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A non Eulerian framework for a renormalized theory of isotropic homogeneous steady
state turbulence at high Reynold’s numbers is developed. By construction it is invariant
under random Galilei transformations. A direct interaction factorization is free of
infrared singularities and yields Kolmogorov scaling for the static as well as for the
dynamic correlation and response functions.

1. Introduction

Renormalized perturbation expansions have turned
out to be most valuable in many fields of physics. In
a statistical theory of turbulence based on an Euler-
ian description of the fluid and the Navier-Stokes
equation the simplest nontrivial truncation leads to
the direct interaction approximation (DIA) of Kraich-
nan [1]. In contrast to an order by order expan-
sion the renormalized expansion in this case leads to
spurious effects for the energy transfer at small scales
by convection at large scales [2]. A manifestation of
this is the violation of Galilei invariance, and as a
consequence the DIA gives an incorrect exponent for
the energy spectrum in the inertial subrange. It is
quite doubtful whether this deficiency can be cured
by vertex renormalizations or similar means.

A way out of this dilemma has been proposed again
by Kraichnan [3, 4]. If the Eulerian framework is
replaced by a generalized Lagrangian description, the
theory can be made invariant under Galilei transfor-
mations in each order of a renormalized expansion.
The resulting DIA-equations are, however, quite in-
volved and additional simplifications are necessary to
bring them into a tractable form. The energy spec-
trum obtained from such a Lagrangian version of the
DIA shows Kolmogorov 41 scaling [5] in contrast to
the Eulerian DIA. Corrections due to mtermittency
[6] are not contained in a DIA and the Lagrangian
DIA therefore behaves as expected.

In the present paper we propose an alternative non
Eulerian framework which is Galilei invariant and
free of the spurious effects due to convection at large
scales typical for an Eulerian renormalized expan-
sion. The DIA in this new picture yields Kolmogorov
41 scaling like in the Lagrangian DIA. In contrast to
this latter approach the equations are only slightly
more complex than those of the Eulerian DIA.

The situation to be studied is isotropic, homo-
geneous, steady state turbulence driven by Gaussian
correlated fluctuating forces. The spectrum of the
forces is assumed to vanish outside a narrow band
around some wavenumber K, ~ L', where L, plays
the role of the external length scale. Furthermore, no
white noise spectrum is assumed contrary to most
investigations on steady state turbulence driven by
random forces. This more general form appears to be
required by the fact that the large scale motions,
simulated by the fluctuating forces, are correlated
over times much longer than the characteristic time-
scales of the small scale motions which are investi-
gated. This of course means that one has to abandon
a Fokker-Planck description. Instead a path integral
formulation of the Wyld-Martin-Siggia-Rose for-
malisms [7] is used.

In order to give some motivation for the following let
us repeat some well-known heuristic arguments based
on naive dimensional analysis. We focus on the time
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dependent correlation function
Cop(x =X, 1) =ty (x, 1) (X', 1)) (LY

where u,(x,t) are the cartesian components of the
Eulerian velocity field. For isotropic turbulence its
Fourier transform

C,pk,t)={d"x C,z(x,t)exp(—ik-x)
=E,(k) C(k, 1) (1.2)

is the product of a scalar function C(k,f) and a
transverse projection operator Pg(k)=34,,—k, k,/k>.
The energy spectrum (in d dimensions) is

d—1

B = @my2T(d)2)

k=1 C(k,0). (1.3)
For sufficiently high Reynold’s numbers a power law
behaviour of E(k) is expected for k in the inertial
subrange, K,<k<x,. 1/x, is the dissipation length.
Eddies of this size are damped by viscosity. In the
inertial subrange viscous damping is negligible and
under the assumption that K, also plays no role [5]
the energy spectrum has the well-known Kolmogorov
form

E(k)=ce23 k= (1.4)

where ¢ is the total energy dissipated per unite time
and volume and ¢ is Kolmogorov’s constant.

