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Abstract. Fluid membranes such as lipid bilayers otien form oriented stacks or bunches.
Within these bunches, the direct molecular farces are renormalize6 by thermally excited shape
fluctuations. For purely repulsive forces between the membranes, this renormalization depends
only weakly on the number N of the membranes within the bunch. In the presence of atbacdve
forces, these bunches undergo continuous unbinding transitions. For freely suspended bunches,
all membranes unbind simultaneously at a unique N-independent temperature T:. but the
effective critical behaviour depends on N over many length scales. For bunches that adhere to
another surface, the membranes can peel off one after another in a sequence of transitions that
occur in a finite temperature range above T:.

1. Introduction

The interaction of fluid bilayers and other flexible membranes is determined by the
renormalization of molecular forces by thermally excited shape fluctuations. On length
scales large compared to the membrane thickness. these shape fluctuations are believed to
be bending undulations. The renormalization effect of these undulations is well understood
in the case of nvo interacting membranes [I]. However, many experimental systems contain
whole stacks or bunches of membranes which exhibit a more complex behaviour.
Indeed, lipid bilayers in solution often form stacks or bunches (or multilayers or lamellar
states) in which several membranes are, on average, parallel to each other. Large oriented
stacks corresponding to lyotropic liquid crystals have long been studied by x-ray and neutron
scattering methods [2-4]. On the other hand, bunches containing only a relatively small
number of membranes are also accessible to experiment: freely suspended bunches can be
directly observed in a light microscope [5,6].whereas multilayers attached to a fluid-vapour
interface can be investigated by surface reflectivity measurements [7]. Likewise, stacks of
bilayers spread on a solid substrate such as a glass slide are often used in order to prepare
lipid vesicles [SI.
In this paper, recent theoretical work on membrane bunches is briefly reviewed. The
basic theoretical model that contains both the interaction energies arising from molecular
forces and the elastic energies of bending undulations is defined in section 2, which also
serves to introduce the notation. This model can be studied within a simple two-membrane
approximation, see section 3, which is presumably exact for the balance between purely
repulsive interactions and the external pressure P in the limit of small P . Attractive
forces between the membranes lead to continuous unbinding transitions for freely suspended
bunches, see section 4, and for bunches which adhere to another surface, see section 5.
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2. Model for bunches of membranes

+

..

Consider a bunch of ( N 1) Auid membranes labelled by n = 0.1, . , N which are, on
average, parallel to a reference plane. The distance of membrane n from this reference
plane is denoted by the height variable h.. The membranes have bending rigidities K" and
experience the external pressure P. The interaction potential of membrane n with membrane
(n - 1) is denoted by V,,. Their configurational energy (or effective Hamiltonian) is then
given by

+

Even though the membrane positions within the stack are described by (N 1) fields h.,
only N of these variables are coupled by the direct interactions V, since the 'centreof-mass'
coordinate decouples from the N separation variables ln = h. -ha-, with n 1. Note that
the pressure term is equal to p(hN ho).
The mean separation of the membranes within the stack is determined by the mutual
interactions and forces. In the absence of shape fluctuations, the balance of forces within
the stack implies P = -i?Vn(ln)/i?ln for 1. = e.. In the presence of shape fluctuations,
the direct interaction V,(r) becomes renormalized into V:(/), and P = -8 Vf(ln)/i?lnfor
1. = e..

-

3. Two-membrane approximation

First, let us focus on one pair of nearest-neighbour membranes within the stack with n = a
and n = a 1 b. These two membranes interact with each other and with the two
adjacent membranes with n = a - 1 = a and n = b 1 z p. Within the two-membrane
approximation considered here, which is of the mean-field type. the two membranes with
n = LY and n = are now replaced by rigid walls with positions (h,) = (h,) La and
(hp) = (hb) e p , respectively. In addition, the two-membrane interactions V,(h,
ha)
and V,q(h,q hb) are approximated by the renormalized interactions V:(h, - (h,)) and by
V;((hp) - hb). respectively. If one now expands these interaction energies in powers of
h. (h,) and hb ( h b ) , one obtains

+

+

-

+

-

-

V,&

-

-

- (h,)) + v;((hp)

-hb)

v:(e.)

