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How nanoparticles interact with biomembranes is central for understanding their bioactivity. Biomembranes
wrap around nanoparticles if the adhesive interaction between the nanoparticles and membranes is sufficiently
strong to compensate for the cost of membrane bending. In this article, we review recent results from theory and
simulations that provide new insights on the interplay of bending and adhesion energies during the wrapping of
nanoparticles by membranes. These results indicate that the interplay of bending and adhesion duringwrapping
is strongly affected by the interaction range of the particle–membrane adhesion potential, by the shape of the
nanoparticles, and by shape changes of membrane vesicles during wrapping. The interaction range of the
particle–membrane adhesion potential is crucial both for the wrapping process of single nanoparticles and the
cooperative wrapping of nanoparticles by membrane tubules.
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1. Introduction

Recent advances in nanotechnology have led to an increasing inter-
est in how nanoparticles interact with living organisms [1]. On the one
hand, biomedically designed nanoparticles are promising delivery vehi-
cles or vectors in drug treatments [2–6]. On the other hand, nanoparticles
eikl).
are frequently incorporated into smartmaterials, in food packing, as anti-
fouling agents or to keep surfaces sterile [7]. This wide application of in-
dustrial nanoparticles has also led to concerns about their safety [8,9,3]
and has triggered intense activities to investigate and understand
nanotoxicity [10–12].

Since nanoparticles have to cross biomembranes to enter the cells
and organelles of living organisms, a current focus is on understanding
the interactions of nanoparticles with membranes. Nanoparticles that
are larger than the membrane thickness cross the membrane by
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wrapping and subsequent fission of a membrane neck. The wrapping of
nanoparticles by the membranes can either occur spontaneously from
an interplay of adhesive and elastic energies, or can be assisted by the
curvature-inducing proteins and protein machineries of cellular mem-
branes [13–16].

The topic of this review is the spontaneous wrapping of nanoparti-
cles bymembranes. Spontaneouswrapping occurs if the adhesive inter-
action between the nanoparticles and the membrane is sufficiently
strong to compensate for the cost of membrane bending. The spontane-
ous wrapping of nanoparticles has been observed in experiments with
lipid vesicles [17–21], polymersomes [22,23], and cells [24,25], and
has been investigated by theoretical calculations [26–39] and simula-
tions [40–62]. In this review article, our focus is on recent results from
theory and simulations that provide new insights on how the wrapping
process is affected (i) by the interaction range of the particle–
membrane adhesion potential, (ii) by the shape of the nanoparticles,
and (iii) by shape changes of membrane vesicles during wrapping.

Previous theoretical investigations have been largely focused on
particle–membrane adhesion potentials with an interaction range that
is negligibly small compared to the particle dimensions. For nanoparti-
cles, however, the interaction range of the adhesion potential can be sev-
eral percent of the particle diameter. Such interaction ranges strongly
affect the wrapping process of single particles (see Section 3) and can
lead to the cooperativewrapping of particles in tubularmembrane invag-
inations (see Section 6) [39]. These particle-filled membrane tubes have
been recently observed by several groups in simulations [48,50,53].

Experiments indicate that the internalization of nanoparticles by
cells is affected by the size and shape of the particles [63–69,46,
70–73]. How the spontaneous wrapping of nanoparticles depends on
the particle shape has been investigated in recent simulations [46,45,
52,55,54,58,61,56,74]. In general, the bending energy cost for wrapping
strongly depends on the shape of nanoparticles (see Section 4). The
interplay of bending and adhesion energies can induce orientational
changes of ellipsoidal particles relative to the membrane during wrap-
ping [55,56]. The spontaneous wrapping depends strongly on the parti-
cle size because the adhesion energy increaseswith the size of a particle.
The bending energy cost of wrapping, in contrast, is independent of the
particle size (see Section 4). Finally, the wrapping of particles by mem-
brane vesicles can lead to shape changes of the vesicles that lower the
bending energy of the vesicles and, thus, assist the wrapping process
(see Section 5).

In the next section, we start with a general discussion of the elastic
and adhesive energies that are involved in the wrapping process. For
nanoparticle wrapping, the dominant elastic energy is the bending
energy of the membranes, which was first completely described by
Wolfgang Helfrich [75].

2. Interplay of elastic and adhesive energies during wrapping

The spontaneous wrapping of particles by a membrane is governed
by the interplay of the elastic energy Eel of the membrane and the
adhesion energy Ead of the particles [26,76]. The elastic energy of the
membrane is the sum Eel = Ebe + Ete of the bending energy Ebe and
the tension contribution Ete. The bending energy is the integral [75]

Ebe ¼
Z

1
2
κ 2M−coð Þ2 þ κK

� �
dA ð1Þ

over the membrane area A and depends (i) on the shape of the
membrane, which is described by the local mean curvature M and
Gaussian curvature K, and (ii) on the bending rigidity κ, modulus of
Gaussian curvature κ and spontaneous curvature co as characteristic
elastic properties of the membrane. The tension contribution simply is
the product

Ete ¼ σA ð2Þ
of themembrane tensionσ and areaA. The adhesion energy of a particle
can be written as the integral

Ead ¼
Z

V dð ÞdA ð3Þ

over the membrane area Awhere V(d) is the particle–membrane inter-
action potential, and d is the local distance of the membrane from the
particle surface. The particle–membrane interaction may either result
fromelectrostatic andVanderWaals interactions between the lipid bilay-
er and the particles, or may bemediated by the specific binding of recep-
tor and ligand molecules that are anchored in the membrane and to the
particle surface (see Section 7 for a more detailed discussion). The total
energy that governs the wrapping process is the sum

E ¼ Ebe þ Ete þ Ead ð4Þ

of the elastic energy of the membrane and the adhesion energy of the
particles.