It is tempting to try the same naive dimensional
analysis for the dynamic correlation function. Assum-
ing

Clk,1)=C(k,0) f(t/z(k)) (1.5)
the resulting characteristic time is

t(k)~e= 13 k=23, (1.6)

This is certainly not correct even if intermittency
corrections are neglected because of sweeping effects.
This means that in a turbulent flow small scale
structures are convected by the large scale flow. In
order to make this more clear we assume that the
velocity field is split into two parts

u(x, t)=v(x, t)+a(x —y(1),t) (1.7)

where v(x,t) describes the large scale motions. It is
supposed’ to contain Fourier components out of the
band K,<k<p only. li(x—y(t), ) describes the small
scale motion. The frame of reference is, however, not
the Eulerian but rather a coordinate system advected
with v(x,%). A crude estimate can now be given if the
spacial dependence of v is neglected,

y(t):(j;dr v(7) (1.8)
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and if v(x,?) is replaced by an appropriate ensemble
over v(t). This yields for the Fourier transform of the
correlation function with k> u

Clk,t—1)={ D {¥(1)} P(v(x))
- Clk,t=t)exp[ —ik- {y() =y ()}] (1.9)

where an average has been taken over the process
v(r) with a weigth 2(v(1)). C(k,t) is the correlation
function of . Assuming a Gaussian distribution and
neglecting the time dependence of v(¢) one finds

C(k, ty=exp{—<v*> k2 t*)2d} C(k,1). (1.10)

Since v represents the large scale motions a reason-
able choice is

n

(w*> = [ dkE(k)~%ce?{Ky? —p= 23 (1.11)
Ko

Assuming that the characteristic time in C(k,1) is

given by its naive dimensions, Eq.(1.6), the time

dependence in C(k,t) is ruled by the first factor in

(1.10) having a characteristic time, the sweeping time

t(k)~e P Kk (1.12)
since 7,(k)<7(k) for k> K,.

This crude estimate demonstrates clearly the well-
known fact that an Eulerian description is not suited
as the basis of a theory of turbulence at high
Reynold’s numbers or, equivalently, in the limit cut-
off K,—0, since the whole dynamics is dominated
by sweeping effects. In any finite order of a re-
normalized perturbation theory the intrinsic cutoff
dependence of the dynamics appears to carry over
into the statics and gives rise to incorrect exponents,
for instance E(k)~k~3/? in the Eulerian DIA.

In our present investigation we use (1.9) and its
generalization to higher order correlation and re-
sponse functions together with (1.8) as a definition of
new non Eulerian velocity fields @(x, ¢). Starting from
the Eulerian equations of motion the theory is refor-
mulated for the “randomly advected fields™ d(x, ).
With an appropriate choice of the probability func-
tional Z(v(7)) defining the transformation from u(x, )
to ti(x,?) the theory is free of the spurious sweeping
effects and it is invariant under Galilei transfor-
mations. A DIA yields Kolmogorov 41 scaling for
the energy spectrum and the characteristic timescale
in C(k, t) behaves as expected from naive dimensional
analysis, Eq.(1.6).

Galilei invariant DIA equations have been proposed
recently by Kuznetsov and L'vov [8] using related
arguments. Their scheme differs, however, in two
essential points. We obtain their equations by choos-
ing a time independent advecting field determined by
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(1.11) with g->co. In order to find correlation and
response functions which vanish for long times it
appears, however, to be necessary to choose v(t)
correlated over finite times and to choose u of the
order of k.

The present paper is organized as follows. In Sect.2 a
path integral formulation [7] of homogeneous iso-
tropic steady state turbulence in an Eulerian descrip-
tion is reviewed and the propagator renormalization
and DIA are discussed. Section 3 deals with the trans-
formation to the randomly advected field formulation
and the DIA in this scheme is investigated in Sect. 4.
The inertial range behaviour of this DIA is discussed
in Sect.5 and some conclusions are given in Sect. 6.

2. Eulerian Framework

We study the small scale motions of stationary iso-
tropic non rotational homogeneous fully developed
turbulence in an incompressible fluid. The steady
state is maintained by external random forces. The
forces replace the large scale motions, for instance the
largest eddies created behind a grid. If the grid size is
L, they have a typical wavenumber K,=1/L, and
accordingly the external forces should be chosen to
have Fourier components only around this wave-
number. The timescale for those eddies is
t~g" 3 K5?* and therefore much longer than the
typical timescales for the small scale motions. The
temporal behaviour of the fluctuating forces should
be chosen accordingly.

