribute to the roughness-dependence of K2D, at least for the
range of roughnesses accessible in our simulations (Fig. 5).
For the soluble receptors and ligands without membrane anchors,

we obtain the off-rate koff = ð4:0± 0:1Þ · 105=s, which is about
three to seven times larger than the off-rates obtained for the
membrane-anchored receptor–ligand complexes. This finding is
in agreement with experimental results for the binding of T-cell
receptors to MHC-peptide ligands. The off-rates of soluble var-
iants of these receptors and ligands without membrane anchors
have been found to be slightly larger than the off-rates of the
membrane-anchored receptors and ligands if the cytoskeleton of
the cells is disrupted (14). In these experiments, the fluctuations
of the cell membranes are governed by the membrane elasticity,
as in our simulations. In experiments with intact cytoskeleton, the
off-rates of membrane-anchored T-cell receptors andMHC-peptide
ligands are larger than the off-rates of their soluble counterparts,
presumably due to ATP-driven cytoskeletal forces acting on the
membranes and receptor–ligand complexes (14–16).

Discussion and Conclusions
We have determined both the apparent binding constant K2D
of membrane-anchored receptors and ligands and the binding
constant K3D of soluble receptors and ligands with coarse-grained
molecular dynamics simulations. In addition, we have developed
a general theory for these binding constants that is in quantitative
agreement with our simulation results. We find that K2D is not a
constant, but depends strongly on the membrane roughness ξ⊥
from nanoscale shape fluctuations. In our general theory, the
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roughness dependence of K2D is traced back to the entropy loss
of the membranes upon the formation of a receptor–ligand com-
plex. Our general relations between K2D, K3D, and the relative
membrane roughness ξ⊥ hold for any membrane system in which
the anchored proteins are rather rigid and do not oligomerize or
aggregate. The optimal membrane separation of about 15 nm for
our receptor–ligand complexes is close to the length of com-
plexes of, for example, the T-cell receptor or the protein CD2 (1,
17). The concentrations of our anchored receptors and ligands
between 2,000 and 5,000 molecules per μm2 are somewhat larger
than typical concentrations of these proteins (1, 14, 17). In our
simulations, we also used relatively large on- and off-rates to
ensure an efficient sampling of binding and unbinding events.
Therefore, the kinetics of these events is strongly enhanced com-
pared with protein binding events in experiments. It is important to
note, however, that our main results for the ratio K2D=K3D of the
binding constants are independent of the numerical values of the
rate constants. These main results are (i) that K2D=K3D is inversely
proportional to the membrane roughness ξ⊥ for roughnesses large
compared with the characteristic length ξRL of the anchored re-
ceptor–ligand complexes (Eqs. 1 and 10) and (ii) that the prefactor
ð4πωRL=ωRωLÞðξRL=ξbÞ of this inverse proportionality depends
only on the molecular geometry of the receptor–ligand complex
(Eq. 10). To illustrate that K2D=K3D does not depend on the rate
constants, we have performed additional simulations in which
the binding energy of our receptors and ligands is increased by

25%. This increase in the binding energy increases both K2D and
K3D by a factor 3.4 due to decreased off-rates, but does not
change the ratio K2D=K3D (see SI Text for details).
The roughness-dependence of K2D leads to unusual laws of

mass action for the binding of membrane-anchored receptor and
ligand molecules. Membrane adhesion zones are typically large
compared with the average distance of about 1=

ffiffiffiffiffiffiffiffiffi½RL�p
between

neighboring receptor–ligand bonds. Because the bonds constrain
the membrane shape fluctuations, the average bond distance is
proportional to the relative roughness ξ⊥ of the membranes,
which leads to the relation (18)

ξ⊥ ∝ 1=
ffiffiffiffiffiffiffiffiffi
½RL�

p
[11]

between the roughness ξ⊥ and the concentration [RL] of receptor–
ligand bonds. From Eq. 11 and the inverse proportionality of
the binding constant K2D = ½RL�=½R�½L� and the relative roughness
ξ⊥ (Eq. 1), we obtain the quadratic relation

½RL�∝ ½R�2½L�2 [12]

between the bond concentration [RL] and the concentrations [R]
and [L] of the unbound receptors and ligands, which corroborates
previous results from an elasticity model of biomembrane adhesion
(19). This quadratic law of mass action indicates a cooperative
binding of membrane-anchored receptors and ligands.

Model and Methods
Simulations. Coarse-grained molecular dynamics simulations have been widely
used to investigate the self-assembly (8, 20–22) and fusion (23–26) of mem-
branes as well as the diffusion (27, 28) and aggregation (29) of membrane
proteins. We have performed simulations with dissipative particle dynamics
(30–32), a coarse-grained molecular dynamics technique that explicitly
includes water. Our simulations of biomembrane adhesion include water
beads, lipid molecules, and membrane receptors and ligands (Fig. 1). The
lipid molecules consist of three hydrophilic head beads and two hydrophobic
chains with four beads each, which are held together by harmonic potentials
between adjacent beads and stiffened by bending potentials between three
consecutive beads (8, 25, 26, 33). The membrane-anchored receptor and li-
gand molecules are composed of 84 beads that are arranged in a cylindrical
shape of 12 hydrophobic or hydrophilic layers of seven beads each (Fig. 1A).
Harmonic potentials between nearest and next-nearest neighbor beads lead
to a rather stiff shape of the receptors and ligands. The specific binding of
receptors and ligands is modeled via a distance- and angle-dependent
attraction between two interaction beads that are located in the center of
the top layers of beads (Fig. 1A). All other pairs of beads of the receptors,
ligands, lipids, and water softly repel each other with a strength that depends
on the bead types (see SI Text for details). In addition, we simulate the binding
of soluble receptors and ligands in water. These soluble receptors and ligands
lack the hydrophobic transmembrane anchor, but are otherwise identical with
the membrane-anchored receptors and ligands.