+ v.(ea)- Pea + P ( h b -ha)

(2)

for small fluctuation amplitudes. If the last term is combined with all other terms of
the energy (1) that depend explicitly on h, and h b , one obtains the effective Hamiltonian
for the membrane pair with n = a and n = b which interact via the two-membrane
interaction V&, - h,) and are subject to the external pressure P. Therefore, within this
approximation, the renormalized potential of two membranes within the bunch is identical
with the renormalized potential of two isolated membranes [9,lo].
The simplest pair potential is the hard-wall interaction defined by V ( l ) = 00 for 1 0
and V ( I )= 0 for 1 > 0. For fwo identical membranes with bending rigidities K , this potential
is renormalized, in the limit of small P,into V R ( I )i~ 2 c , T ' / ~ 1' with Zc, = 0.115f0.005
(as follows from figure I of [I I]). Recent Monte Carlo simulations of bunches of three and
four membranes interacting with hard-wall potentials have shown that the same value for
Zc, also applies to these bunches [12]. This value for 2c, is very close to 3x2/256, which
is exactly half the value originally proposed by Helfrich [13].
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Thus, for the hard-wall interaction, the two-membrane approximation becomes
presumably exact as the membranes unbind: each pair of neighbouring membranes behaves
asymptotically as if it were unaffected by the presence of the other membranes within the
stack. Scaling and renormalization group arguments imply that this asymptotic separability
is valid as long as the two-membrane interactions are purely repulsive (and one does not
include next-nearest neighbour interactions or n-membrane interactions with n > 2). It is
not obvious, however, that this separability also applies in the presence of attractive forces
between the membranes.

4. Cohesion of freely suspended bunches
Now, consider the case of three identical membranes with bending rigidities K" = K and
with direct interactions V,,(Z) = V(Z) which contain an attractive part. At zero external
pressure, the membranes form a bound and an unbound state at low and at high temperatures,
respectively. Because the energy of the three membranes is invariant under an exchange of
the two outer membranes, all three membranes must unbind simultaneously at the unbinding
temperature T = T33) (where the superscript s indicates that the bunch is symmetric).
The model (1) for three membranes has been studied by extensive Monte Carlo
simulations [14,15]. For P = 0, the membranes undergo a continuous unbinding transition,
but the critical behaviour was found to be different from the case of two membranes over
the accessible range of length scales. The best fit for the mean separation & leads to the
power law e - ]/IT T:(3)1* with the effective critical exponent 3, = 0.91 50.04, which
differs from the presumably exact value 3, = 1 for two membranes. The critical unbinding
temperature T33), on the other hand, was found to be identical with the corresponding
temperature T:(2) for two membranes [15]. Very similar results were found from numerical
iterations of the transfer matrix for bundles of one-dimensional strings: the transition
temperature T: was found to be identical for N = 2.3 and 4 strings (within the numerical
accuracy) hut the effective critical exponents were again N-dependent over the accessible
range of scales 1161.
Originally, we thought that the observed N-dependence of the critical behaviour could
be understood in terms of an effective repulsion between the two outer membranes that
arises from the loss of entropy of the confined membrane in the middle. Such a mechanism
is present in the so-called necklace model for interacting strings [17]. However, the necklace
model predicts a discontinuous unbinding transition for three identical strings, whereas the
transfer mahix results clearly showed that the transition is continuous 1161.
On the other hand, continuous transitions but with N-independent critical exponents
were subsequently found (i) within two mean-field theories [IS,191. (ii) from a mapping of
the string problem to a quantum spin chain 1201, and (iii) in the limit of attractive potentials
with an infinitesimally small potential range [21]. Thus, it is likely that the critical exponent
for the asymptotic behaviour is @ = 1 for all N , but that the approach to asymptotia exhibits
an intermediate scaling regime with an effective N-dependent exponent 3, -= 1. It has been
recently argued that such a crossover arises if one considers the renormalization of more
general models with 3-membrane interactions 1221 Thus, the asymptotic critical behaviour
will be difficult to see in real systems, whereas the intermediate scaling regime observed in
the simulations should also be accessible to experiments
The fact that the unbinding temperature T,! does not depend on N can be understood
within the following scaling theory. Locally, three membranes (or strings) which interact
via square well potentials can attain three different types of configurations. (i) All three
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membranes are ‘locally free’ if their separation exceeds the range of the interaction potential.
(ii) Two of the three membranes form a bound pair, whereas the thud one is ‘locally free’.
(iii) All three membranes form a bound triplet. The probabilities for these three different
local configurations will be denoted by Po,P2,and P3, respectively. In configuration (i),
the membranes still have a finite separation and then suffer a loss of entropy. The loss of
entropy per unit area will be denoted by AFo for each separation variable. On the other
hand, the e x c m free energy per unit area for a bound pair and a bound triplet will be
denoted by AFz and AF3, respectively. For interactions between nearest-neighbour pairs
of membranes, one has AF3 N 2AF2. Thus, the excess free energy per unit area of the
bunch can be estimated as
AF 5 2AFoPo

+ (AFz + AFo)Pz + 2AFzP3.