We are interested in averages over an ensemble of
fluctuating forces assuming a Gaussian distribution
with zero mean. The ensembie is then specified by the
second moment of the forces f(x, t)

CLOGD S 0)) =B p(F) yo (X =X, =), 2.1

According to the above discussion the Fourier com-
ponents of y,(x,t) have to vanish outside a region
around the wavenumber K, and a frequency
Qo~e'? K23

The fluid is described by the Navier-Stokes equation
for an incompressible fluid with the random forces
added. A second external forces field @(x,t) is in-
troduced which serves later to define response func-
tions. The resulting equation reads

O, (X, )+ B, (F ) u (X, 1) ug(x, £} — v Au, (X, 1)
= [{%, 1)+ @,(X,1) 22)

where v is the kinematic viscosity, B, (V)=E,(V)V,
and a summation over repeated indices is implied.
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Following standard techniques a generating function-
al

Gl @) =exp [ d'xdt g, (x, ) u,(x, 1))

is defined. The average is taken over the ensemble of

fluctuating forces and u(x,t) is considered as a func-

tional of f and ¢ and is a solution of (2.2). Actually u

depends also on initial conditions at some ¢, which .
become irrelevant in the limit ¢,- — oo, This func-

tional generates correlation- and response functions

(2.3)

Ggi,"fgznﬁx.(.ﬁm(xb {'l "‘Xm r’n; YIBSI "’Ym?Sm)
5!’”
0By, (¥:81)...0 B (Vs S)

(X, ) Uy (X, 0
5m+n

Go.9) . (4

[

0@, (¥1551) - 0@, (Xy, ) ...
Of special interest are the correlation function

Co(x—x,1—t)=G2Ex,t,x,1)
=E, V) C(lx—x|,t—1) (2.5)

and the response function

R,y(x—y,t—5)=GlyV(x,1;y,5)

=B, (7)R(x—yl, t—s). (2.6)
The representation of C,, and R,; by scalar func-
tions C and R is of course a consequence of the
assumed isotropy and and absence of rotation [9].

The Navier-Stokes equation (2.2) and the definition
{2.3) yield the following equation of motion

6,00,(x,1) G(o, §)

=15, (7)00,(,1)50,(x, ) —v 45.0,(x. 1)

+@u(%, 0+ [ By07)vo(x—yl, 1 —5) 6,(y. 1)} Glo, §)
2.7

where the notation d¢,(x,1)=0/6¢,(x, 1) is used and |

denotes integration over repeated space and time

variables. The last term in (2.7) originates from the

%, 1) in (2.2) realizing that f is Gaussian distributed

and that u depends on f+ @ only.
A formal solution of the equation of motion (2.7) is

G(o, §)=exp {3 [ 0¢,(x. 1) 56,(x, 1)

C By(P)y(x—x|, t—t)

— 86,016, 1) By(7 )y (x—X|,t—1)

— 66,0 By, (F) 50,(x,0) 80, (x, 1)}

- exp {30,000 (X, 1) By ) Cllx =X, £ —1)

+§ 0,(%, 1) @4(x, ) By(V) R(Ix — x|, t—1)}. (2.8)
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This solution superficially depends on two arbitrary
functions y(x, f) and #n(x, t), where

yl(x5 t) = Vo(x: t) - '))(X, I),
n'(x,t)= —v A5(x) (t) —n(x, 1). (2.9)

The response propagator in (2.8) obeys

&, R(x—x'l,t=t)=~[n(x—yl,t—s) R(ly x|, s—1)
+5(x—X)8(t—1) (2.10)

with causal boundary condition R(x,t)=0 for t<0
implying #(x,t)=0 for t<0. The correlation prop-
agator is

C(x—x'l,t—t)=[R(x—yl,t—s)

Yy =yl s=s)R(x ~y', ¢ =). (2.11)

Actually G(e, @) has to be independent on the arbi-
trary functions y(x,t) and #(x,¢) which is most easily
seen if one shows that (2.8) is a solution of (2.7) for vy
=1 =0 and verifies that 6G{¢p, ¢)/dy=0G(p, #)/6n=0
for any y and #.