The wrapping process described by the total energy in Eq. (4)
depends on several length scales. These length scales are characteristic
lengths (i) of the membrane, (ii) of the particles, and (iii) of the parti-
cle–membrane interaction. The characteristic length of the particle–
membrane interaction is the range ρ of this interaction. Characteristic
length scales of the membrane are the inverse spontaneous curvature
1/co and the ‘crossover length’

ffiffiffiffiffiffiffiffiffi
κ=σ

p
. On length scales smaller than

this crossover length, the elastic energy Eel= Ebe+ Ete of themembrane
is dominated by the bending energy Ebe. On length scales larger than the
crossover length, the tension contribution Ete dominates over the bending
energy Ebe. For membrane vesicles, an additional characteristic length is
the square root of the membrane area Ap.

In this review, we focus on wrapping scenarios in which the charac-
teristic lengths of the particles are small compared to the inverse sponta-
neous curvature 1/co and to the crossover length

ffiffiffiffiffiffiffiffiffi
κ=σ

p
of themembrane.

The spontaneous curvature co and tension contribution Ete then are
negligible in the elastic energy Eel of the membranes. These wrapping
scenarios are realistic in particular for small particles with characteristic
dimensions of tens of nanometers. For typical values of the bending ri-
gidity κ between 10 and 20 kBT [77] and a membrane tension σ of a
few μN/m [78], for example, the crossover length

ffiffiffiffiffiffiffiffiffi
κ=σ

p
adopts values

between 100 and 200 nm.

3. Wrapping of spherical particles

We first consider thewrapping of a single spherical particle of radius
R by a planar membrane. One of our main points in this section and in
following sections is that the range ρ of the particle–membrane interac-
tion crucially affects the wrapping process. However, it is instructive to
consider first a contact potential with a range ρ that is negligibly small
compared to the particle radius R.

3.1. Contact potential with range ρ = 0

For a spherical particle, theminimum-energy shape of themembrane
around the particle is rotationally symmetric (see Fig. 1(a)). In the case of
a contact potential with potential range ρ = 0, the membrane shape
around the particle is composed of (i) a spherical membrane segment
that is bound to the particle, and (ii) an unbound catenoidal segment
that smoothly connects the boundmembrane to the surrounding planar
membrane [26,29,30]. The bound membrane segment has a spherical
shape because the contact potential requires that this segment adopts
the same shape as the particle. For negligible spontaneous curvature co
and tension σ of the membrane (see previous section), the unbound
membrane adopts a catenoidal shape because the bending energy con-
tribution of the catenoid is zero. The zero bending energy of the unbound
catenoidal segments results from oppositely equal principal curvatures
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Fig. 1. (a) Minimum-energy shape of a tensionless membrane around a spherical particle
with radius R for the rescaled adhesion energy u=2.4 and the potential range ρ=0.01R.
(b) Minimum-energy profiles of the rotationally symmetric membrane shapes around a
single spherical particle for thepotential range ρ=0.01R. Thenumbers indicate the values
for the rescaled adhesion energy u of the different profiles [39].
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Fig. 2. (a) Area fraction of a single spherical particle with radius R that is wrapped by the
membrane as a function of the rescaled adhesion energy u for different values of the
potential range ρ. (b) Minimum total energy E of the membrane around a single particle
as a function of the rescaled adhesion energy u for different values of the potential range
ρ [39].
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c1 = −c2, which lead to a mean curvature M = (c1 + c2)/2 = 0. The
mean curvature term in the bending energy in Eq. (1) thus is zero
for this catenoidal segment. For shape deformations of a planar
membrane considered here, the Gaussian curvature term in the
bending energy is zero, too, according to the Gauss Bonnet theorem
(see also below).

Since both the bending and adhesion energies of the unbound
catenoidal segment are zero, the wrapping of the particle is determined
by the interplay of bending and adhesion in the bound membrane seg-
ment. The mean curvature of the boundmembrane isM=1/R because
the principal curvatures of this spherical segment are c1 = c2 = 1/R. If
this segmentwraps a fraction x of the particle area Ap=4πR2, the bend-
ing energy Ebe = 2κM2 APx of the segment is

Ebe ¼ 8πκ x: ð5Þ

The adhesion energy of the bound membrane segment is

Ead ¼ −U APx ¼ −4πR2U x ð6Þ

where U N 0 is the adhesion energy per area. The bending energy Ebe is
positive and opposes wrapping, while the negative adhesion energy Ead
favors wrapping. The total energy can be written as

E ¼ Ebe þ Ead ¼ 4πκx 2−uð Þ ð7Þ

with the rescaled adhesion energy

u≡UR2
=κ ð8Þ

of the particle. For u b 2, the total energy E is minimal at x = 0, i.e. for
the unbound state of the particle. For u N 2, the total energy is minimal
for x = 1, i.e. for the fully wrapped state of the particle. In this fully
wrapped state, the catenoidal membrane neck that connects the
wrapped membrane segment to the surrounding planar membrane
is infinitesimally small. As a function of u, the fraction x of the wrapped
particle area thus is discontinuous at u= 2 (see black line in Fig. 2(a)),
and the total energy is E=0 for u b 2 and E=4πκ(2−u) for u N 2 (see
black line in Fig. 2(b)).