(3)

If the unbinding transition is continuous, the probabilities Pz and P3 must vanish in a
continuous way, whereas POx 1 as the transition is approached. In addition, the scaling
properties at such a transition will be govemed by the single length scale
which
determines the roughness of the separation vm.ables I I and Iz.
So far, these arguments are rather general and apply to any kind of shape fluctuations.
If the membranes undergo bending undulations, the entropy loss per unit area of ‘locally
free‘ membrane segments is given by AFo T * / K ~ $[13]. In order to determine SJ.from
the free energy AF as given by (3). one has to know how the probabilities PI and P,
depend on this length scale.
At a continuous transition, the probability distribution ?(!I, f2) for the two separation
variables I , and 12 will exhibit the general scaling form

-

P(l1712) Fx

( a I / ~ l ) ’ Q ( l l / LW51)

-

-

-

where a l is the range of the square well potential. If the scaling function n(sI,sz)is
( a l / f ~ . ) ’ 73’.
finite for small arguments SI and s2, one has PZ (UJ./~J.) and P3
In general, one should have P3 << P, as long as one considers only two-membrane forces
which act between nearest-neighbour pairs of membranes.
The behaviour of 61 can now be determined by minimizing the excess free energy A F
with respect to f ~ The
. unbinding transition occurs when AF2 vanishes. Therefore, the
transition of three membranes occurs at the same temperature T i as the transition of two.
For a square well potential of depth IUI,one has AFz Y -\U\ c T 2 / ~ a L 2where
,
the first
and the second term represent the interaction ener and the entropy loss within the square
well, respectively. Thus, one has T
: N K]UJQJ.~/C.
The minimization of AF leads to a continuous unbinding transition at T = Ti with
l/lT: - T ( e . The critical exponent $ has the universal value $ = 1 if the probability
for bound pairs behaves as Pz ( a ~ / & ) .On the other hand, if the probability distribution
P(ll,fz)were singular for small arguments, one would have PZ ( a l / E ~ ) ‘ - ~This
.
would lead to the same unbinding temperature T: but to the changed critical exponent
@ = 1 / ( 1 b).
The scaling arguments just described can be directly extended to symmehic bunches
containing an arbitrary number of membranes. One again finds the N-independent unbinding
temperature T:, whereas the critical behaviour of
depends on the behaviour of the
probability dishibution for small values of the separation variables. Furthermore, the
behaviour discussed here is not restricted to the case of square well potentials but also
applies to realistic van der Waals interactions and all other interactions within the ‘strongfluctuation regime’ [ 13.
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5. Adhesion to another surface

Finally, consider a bunch of N identical membranes with bending rigidity K which adheres
to a solid substrate (or another interface). This represents the limiting case of model (1)

in which the bottom membrane with n = 0 has infinite rigidity. In general, the interaction
V,(l) = V,(l) between the substrate and the membrane with n = I will differ from the
mutual interaction V ( l ) between two membranes of the bunch.
If the interaction potential V, is relatively weak compared to the mutual interaction
potential V , the separation of the two outer membranes of the bunch will stay finite while
the whole bunch unbinds from the substrate at a critical temperature T," < T," [21]. On the
other hand, if V, is comparable with or stronger than V, the stack undergoes a sequence of
unbinding hansitions at successive temperatures @ ( n ) with T: T:(n) T,B(l) [15]. At
all of these transitions, the critical behaviour is universal and the critical exponent = 1.
For large n, the unbinding temperatures T ~ ( Rattain
) the limiting value T:. In this limit,
one expects T,"(n)- Ts l / d . Extrapolation of the numerical data obtained for n 3
gives the rough estimate h Y 2 [HI. On the other hand, the analytical solution for strings
leads to h = 1 [21]. For a large stack at T = T:, the membrane density at distance z from
the substrate should exhibit a power-law tail for large z as has been calculated for bundles
of strings [21].
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