Propagator renormalization consists in choosing y
and 5 such that R=R and C=C and determining
the counter terms involving ¢ and %' in (2.9) accord-
ingly. Similar techniques can be employed in order to
perform vertex renormalizations [7]. Such a renor-
malization has actually been discussed in the context
of an incompressible fluid stirred by fluctuating
forces with a white noise spectrum acting at all wave-
numbers [10], a problem not directly related to three-
dimensional turbulent flow at high Reynold’s num-
bers. At present we investigate a propagator renot-
malized expansion in the bare interaction represented
by the third integral in the first exponent of (2.8).
The DIA consists in retaining the first nontrivial
contributions to the selfenergies y and x only. These
are of second order in the interaction. The resulting
expressions are

P65, = 9005 0= B, ()

{ mw)ﬂzw(m} cﬁa(x Gt

N 1) = = 460 80) - (B, (7)+ B, (7))
Cpal%, 1) (B 7)+ s )} R, (5,1

where E_(V)=d—1 has been used. Equations(2.10-
12) together with the definitions (2.5,6) of the scalar
parts form the well-known DIA equations. The cor-
responding equations for the Fourier transforms are

(2.12)

R(k,w)={exp(—ik-x+iwt)R(x,1)
:{‘lw-‘_n(kaw)}‘l:

C(k, ) =R(k, ») y(k, w) R*(k, ) (2.13)
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and

Pk, ) ="7,(k, 1)
+k* §{dpdq F(k,p, q)a(k, p,q) C(p, 1) C(g. 1),
4

nk,ty=vk?

+k? idp dgq F(k,p,q) b(k, p,q) R(p,?) C(g,1). (2.14)
The coefficients a(k,p,q) and b(k, p, q) arise from the
Fourier transforms of the differential operators in
(2.12) and (2.5,6) [1,11]. Since a(k, p,q)+alk q,p)
=b(k,p,q)+b(k,q, p) the coefficient a(k, p, q) might be
replaced by b(k,p,q) in (2.14). In d-dimensions the
latter can be written as

kZ 1 kZ +p2 +q2
b(k,p, q)=%c(k,p,q) {q—z—m—pz— .
c(k,p,q)=(2k* p* +2k? > +2p* > —k* —p* — q*).
(2.15)

The d-dimensional integrations in momentum space
have been converted into integrations over triangles.
The boundaries of the remaining two-dimensional
integrals are p+g>k>|p—q| with p>0 and ¢>0.
The factor

k'~ * pq{c(k, p, g}~ "
44— 2 TE(d+ 1)/2 F((d— 1)/2)

Flk,p,q)= (2.16)
originates from this transformation and the d—2
angular integrations.

The origin of the spurious sweeping effects in the
Eulerian DIA mentioned in the introduction can now
easily be seen. The factor F(k, p,q) b(k,p,q) behaves as
¢*~ % in the limit g—0. Assuming Kolmogorov scal-
ing for C(q) for g=K, and using K, as a lower
cutoff, the integrals in (2.14) diverge as K;*/® in the
limit K,— 0. The region p — 0 is not dangerous since
F(k,p,q)b(k,p,q) behaves as p? in this limit.

3. Randomly Advected Field Formalisms

The need for a reformulation of the theory in terms
of non Eulerian velocities has been stated in the
introduction. The present formulation is based on
randomly advected fields. This means the statistical
properties of the actual velocity field u(x,f) are ex-
pressed by the statistical properties of a velocity field
ii(x, t) which is advected by a spacially constant but
time dependent velocity field v(t) and averaged over a
given distribution 2(v) of v(¢).