3.2. Particle membrane interaction potentials with nonzero range ρ

For small particles with a characteristic size of tens of nanometers,
the range ρ of the membrane–particle interaction cannot be neglected
[39]. To illustrate how the interaction range ρ affects the wrapping pro-
cess, we consider here a Morse interaction potential

V dð Þ ¼ U e−2d=ρ−2 e−d=ρ
� �

ð9Þ

in which the particle–membrane attraction V(d) decays exponentially
with characteristic length ρ for increasing local distance d between the
membrane and the particle surface. The potential V(d) adopts its mini-
mum value −U at the relative distance d = 0, which corresponds to
the equilibrium distance between a particle and a bound membrane
patch in the absence of other than adhesive forces. Fig. 1(b) displays
membrane profiles around a spherical particle for the potential range
ρ=0.01R and various values of the rescaled adhesion energy u defined
in Eq. (8). The profiles result from an energy minimization of the
rotationally symmetric membrane shape around the particle [39]. In
contrast to the discontinuous wrapping for ρ = 0, the fraction of the
wrapped particle area increases continuously with u for a finite poten-
tial range ρ (see Figs. 1(b) and 2(a)). The continuous wrapping process
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Fig. 3. Ellipsoidal particles with different aspect ratios r. The particles have an oblate shape
for r b 1, and a prolate shape for r N 1.
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is centered around the value u = 2 of the rescaled adhesion energy at
which the bending energy of the bound spherical membrane segment
is oppositely equal to the adhesion energy of the segment (see above).
With decreasing potential range ρ, the wrapping process becomes
more abrupt and is finally discontinuous in the limit ρ → 0 (see
Fig. 2(a)).

In Fig. 2(b), the minimum total energy E of the membrane is shown
as a function of the rescaled adhesion energy u for different values of the
potential range ρ. The minimum energy E is negative for ρ N 0 and
decreases both with increasing rescaled adhesion energy u and increas-
ing potential range ρ. The decrease of Ewith increasing potential range
ρ results from a favorable interplay of bending and adhesion energies in
the contact region in which the membrane detaches from the particle
[39]. The contact region connects the bound spherical membrane seg-
ment and the unbound catenoidal segment. In this contact region, the
membrane already approaches the catenoidal shape of the unbound
membrane segment with zero bending energy but still gains adhesion
energy due to the finite potential range ρ. With increasing potential
range ρ, the minimum energy E decreases because the contact region
of the membrane becomes wider.

Full membrane crossing of the particle eventually requires a breaking
of the catenoidalmembrane neck through afission process. The breaking
of themembrane neck changes the topology of themembrane and leads
to an additional energy change ΔE ¼ 4πκ that results from the Gaussian
curvature term in the bending energy in Eq. (1). Because of the Gauss
Bonnet theorem of differential geometry, this energy change does not
depend on the particle shape. The Gauss Bonnet theorem implies that
all membrane shapes that result from deformations of a sphere lead to
the same integral ∫ K dA=4π of the Gaussian curvature K as the sphere.
Similarly, all local deformations of a planar membrane lead to the same
integral ∫ K dA= 0 of a planar surface.

The breaking of the catenoidal membrane neck required for full
particle crossing can only occur if this neck is sufficiently small so that
the apposing membrane surfaces in the neck are close. For a finite
potential range ρ, the neck is small if the rescaled adhesion energy u is
sufficiently large such that the particle is nearly fully wrapped by the
membrane (see Fig. 1(b)). As illustrated in Fig. 2(a), an increase in the
potential range ρ requires larger values of the rescaled adhesion energy
u for full wrapping and subsequent membrane crossing.

4. Wrapping of non-spherical particles

4.1. Full wrapping of ellipsoidal particles

The wrapping of particles by a membrane depends on the shape of
these particles. We investigate here first the bending energy cost for
full wrapping in the case of a contact potential with range ρ = 0. For
such a potential, the shape of the membrane around the particle is
identical to the particle shape. As model particles, we will consider
ellipsoidal particles.

The shape of ellipsoidal particles can be described by the parametri-
zation

x θ;ϕð Þ
y θ;ϕð Þ
z θ;ϕð Þ

0
@

1
A ¼

a sin θ cosϕ
a sin θ sinϕ

b cos θ

0
@

1
A ð10Þ

with 0≤ θ≤ π and 0≤ϕ≤ 2π and the two characteristic lengths a and b
of the particles. In this parametrization, the particles are rotationally
symmetric around the z-axis. The shape of the particles can be charac-
terized by the aspect ratio

r ¼ b=a: ð11Þ
The particles have an oblate shape for r b 1, and a prolate shape for r N 1
(see Fig. 3). For r=1, the particles are spherical and have the radius R=
a = b.