Analysis of Binding Kinetics. Binding and unbinding events of receptor and
ligand molecules in our simulations can be identified from the distance
between the binding sites of these molecules (Fig. 2). To distinguish binding
and unbinding events from distance fluctuations in the bound and unbound
state, we use two distance thresholds to define these events. A binding
event is defined to occur when the distance r between the binding sites of
a receptor and ligand falls below the binding threshold r1 =1  nm. An un-
binding event is defined to occur when the binding-site distance of a bound
receptor–ligand pair exceeds the unbinding threshold r2 = 4  nm, which is
well beyond the range of fluctuations in the bound state. The values for
K2D and K3D and the relative values of the on- and off-rate constants of
the receptors and ligands obtained from our analysis do not depend on the
precise values of these thresholds.

The binding and unbinding events divide our simulation trajectories into
different states with different numbers of bound receptor–ligand complexes.
In our simulations with a single receptor and ligand molecule, we have two
states: the unbound state of the molecules and the bound state with a single
receptor–ligand complex. In our simulations with NR receptors and NL ligands,
we have N + 1 states where N=minðNR,NLÞ is the maximum number of bound
complexes. Our simulation trajectories thus can be mapped to a Markov model:
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Fig. 5. (A) On-rate constants kon and (B) off-rates koff of membrane-
anchored receptors and ligands as a function of the relative membrane
roughness ξ⊥ from the same simulations as in Fig. 4.
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0�
kð0Þ+

kð1Þ−

1�
kð1Þ+

kð2Þ−

2�
kð2Þ+

kð3Þ−

3  . . .  N− 1�
kðN−1Þ
+

kðNÞ
−

N [13]

with transition rates kðnÞ
+ and kðnÞ

− between the states that are related to the
binding and unbinding rate constants kðnÞ

on and kðnÞ
off of the receptors and

ligands. The binding rate of an individual unbound receptor in state n is
proportional to the concentration ðNL −nÞ=A of unbound ligands and pro-
portional to the rate constant kðnÞ

on for the formation of a bond in state n,
where A is the area of the membranes. Because we have NR −n unbound
receptors, the rate for a transition from state n to state n + 1 is:

kðnÞ
+ = ð1=AÞðNL −nÞðNR −nÞkðnÞ

on [14]

for n < N. The rate for a transition from state n to n − 1 is:

kðnÞ
− =nkðnÞ

off [15]

for n > 0 because there are n bonds that may each break with rate kðnÞ
off.

The binding constant is defined as:

KðnÞ
2D =

kðn−1Þ
on

kðnÞ
off

: [16]

The on- and off-rate constants can be determined from the observed
numbers of transitions between the states and from the overall dwell times
in the states. The binding and unbinding events divide the simulation tra-
jectories into time windows i of length ti in state ni, which are followed by a
transition into state ni + si, where si is either 1 or −1. The probability for
staying for a dwell time ti in state ni is Pni ðtiÞ= exp½−ðkðni Þ

+ + kðni Þ
− Þt� with

kð0Þ
− = kðNÞ

+ = 0 (SI Text). The probability of time window i with its observed
transition then is pi ∝Pni ðtiÞkðni Þ

+ for si = 1 and pi ∝ Pni ðtiÞkðni Þ
− for si = − 1. The

likelihood function is the probability for the whole trajectory—that is:

L = ∏
i
pi = ∏

N

n= 0

h
kðnÞ
+

iN+
n
h
kðnÞ
−

iN−
n
e−½kðnÞ+ +kðnÞ− �Tn , [17]

where N+
n is the total number of transitions from n to n + 1, N−

n the total
number of transitions from n to n − 1, and Tn the total dwell time in
state n.

Maximizing L with respect to the binding and unbinding rate constants
kðnÞ
on and kðnÞ

off of Eqs. 14 and 15 leads to the maximum likelihood estimators
for the rate constants:

kðnÞ
on =

N+
nA

ðNR −nÞðNL −nÞTn   and  k
ðnÞ
off =

N−
n

nTn
: [18]

Our estimator for the binding constant defined in Eq. 16 then is:

KðnÞ
2D =

nATn
ðNR −n+ 1ÞðNL −n+ 1ÞTn−1 [19]

because the transition numbers N+
n−1 and N−

n are identical in equilibrium.
For our simulations with a single receptor and a single ligand, the maximum-
likelihood estimators for the on- and off-rate constants thus are kð0Þ

on =
N+

0A=T0 and kð1Þ
off =N−

1 =T1, and the estimator for the binding constant is

Kð1Þ
2D =AT1=T0. For large numbers NR and NL of receptors and ligands and

states with n ’ n receptor–ligand bonds where n is the average number of
bonds, Eq. 19 is equivalent to K2D = ½RL�=½R�½L� with ½RL�=n=A, ½R�= ðNR −nÞ=A,
and ½L�= ðNL −nÞ=A as we then have Tn ’ Tn−1 and NR −n+ 1 ’ NR −n.
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