Let us define the generating functional G(¢, @) for the
response and correlation functions of the randomly
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advected fields

G{px, D} {@(x,0}) =2 {v(1)} 2(v)
- Gp(x+y(0, 0}, {Fx +y (), 0)). G.1
This definition implies (1.9). As stated in (1.8)

:;Edfv(‘c). (3.2)

We assume that we can find the inverse of the above
transformation. For a Gaussian £(v) the explicit form
is given later. Then

Gl 0} {p(x, 1) =[ 2 {v(c)} 2~ (v)
G{o(x+y(®), 0}, {gx+y (1), 0}). (3.3)

The original equation of motion (2.7) yields for G

5, 30,(x,0G(p, )= Z{v(x)} 2~ (V)[,(x, 1)
,,,(V){v (t)—de,(x,1)} 0@y, 1) +vA0¢,(x,1) '

By (P)vo(Ix —x =y () +y (), 1 = 1)

: 5coﬁ(x,t)] G(o, §). (3.4)
The formal solution corresponding to (2.8) is
Glp,6)=[2{v(1)} 2~ (v)

: eXp[zj"écoa(x, £)0@,(x,t)

B,7)7(x=x,y(t)—y(t), t—1)

—J8¢,0x,1)8¢,(x, ) By(7) i (Ix—X'|,t —1)

+]0¢,(%,1) By, (P){v,(t) = 30,(x, )} ¢, (x, )]
exp[zfcpa(x 1) (Pg(x t) aﬁ( )C(IX x| t—t)
+] 0 (X0 Gy(x, 1) By (P) R(Ix —x'|,t —1)] (3.9)

where

?/(X _X/s y(t) - Y(t/)a [— t,)
=po(x=X"+y(O) —y(), t =) = F(Ix = x| 1 = 1),
F(x—x',t—t)=vA0(x—x)—A(x—x,t—1t). (3.6)
The propagators C and R are solutions of (2.10) and

(2.11), respectively, with y and # replaced by 7 and
A.

The transformation (3.1) has the following group
property. Assume we have two probability func-
tionals 2(v; u) and P(v; 1). Defining

P; 1, 1)=J D (0} 2~ Ho—v ;) P 1) (3.7)

we can write

(o (%, 0}, {G(x, 0} ; =] D{o(1)} P(v; , )
SG{p(x—y(0), D} {F(x—y(®),0}; &) (3.8)
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where G(p,@;p) is given by (3.1) with 2(v;u). The
similarity between (3.8) and (3.1) suggests the no-
tation

G(o,9)=

and

2~ v; 1)=2(v; 1, 0).

For the following discussion of the DIA in the pres-
ent formulation it is sufficient to consider Gaussian
correlated advecting fields only. The distribution
functional is

P(; W)= N (1, 1)

. __l d d/ Um(t)va(t) }
eXp{ syt "Va—rtimu)

i) is a normalization factor and
A= {2 {w()} v,(t) v, () P(vs 1 1) (3.10)

is the second moment of the advecting velocities. The
inverse transformation is determined by

PN os 1) =P (v 1, )

=AN(u, i exp{ fdrdr

Gl 3;0),  P(v; =2 (v;0, 1)

(3.9)

where A (1,

Vit—t';u, 1)

(t—t B )

but the integration in (3.3) now runs over imaginary
advecting velocities v(z). Obviously V(t—t';u, u)=
= V(=1 p 1)
For Gaussian correlated advecting velocities the dis-
placements y(t) are also Gaussian correlated with
second moment

Y{t—t';p 1)
t—t’
=2 | de(t—t' =) V(t; 1, ).

0

A= [ D W@}y, () — v, ()] P(w; 1, 1)

(3.12)

The asymptotic expressions for small and large times
are

Y(t; 1) V(O; 1) 12,

Y(t; 1) — =5 [de Vi u )t — [ doo Ve 1)

0 0 (3.13)
provided V(t;u, p') vanishes rapidly enough for
T— 00,

The effect of the transformation on the correlation

propagator C is most easily expressed in Fourier
space where

C(k,t; ) =exp {3 Y(t: i, 1) K2} C(k, 15 14).

R, ¥ and # transform accordingly.