The mean curvature of the wrapped membrane depends on the
angle θ of the parametrization in Eq. (10) and can be written as

M θð Þ ¼
r 3þ r2− r2−1

� �
cos2θ

� �
ffiffiffi
2

p
a 1þ r2− r2−1

� �
cos2θ

� �3=2
:

ð12Þ

In this parametrization, area elements of the membrane can be
expressed as dA = f(θ)dθ dϕ with

f θð Þ ¼ a2ffiffiffi
2

p 1þ r2− r2−1
� �

cos2θ
� �1=2

sin θ: ð13Þ

The bending energy of the membrane wrapped around the ellipsoidal
particle then is

Ebe rð Þ ¼ 2κ
Z π

0
M θð Þ2 f θð Þ2π dθ ð14Þ

¼ 2πκ
3

7þ 2
r2

þ
3r2arctanh

ffiffiffiffiffiffiffiffiffiffiffiffi
1−r2

p� �
ffiffiffiffiffiffiffiffiffiffiffiffi
1−r2

p
0
@

1
A: ð15Þ

For small and large aspect ratios r, respectively, this exact expression for
the bending energy can be approximated as

Ebe rð Þ≃πκ 8
3
þ πr

� �
for r≫1 ð16Þ

Ebe rð Þ≃2πκ
3

7þ 2
r2

� �
for r≪1: ð17Þ

The bending energy of the wrapped membrane only depends on the
aspect ratio r of the ellipsoidal particles, but not on the particle size.
In other words, increasing (or decreasing) both characteristic
lengths a and b of the particles by the same factor does not change
the bending energy. This ‘scale invariance’ of the bending energy re-
sults from the fact that an increase in the particle area is compensat-
ed by a decrease in the mean curvature. For a spherical particle with
aspect ratio r = 1 for example, the particle area and mean curvature
are AP =4πR2 andM=1/R, which leads to the bending energy Ebe =
2κM2 AP=8πκ that does not depend on the particle radius R= a= b
(see also previous section).

The bending energy Ebe(r) is minimal for the aspect ratio r = 1 of
spherical particles, and increases both with increasing and decreasing
aspect ratio r (see Fig. 4(a) and Eqs. (16) and (17)). Therefore, a
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spherical particle requires smaller adhesion energies for full wrapping
than an ellipsoidal particle if these particles have the same area. The
threshold value of the adhesion energy for full wrapping can be deter-
mined from the total energy

E ¼ Ebe rð Þ þ Ead ¼ Ebe rð Þ−APU: ð18Þ

For ellipsoidal particles with the same area AP = 4πR2 as spherical par-
ticles of radius R, the threshold value of the rescaled adhesion energy u
defined in Eq. (8) is

u� ¼ Ebe rð Þ= 4πκð Þ: ð19Þ

At this threshold value of u, the total energy E is 0, i.e. the adhesion en-
ergy Ead favoring wrapping is oppositely equal to the bending energy
cost Ebe(r). As in the previous section, we have assumed here that the
membranewrapping the particle is still connected via an infinitesimally
small neck to a surroundingmembrane. The Gaussian curvature term in
the bending energy in Eq. (1) then does not affect thewrapping process.

So far, we have focused on a contact potential with range ρ = 0 for
which the wrapped membrane has the same shape as the particle. For
a finite potential range ρ, the total energy can be determined via numer-
ical minimization. We find that the adhesion threshold value u⁎ for full
wrapping decreases with ρ (see Fig. 4(b)). This decrease results from
deviations between the membrane shape and the particle shape in
regions of high surface curvature of the particle, which reduce the
bending energy cost for full wrapping.
4.2. Orientational changes of ellipsoidal particles during wrapping

In the previous subsection, we have considered the bending energy
cost and adhesion energy threshold for the full wrapping of ellipsoidal
particles. During the wrapping process from partial to full wrapping of
ellipsoidal particles, the interplay of bending and adhesion energies
can lead to orientational changes of the particles relative to the mem-
brane [55,56]. Fig. 5 illustrates results for the wrapping of a prolate par-
ticle by a vesicle membrane obtained from Monte Carlo minimization
[55]. In the Monte Carlo simulations, the fraction x of the particle area
that is wrapped by the vesicle membrane is constrained by harmonic
potentials, and the bending energy of the vesicle is minimized via sim-
ulated annealing [79]. The volume of the vesicle is free to adjust in the
simulations, which corresponds to experimental situations in which
osmotically active particles are absent (see next section). For partially
wrapped states of the prolate particle with wrapped area fractions x
smaller than about 0.63, the particle is oriented with its side towards
the vesicle because the bending energy of the vesicle is minimal in
this orientation. For nearly fully wrapped states with larger values of
x, the prolate particle is oriented with its tip towards the vesicle.