(3.14)
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4. Direct Interaction Approximation

As in the Eulerian framework a propagator renormal-
ized perturbation expansion is obtained by expan-
sion of the first exponential in (3.5). Its exponent
contains the advecting field linearly in its last term
and also in " or y,. For reasons given later we can
neglect the dependence of § or y, in (3.5) on the
advecting field if we are interested in the small scale
behaviour only. Statements concerning the large scale
motions can not be made within the framework of a
stationary turbulence driven by fluctuating forces be-
cause those motions depend on details of the mecha-
nism injecting energy into the system and on bound-
ary conditions.

The DIA involves again expansion of the first ex-
ponent in (3.5) up to second order in B, (V) and the
corresponding determination of the counterterms 7'
and #. The resulting expressions for the selfenergies
are similar to those of the Eulerian DIA (2.14) but an
extra term arises from the average over the advecting
field

Pk, t; ) =70k, 1)+ k> Clk,t; ) V(t; 1, 0)
+k? [dpdq F(k,p,q)bk,p,q) C(p,1; 1) C(g,; ),
a4

Ak, t; ) =vk*5(t)+ k> R(k, t; ) V(t; 1, 0)
+k2 [dpdqF(k,p,q)b(k,p,q) R(p,t; 1) Cla, t;19).  (4.1)
A

The integrals in this expression are, of course, still
dominated by the contributions arising from g~K,
and diverge for K,—0. We have, however, not yet
specified the second moment of the advecting field
and we can choose this quantity such that this diver-
gency is cancelled by a corresponding divergency in
V(t; p, i) in the limit K,— 0. A possible choice is

Vit,u,1)=— | dpdqF(k,p,q)

Ap.p

bk, p,q) Clg, t;24) (4.2)

where | indicates integration over p and ¢ satisfy-
A

ing theﬂiﬁequalities p>0, u>g>u'=20, p+g>k>|p
—g| assuming p> . For y<y’ the choice V(t; i, i)
= — V(t; W, u) is consistent with (3.11).

In the introduction we argued that the advecting field
has to simulate the advection of the small scale
structures by the large scale motions. If we are in-
terested in motions with wavevector k> K, it is rea-
sonable to count the motions with wavevector
g<ok as large scale motions with 1>a>0. This
means an appropriate choice for u in (4.1) is u(k)
=ak. From Pk, t;k) and #(k,t;00k) the functions
C(k,t;0k) and R(k, ;o k) are obtained from (2.19). In
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the integrals of (4.1) we need, however, C(g,t; 1) and
R(q,t;p) with p=uk=+0g. On the other hand, (3.14)
allows to calculate these quantities from values for p
=aq and the special choice (4.2) also involves these
values of y only.

The resulting DIA now contains functions with u(k)
=k only and we can drop this variable again. The
selfenergies are

Pk, ) =vo(k, 1) +k* C(k, 1) W(k, 1)
+k?*{dpdqF(k,p,q)b(k,p,q)
A

’ {é(p, t) eXp X(k7 p.q, t) - C(kv t)} C(qa t):
ik, t)=vk?5(t)+k*R(k, t) W(k, 1)

+k* {dpdqF(k,p,q)b(k,p,q)
A

) {R\(p7 t) eXp X(k7 b.q, t)_ﬁ(ka t)} C(q» t) (43)
with

X(k,p,q,t)= —5{Y(t;ak,00q) q* + Y(t;0k, o p) p*} (4.4)

and

Wk, ty= | dpdqF(k,p,q)b(k,p,q) C(g,1). (4.5)

Aco,ak

(4.2) and (3.12) yields

| dpdg
Aak,oqg

Y(t;0k,09)=—2{dt(t—7)
o

-F(k,p,q)b(k, p,4) C(q,7) (4.6)

for k>q and Y(t;0k,aq)=—Y(t;009,0k) for k<gq.
The set of equations is closed by

Rk, 0)={—iw+Hk w)} ",
C(k, w)= R(k, w) §(k, w) R* (k, w). (4.7)

The above equations are almost identical to the
original Eulerian DIA equations (2.13-14) but the
selfenergies (4.3) contain extraterms which remove
the infrared singularities in the limit K,—0. As
discussed in the next section Kolmogorov scaling
solutions are therefore expected.