These orientational changes can be understood from the different
bending energy cost for the wrapping of the sides and tips of ellipsoidal
particles. At the side of the ellipsoidal particles, the mean curvature
obtained from Eq. (12) is

M θ ¼ π=2ð Þ ¼ 1þ r2

2ar2
: ð20Þ

At the tip of the particles, the mean curvature is

M θ ¼ 0ð Þ ¼ r
a
: ð21Þ

For prolate particles with aspect ratio r N 1, the mean curvature at the
tip exceeds the mean curvature at the side of the particle. For large r,
the mean curvature at the side tends towards the value 1/2a, which is
independent of the aspect ratio r. In contrast, the mean curvature at
the tip increases proportionally to r. For partially wrapped states of a
prolate particle in which the membrane adheres to a small fraction x
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of the particle area, the bending energy cost for adhesion at the side of
the particle as in the two upper left Monte Carlo snapshots of Fig. 5
therefore is smaller than at the tips. In contrast, for nearly fully wrapped
states with wrapped area fractions x close to 1, it is energetically favor-
able to ‘leave out’ at least one of the two tips of the prolate particle from
wrapping as in the two lower right Monte Carlo snapshots of Fig. 5 in
which the particle is oriented with one of its two tips towards the vesicle
membrane.

For oblate particles with aspect ratio r b 1, themean curvature at the
tips is smaller than at the sides. In partially wrapped states, an orienta-
tion of oblate particles with its tip towards the membrane therefore is
energetically favorable and has been observed in Monte Carlo simula-
tions [55] and numerical minimizations [56]. In nearly fully wrapped
states, in contrast, the bending energy cost for wrapping is smaller if
the oblate particle is oriented with its more strongly curved side
towards the membrane.

The higher bending energy cost for more strongly curved regions
of nonspherical particles also stabilizes partially wrapped states
of such particles in which parts of these strongly curved regions,
e.g. one of the tips of a prolate particle, are notwrappedby themembrane
[54,56].

5. Internalization of particles by vesicles

5.1. Presence of osmotically active particles

In the previous sections, we have considered the interplay of bend-
ing and adhesion inmembrane segments that are wrapped around par-
ticles. However, we have neglected any global changes in the shape and
bending energy of the surrounding membrane during wrapping. Such
changes occur during the wrapping and internalization of particles by
a vesicle if the solvent inside and outside the vesicle contains osmotical-
ly active molecules such as salts or sugars that cannot cross the mem-
branes [32,38]. Since water can cross the membranes, the vesicles
then ‘adjust’ their volume V so that the osmotic pressure vanishes. The
shape and bending energy of such vesicles depend on their area-to-
volume ratio [80,81],which can be characterized by the reduced volume

v ¼ 6
ffiffiffi
π

p
V=A3=2≤1: ð22Þ

The maximal value v = 1 of the reduced volume corresponds to the
area-to-volume ratio of a sphere. The area A of vesicles can be
taken to be constant because of the near incompressibility of lipid
membranes.

Fig. 6(a) illustrates how the shape andbending energy of the vesicles
depend on the reduced volume for a negligible spontaneous curvature
co of the vesicle membrane [81]. The bending energy decreases with
the reduced volume v and attains the minimum value 8πκ for spherical
vesicles with v = 1. For small reduced volumes v, the vesicle adopts a
stomatocyte shape with bending energy 16πκ in the limit v → 0. In
this limit, the stomatocyte shape consists of two spheres with bending
energy 8πκ each, which are connected by a neck of negligible bending
energy.

During the internalization of a particle, a vesiclewith constant area A
and volume V changes its shape and becomes ‘more spherical’, because
the membrane wrapped around the particle effectively ‘decreases’ the
area of the vesicle membrane, and the volume of the particle inside
the vesicle ‘increases’ the volume of the vesicle. The effective reduced
volume of the vesicle after internalization of a particle with volume VP

and surface area AP thus is

vef ¼ 6
ffiffiffi
π

p V þ VP

A−APð Þ3=2 : ð23Þ
For a spherical particle, we have Vp ¼ A3=2
p = 6

ffiffiffi
π

p	 

and therefore

vef ¼
vþ AP=Að Þ3=2
1−AP=Að Þ3=2 : ð24Þ

For such a spherical particle, the effective volume vef of the vesicle only
depends on its initial reduced volume v and the ratio AP/A of the particle
area and vesicle area.

Since the effective reduced volume vef of a vesicle after internaliza-
tion of a particle is larger than its initial reduced volume v, the bending
energy of the vesicle decreases during internalization. This decrease in
the bending of the vesicle reduces the adhesion threshold value u⁎ for
full wrapping (see Fig. 6(b)). The threshold value u⁎ of the rescaled
adhesion energy u of spherical particles defined in Eq. (8) can be calcu-
lated from the energy difference

ΔE ¼ E pað Þ
be −UAP þ E veð Þ

be vefð Þ−E veð Þ
be vð Þ ð25Þ

before and after internalization. Here, Ebe(pa) denotes the bending energy
of the membrane wrapped around the particle, and Ebe

(ve) is the bending
energy of the (remaining) vesicle membrane. At u= u⁎, the energy dif-
ference ΔE vanishes. We have assumed here that the membrane
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wrapped around the particle is still connected to the vesicle membrane
by a small catenoidal membrane neck of zero bending energy. Breaking
this neck for full internalization leads to an additional energy term 4πκ
in Eq. (25) that results from the Gaussian curvature term in the bending
energy in Eq. (1) (see Section 3).

In Fig. 6(b), the adhesion threshold u⁎ of a spherical particle is
shown as a function of the initial reduced volume v of the vesicle for sev-
eral values of the ratio AP/A of the particle area AP and vesicle area A. The
particles can only be fully wrapped by the vesicle if the initial reduced
volume v of the vesicle is sufficiently low. The curves in Fig. 6(b) there-
fore end at the maximal value

vmax ¼ 1−AP=Að Þ3=2− AP=Að Þ3=2 ð26Þ

of v for which the effective reduced volume vef after internalization is
equal to 1. For area ratios AP/A larger than about 0.25, the bending ener-
gy change of the vesicle can reduce the adhesion threshold u⁎ to values
close to 0 (see Fig. 6(b)). The reason for this large reduction is that the
maximal possible bending energy change of the vesicle is −8πκ for a
change of the reduced volume from v = 0 to vef = 1 (see Fig. 6(a)),
which compensates the bending energy cost Ebe(pa) = 8πκ for wrapping
the spherical particle.

5.2. Absence of osmotically active particles

In the absence of osmotically active particles such as salts or sugars, a
vesicle can freely adjust its volume. Since the spherical shape has the
lowest bending energy (see Fig. 6(a)), the vesicle adopts this shape
before and after the internalization of particles. The bending energy
Ebe(ve) of the vesicle introduced in Eq. (25) thus does not change during
internalization. The adhesion threshold of the particles then has the
same value as for planar membranes. For adhesion energies beyond
this threshold, the vesicle fills up with internalized particles (see
Fig. 7). The maximum number of particles that can be internalized by
a vesicle depends on the area A of the vesicle membrane and on the
area AP and volume VP of the particles. This maximum number follows
from the equation

NmaxVp

f
¼

A−ApNmax

� �3=2

6
ffiffiffi
π

p ð27Þ

where f is the volume fraction for close packing of the particles. For
spherical particles, for example, we have f ¼ π=3

ffiffiffi
2

p
. The left-hand

side of Eq. (27) is the volume of the Nmax densely packed particles
that fill up the vesicle, and the right-hand side of Eq. (27) is the volume
of a spherical vesicle with area A−NmaxAp, i.e. with the membrane area
that remains after wrapping Nmax particles of area AP. Eq. (27) can be
rewritten as

A ¼ APNmax þ 6
ffiffiffi
π

p
VP= f

	 
2=3N2=3
max: ð28Þ
Fig. 7. Micrographs of cryo-transmission electron microscopy of SiO2 nanoparticles
(Ludox, 16 nm diameter, 0.05 wt.%) wrapped and internalized by DOPC vesicles
(0.1 wt.%) in aqueous solution [82,83].
For large Nmax, i.e. for a small area ratio AP/A, the first term on the right-
hand side proportional to Nmax dominates over the second term, which
leads to

Nmax≃A=AP : ð29Þ

6. Cooperative wrapping of nanoparticles

In the previous sections, we have considered the wrapping of indi-
vidual nanoparticles by membranes. Recent simulations indicate the
cooperative wrapping of several nanoparticles in tubular membrane
structures [48,50,53]. Fig. 8 illustrates results fromMonte Carlominimi-
zation of triangulated vesicles in contact with two nanoparticles [48]. In
these simulations, the extent to which the particles can be wrapped by
the vesicle membrane is controlled by the reduced volume v defined in
Eq. (22). For large values of v, adhesive particles can only be partially
wrapped by the vesicle membrane. For such large values, the Monte
Carlo simulations indicate bound states in which two particles are
equally wrapped by the vesicle as in Fig. 8(a). For smaller values of v,
the simulations indicate more strongly bound states in which the two
particles are jointly wrapped by a membrane tube that invaginates
into the vesicle, see Fig. 8(b).

In Fig. 8(c), the minimum total energy E of a vesicle with two
adsorbed particles is displayed as a function of the particle distance r.
2 4 6 8 10

reduced volume v = 0.92
reduced volume v = 0.94

particle distance r [R] 

-6

Fig. 8. (a) Boundminimum-energy state of two particles for the reduced volume v=0.96
of the vesicle and the rescaled adhesion energyu≡UR2/κ=2of the particlewhereU is the
adhesion energy per area, R is the particle radius, and κ is the bending rigidity of the ves-
icle membrane. (b) Bound minimum-energy state of two particles for v = 0.92 and u
= 2.33. (c) Total energy E of a vesicle with two adsorbed particles as a function of the par-
ticle distance r for the rescaled adhesion energy u=2.33 and the values v= 0.92, 0.94, and
0.96 of the reduced volume [48]. The particleswith radius R are in contact at the distance r=
2R. The four snapshots represent minimum energy conformations for the reduced volume v
= 0.92 at particle distances with r/R= 2, 3.2, 6 and 9.