Let us come back to the discussion at the beginning
of this section where we had argued that the influence
of the advection on 7y, may be neglected. We are
concerned with v,(k,0)£+0 for k~K, only. This
means 7y,(k,t) does not contribute to J(k,t) unless
k~K,. In this case the strength of the advecting field
vanishes according to (4.2) because p~ ' ~K,.

5. Scaling Solutions in the Inertial Subrange

The above equations can be brought into dimension-
less form using k~* as lengthscale and
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w(k)y=g~ 13 k23 (.1)

as timescale. The resulting dimensionless functions
can depend only on dimensionless variables like s
=t/t(k) or K,/k or i, /k, where x,=¢'*v~%* is the
inverse of the dissipation length. In the inertial sub-
range, this is for K,<k<k,, a scaling form of the
solutions of (4.3-7) is expected, for instance

Clk,t)=7 P k= 4=3+EC(Z, 63 k34 0). (5.2)

Kolmogorov 41 scaling or naive dimensional analysis
yields £ =0 and {=0. The Z-factors have to be homo-
geneous functions of K, and «, of degree —¢ and
—{, respectively. If, on the other hand, finite so-
lutions of the above equations are found in the limit
K,—0 and x,— oo the anomalous dimensions ¢ and
{ have to be zero and Kolmogorov scaling is estab-
lished.

In order to see whether this is the case we have to
study the infrared and the ultraviolet behaviour of
the triangle-integrations in (4.3-6). As in the Eulerian
DIA the limit x,— o or v—0 is not problematic.
The limit K,— 0, however, causes divergencies in the
Fulerian DIA arising from small g values. This is not
the case in the present scheme as we shall sce. Writ-
ing p=k+p’ the integration extends over —g<p' <gq
and we have to investigate the behaviour of the
bracket in the integrand of (4.3). For t=0 we can
simply expand around p=k because X(k,p,q,0)=0
and

Cp,0)—C(k,0)~p' ~q. (5.3)

This is sufficient to make the integral convergent in
the limit K, — 0.

At finite ¢ we have to study the behaviour of X (k, k
+7',9,t). The second term in (4.4) is proportional to
p' as is easily seen from (4.6). Using the estimate

C(q, t)<Cq“iA% (5.4)
in (4.6) we find
—3Y(akoag)<iCe* | dpdqF(kp,q)

Aak,aq

. b(k>ﬁv —)q_—dﬁ% C,t2q—2/3 55)
q 40

where C and C’ are finite constants. This means X (k,
k+p’, g, t) vanishes at least proportional to g in the
limit ¢— 0 and the expression in the bracket of (4.3)
is proportional to g for all finite times. This means
P(k, 1) and #(k, 1) are finite in the limit K,— 0.

There is a nontrivial point concerning the long time
behaviour of the present scheme. This is due to the
fact that Y (t; p,q) given by (4.6) increases asymptoti-
cally linear in time. Since this quantity enters in the
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exponent of the exponentials in (4.3) the response and
correlation functions have to decay at least exponen-
tially in time with an exponent large enough such
that 7(k,t)— 0 and 7(k, t) = 0 for t — co.

To make this point more precise we assume that C(k, t)
and R(k,t) decay exponentially in time. In other
words we neglect the w-dependence of §(k,w) and
(k, ) in (4.7). This yields

Rk, 0)={~iw+i(k)},

C(k, w)=R(k, w) §(k) R* (k, ) (5.6)
and

Rk, t)=exp{—7(k)t} O(),

_ ik

21(k)
This is certainly not correct at small times but might
be sufficient for an estimate of the long time be-
haviour. The above choice is motivated by the as-

sumption that R(k,w) can be approximated by a
single pole and therefore

k) ="7(k, —ifj (k)

= g difexp{f(k)t} +exp{—(k)}17(k, 1),

C(k, 1)

exp{—#(k)|z]}. (5.7

n(k)=A(k, —if(k)
= g dtexp {f(k)t} fi(k, ). (5.8)

Writing (5.6) we have implicitly assumed

1 (k, )

<1
00 |o_ _isa

A naive scaling assumption yields
(k) = 3k,

TR 2y a2z
=gk B3C 5.9
24(0) 9

where 7 and C are dimensionless constants, the latter
is proportional to Kolmogorov’s constant.

Writing the above equations in terms of dimension-
less variables and inserting the special timedepen-
dence one obtains after some manipulations from the
second equation in (5.8)

2

=i

= [dyB(y)y~ 7>+ [ dx dy B(x, y)
a A

y > exp{ —:XI(X) _~X1(y)} — 7/2}
SRS NN Ny

o

(5.10)

—N—
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where
B(x,y)=y 4+ F(1,x,y)b(1,x,y),

(5.11)
B(y)=[dx B(x, ).

In order to perform the time-integrations the asymp-
totic form (3.13) for late times has been used, result-
ing in

C‘ o

=—x* [dyB(y)y~ ",

Xl(x)zﬁ%xz }dyB(y)y*. (5.12)

ax

An estimate of these quantities is obtained if B(y) is
replaced by its limit

B(0)={(4n)¥> I'(;d+1)}. (5.13)
This results in
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xm:g%ﬁ;u ~x2}. (5.14)

The denominator in the second term of (5.10) originates
from the time integral of an exponential. This integral is
finite only if the expression in the denominator is
positive. With the estimate (5.14) it is easily seen that
the minimum of this denominator inside the inte-
gration range of x and y is at x=y=1/2. As as
consequence

BO)C 4(1—-2713

e < =2 ) ~(.456.

(5.15)

Another requirement is, of course, that the integral in
the second term of (5.10) is not infrared divergent. This
is not automatically fulfilied despite the discussion at
the beginning of this section because the limit K ,/k— 0
was discussed only for finite times, whereas now an
integration over all positive times has been performed.
This requirement yields with (5.14) and keeping 1
—y<x<1+yin mind

B(0)C 3B(0)C
eXp{—Zoczﬁz}:l_W

or

_2’3

2o 3B(0)C
} R
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For 0<f<1 real values of « are found and
a<(2/3)*2 ~0.816. Eq. (5.15) yields together with (5.16)
a lower bound «>0.353.

The first equation in (5.8) results in an expression
similar to (5.10) which is also free of singularities if
(5.15) and (5.16) is fulfilled. Both equations depend on
the combination C/72 only. This means that they can be
fulfilled for special values of o only. This is not
surprising since the same exponent for the time de-
pendence of the response- and correlation function (5.7)
has been assumed.

From the fact that the above equations are free of
singularities we can, however, conclude that Kolmo-
gorov scaling solutions with more general time de-
pendence are likely to exist. A conclusive answer will be
obtained from numerical calculations which have not
yet been performed.

6. Concluding Remarks

In this paper, we have proposed a non Eulerian
framework for a statistical theory of turbulence based
on randomly advected velocity fields. The transfor-
mation from the Eulerian to the randomly advected
velocity fields involves a distribution functional of an
advecting field. As a special choice a Gaussian distribu-
tion has been investigated and this allows to eliminate
the leading infrared singularity. A direct interaction
approximation is then free of divergencies and con-
sequently exhibits Kolmogorov 41 scaling in the in-
ertial subrange for the statics as well as for the
dynamics. The Eulerian correlation and response func-
tions are identical to those of the randomly advected
fields if all time arguments are identical, In general, they
are obtained by an average over the advecting fields. As
a consequence their characteristic timescale is the
cutoff-dependent sweeping time.

In higher orders of a renormalized perturbation theory
additional infrared singularities are expected. Some of
them can be removed by allowing more general non
Gaussian distributions for the advecting fields. Other
singularities are expected to persist giving rise to
anomalous dimensions, for instance intermittency cor-
rections to the exponent of the energy spectrum.
Important questions are, of course, whether the number
of such singularities is finite, whether the theory is
renormalizable and whether a marginal dimension
[12] exists. In an attempt to answer those questions the
presently proposed non Eulerian DIA might play a
similar role as does the Gaussian model for phase
transitions.

Fruitful discussions with Prof. S. Gromann, Prof. U. Frisch, Dr. I.D.
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