image of Fig.�8
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This energy is obtained from minimization via Monte Carlo simulated
annealing for a fixed distance r of the particles. At the reduced volume
v = 0.93, the total energy E(r) exhibits local minima at the contact
distance r = 2R of the particles and at a distance r between 6R and 9R,
separated by an energy barrier. The local minimum of E at the contact
distance r = 2R corresponds to the bound state of the particles shown
in Fig. 8(a) in which both particles are symmetrically wrapped by the
vesicle membrane. At the reduced volume v = 0.92 and 0.94, there
are additional branches of low-energy conformations with negative
values of E at distances r b 3R of the particles. In these low-energy
conformations, the particles are jointly but asymmetrically wrapped
by a membrane tube that invaginates into the vesicles (see Fig. 8(b)
and snapshot at bottom left of Fig. 8(c)). In these conformations, the
wrapping of the particles is asymmetric since the particle at the tip of
the invagination is more strongly wrapped. Besides these low-energy
conformations, there are branches of higher-energy conformations
(c)

 u = 2.0
 u = 2.4  u = 3.0

(a)

(b)

Fig. 9. Minimum-energy states of (a) two particles wrapped in a membrane tube
and (b) three central particles of a longmembrane tube for the range ρ=0.1R of the par-
ticle–membrane adhesion potential and the rescaled adhesion energy u = UR2/κ = 3
where R is the particle radius and κ is the bending rigidity of the membrane. (c)
Minimum-energy membrane profiles around three central particles of a long tubule for
the potential range ρ = 0.01R and different rescaled adhesion energies u. The particle–
membrane interaction here is described by the adhesion potential (9) [39].
with positive values of E in which the particles are symmetrically
wrapped as in Fig. 8(a). In the simulations, the particle–membrane
interaction is modeled by a square-well potential with depth U and
width 0.1R.

The particle-filled membrane tubes form because of an energy gain
for the cooperative wrapping of nanoparticles in tubes, compared to
the individual wrapping of the particles. This energy gain can be calcu-
lated by minimizing the energies of the rotationally symmetric shapes
of membrane tubes and of membrane segments wrapping single parti-
cles [39]. Fig. 9(a) illustrates the three-dimensional shape of a two-
particle tube protruding from a planar membrane, and Fig. 9(b) and
(c) display the shape and profiles of themembrane around three central
particles of a long tube. The membrane shape around the central parti-
cles of such long tubes is periodic along the axis of rotation, and consists
of spherical segments bound to the particles that are connected by un-
bound catenoidal membrane segments between the particles of zero
bending energy. The total energy of these tubes is minimized with re-
spect to the distance L of neighboring particles, which depends both
on the rescaled adhesion energy u defined in Eq. (8) and on the range
ρ of the adhesion potential in Eq. (9) (see Fig. 10(a)).

The energy gain per particle for the cooperative wrapping in long
tubes can be defined as

ΔE ¼ Etube−E1p ð30Þ

where Etube is the minimum total energy for a central particle in the
tubes, and E1p is theminimum total energy of a single wrapped particle
shown in Fig. 2(b). In Fig. 10(b), the energy differenceΔE is displayed as
a function of the rescaled adhesion energy u for different values of the
potential range ρ. The energy difference ΔE is negative for rescaled
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Fig. 10. (a) Distance L≥ 2R of neighboring particles in the tube at which the total energy is
minimal, and (b) energy gain ΔE per particle for the cooperative wrapping in long tubes
defined in Eq. (30) as a function of the rescaled adhesion energy u for various values of
the potential range ρ [39].



Fig. 11. Snapshot from a discrete molecular dynamics (DMD) simulation of a nanoparticle
interacting with a DPPC bilayer membrane [105]. The color scheme is: purple (DPPC
choline entity), orange (DPPC phosphate group), red (DPPC ester groups), cyan (DPPC
alkyl tail groups), yellow (nanoparticle). In DMD simulations, particles interact via a com-
bination of hard-sphere and square-well potentials, whichmeans that the forces on parti-
cles only need to be calculated when discontinuities in the potentials are encountered.
This allows for faster simulations than traditional molecular dynamics, enabling examina-
tion of larger membrane systems and longer time scales [106].
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adhesion energies u larger than a value u0. These negative values of ΔE
indicate an energy gain for the cooperative wrapping in tubes. The
value u0 with ΔE = 0 is located between u = 1.0 and u = 2.0
and, thus, at values atwhich single particles are less than half wrapped
(see Fig. 2(a)). For a given potential range ρ, the energy difference ΔE
adopts a minimum value at rescaled adhesion energies between u=
2.0 and u = 3.0.

The energy difference ΔE between cooperative wrapping and
individual wrapping strongly depends on the potential range ρ. The
minimum values of the energy difference ΔE per particle are −5.2κ
for ρ = 0.2R, −3.3κ for ρ = 0.1R, −1.7κ for ρ = 0.03R, and −1.0κ
for ρ = 0.01R. Since typical values of the bending rigidity κ range
from 10 kBT to 20 kBT, these minimum values of ΔE are large com-
pared to the thermal energy kBT. The absolute value of the energy dif-
ference ΔE decreases for intermediate values of the rescaled
adhesion energies u between 3.0 and 6.0. However, at the large
rescaled adhesion energy u = 6.0, the energy differences ΔE = –

3.2κ, −1.3κ, and −0.24κ for the potential ranges ρ = 0.2R, 0.1R,
and 0.03R are still large in magnitude compared to kBT for typical
values of κ. These values for the energy difference ΔE have been ob-
tained for the particle–membrane interaction in Eq. (9). In simula-
tions, stable particle-filled membrane tubes have been observed for
square-well potentials [48], for van der Waals potentials [50], and
for specific interactions mediated by membrane-anchored receptors
and ligands and, thus, for rather diverse particle–membrane interac-
tions [53].

The energy gain for the cooperative wrapping results from a favor-
able interplay between bending and adhesion energies in the contact
regions in which the membrane detaches from the particles [39]. The
cooperative wrapping in tubes simply is favorable because a central
particle in a tube has two such contact regions with the membrane,
while a single wrapped particle only has one contact region. The energy
gain depends on the potential range ρ because the interplay between
bending and adhesion becomes more pronounced with increasing ρ.

The large energy gain for the cooperative wrapping of particles
implies strongly attractive elastic interactions between the adhering
spherical particles that are mediated by the membrane. These elastic
interactions result from the fact that the minimum total energy of two
or more adhering particles depends on the particle distances. At the
optimal distance L for the cooperative wrapping of the particles by
membrane tubes, the total energy is significantly lower than at large
distances at which the particles are wrapped individually by the mem-
brane (see Fig. 10). Such elastic interactions have been previously
studied for membrane inclusions that locally deform the membranes
[84–87], and for adsorbed rodlike particles with parallel orientation
[88,89]. These elastic interactions are repulsive for rotationally symmet-
ric and equally oriented membrane inclusions and for rodlike particles
that adsorb to the same side of themembrane. In contrast, the elastic in-
teractions for the cooperative wrapping of spherical nanoparticles by
membrane tubes are strongly attractive. Membrane shape fluctuations
can induce additional attractive interactions between adsorbed parti-
cles since the particles suppress such fluctuations in their adhesion
zones. However, these fluctuation-induced, entropic interactions are
of the order of the thermal energy kBT [84,90–92] and thus significantly
weaker than the elastic energy gain ΔE for the cooperative wrapping
(see Fig. 10(b)).

In experiments, the aggregation of nanoparticles in solution is typi-
cally prevented by repulsive interactions between the nanoparticles,
e.g. by electrostatic interactions if the particles are charged. In general,
such repulsive interactions can affect the energies of the particle-filled
membrane tubes, in particular if neighboring particles in these tubes
are in contact. For simplicity, the nanoparticles considered in the calcu-
lations and simulations of Figs. 8 to 10 exhibit only repulsive hard-
sphere interactions. However, it is important to note that the neighbor-
ing particles in membrane tubes are not in contact at intermediate and
large values of the rescaled adhesion energy u (see Figs. 9(c) and 10(a)).
For such rescaled adhesion energies, repulsive interactions between the
particles only play a role if their interaction range is larger than the
distance between the surfaces of neighboring particles in the tubes.

7. Discussion

The wrapping of single particles and the cooperative wrapping of
nanoparticles in membrane tubes are strongly affected by the range of
the particle–membrane adhesion potential (see Sections 3 and 6). This
range depends on the interactions that mediate adhesion, which are
either ‘generic’ interactions between the lipid bilayer of the membrane
and the particle [17,19,93,20], or ‘specific’ interactions between recep-
tor and ligand proteins or other adhesion molecules that are anchored
to the membrane and the particle surface [18,66]. Generic interactions
that can lead to adhesion are electrostatic interactions if themembranes
and particle surfaces are oppositely charged, or van derWaals forces. In
the presence of salt, the range of electrostatic interactions can be quan-
tified by the Debye screening length. Partial wrapping of charged nano-
particles by vesicles can lead to emulsions of ‘decorated’ vesicles that are
stabilized by the electrostatic repulsion between the nanoparticles
[94–97]. In general, the strength of generic interactions between mem-
branes and surfaces is modulated by an entropic repulsion from mem-
brane shape fluctuations [98,99]. In biological systems, the generic
interactions of nanoparticles and membranes are altered by a ‘corona’
of proteins adsorbed on the particles [100,101].

The specific adhesion of nanoparticles to membranes can be
described by an effective adhesion potential if the adhesion is mediated
by a relatively large number of receptor-ligand bonds [102]. The effec-
tive adhesion energy depends on the concentrations and the binding
free energy of the receptor and ligand molecules, while the range of
the effective adhesion potential is determined bymembrane anchoring,
length, and flexibility of these molecules [102,103].

Both for generic and specific adhesion, typical values for the range of
the particle–membrane interaction are of the order of one nanometer.
For nanoparticles with characteristic dimensions of tens of nanometers,
such values for the interaction range are a few percent of the particle di-
mension. These interaction ranges strongly affect thewrapping of single
particles (see Fig. 2) and lead to a large energy gain for the cooperative
wrapping of nanoparticles in membrane tubes (see Fig. 10(b)).

In this review,we have focused on elasticmodels ofmembranes that
capture the interplay of bending and adhesion energies during wrap-
ping. Molecular simulations can provide further insights on the interac-
tions of nanoparticles and membranes, in particular for small particles
with characteristic lengths that are comparable to themembrane thick-
ness (see Fig. 11 for an example), and for particles that penetrate into
the membrane bilayer [104,44,59].
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