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Abstract. We study the thermally activated motion of semiflexible polymers in double-well potentials using
field-theoretic methods. Shape, energy, and effective diffusion constant of kink excitations are calculated,
and their dependence on the bending rigidity of the semiflexible polymer is determined. For symmetric
potentials, the kink motion is purely diffusive whereas kink motion becomes directed in the presence of a
driving force. We determine the average velocity of the semiflexible polymer based on the kink dynamics.
The Kramers escape over the potential barriers proceeds by nucleation and diffusive motion of kink-antikink
pairs, the relaxation to the straight configuration by annihilation of kink-antikink pairs. We consider both
uniform and point-like driving forces. For the case of point-like forces the polymer crosses the potential
barrier only if the force exceeds a critical value. Our results apply to the activated motion of biopolymers
such as DNA and actin filaments or of synthetic polyelectrolytes on structured substrates.
PACS. 82.35.Gh Polymers on surfaces; adhesion – 87.15.-v Biomolecules: structure and physical properties
– 87.15.He Dynamics and conformational changes – 87.15.Tt Electrophoresis

1 Introduction
The problem of thermally activated escape of an object over a potential barrier is one of the central problems of stochastic dynamics since it has been first solved
for a point particle by Kramers [1]. The Kramers problem is encountered in a variety of different areas such
as the theory of diffusion in solids or chemical kinetics, such as the adhesion-kinetics of molecular bonds under a time-independent force [2]. The Kramers problem
has been extensively studied not only for point particles [3] but also for extended objects such as elastic strings
which occur in a variety of contexts in condensed-matter
physics such as dislocation motion in crystals [4–7], motion of flux lines in type-II superconductors [8], or chargedensity waves [9]. Elastic strings overcome potential barriers by nucleation and subsequent separation of solitonantisoliton pairs which are localized kink excitations [5–7,
10, 11]. An analogous problem is the activated motion of a
flexible polymer over a potential barrier [12] which is relevant for biological processes such as the driven translocation of a polymer through a pore in a membrane [13].
However, the thermally activated escape of a semiflexible polymer, which is a filament governed by its bending energy rather than by its entropic elasticity or tension, remained an open question that we will address in
this paper. Many important biopolymers such as DNA or
a
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actin filaments are semiflexible. They have a large bending stiffness and, thus, a large persistence length, Lp . On
scales exceeding Lp , the orientational order of the polymer segments decays exponentially, and the polymer effectively behaves as a flexible chain with a segment size
set by Lp . In contrast, on length scales which are small
compared to Lp , the bending energy of the semiflexible
polymer strongly affects the behaviour of the polymer.
The persistence lengths of the most prominent biopolymers range from 50 nm for DNA [14], to the 10 µm range
for actin [15, 16] or even up to the mm range for microtubules [15] and become comparable to typical contour
lengths of these polymers. Whereas the adsorption of such
semiflexible polymers onto homogeneous adhesive surfaces
has been studied previously in [17–19], much less is known
about the behaviour of a semiflexible polymer adsorbed on
a structured surface.
One example of semiflexible polymers on a chemically structured surface are long-chain alkanes and alkylated small molecules that self-assemble on crystalline substrates such as the basal plane of graphite [20] or transition
metal dichalcogenides [21]. The alkyl chains orient along
the substrate axes parallel to each other. Macromolecules
such as DNA or polyelectrolytes can be oriented on the
basal plane of graphite by using long-chain alkanes as an
oriented template layer [22, 23]. An important aspect is
the ability to manipulate macromolecules individually on
the structured surface by scanning probe techniques [23].
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Fig. 1. Typical conformation of a semiflexible polymer (thick
line) with a kink-antikink pair in a double-well potential V
which depends on the coordinate z and is independent of the
coordinate x.

Lithographically structured surfaces are used in electrophoresis [24] or microfluidic applications, where semiflexible biopolymers, such as actin filaments, can be deposited in microfluidic channels [25]. In electrophoresis
applications lithographic barriers give rise to entropic freeenergy barriers for the polymer. For the electrophoresis of
semiflexible polymers, it is necessary to characterize the
activated dynamics which leads to the crossing of such
barriers. In particular, the dependence of the crossing time
on the length of the semiflexible polymer determines the
sensitivity of the process.
In this article, we focus on the activated dynamics
of semiflexible polymers on a structured substrate with
translationally invariant potential barriers as shown in
Figure 1, which serves as model system for a chemically
or lithographically structured surface. The activated dynamics can be driven by a variety of different force types.
In this article, we mainly consider uniform driving forces
across the potential barriers as they can be easily realized on structured substrates by electric fields for charged
polymers as in electrophoresis or by hydrodynamic flow.
Point-like driving forces can be realized in single molecule
manipulation by AFM tips [23]. For point forces we consider static metastable configurations in this article; a
complete description of the activated dynamics will be
presented elsewhere. Alternatively, escape over a barrier
can be driven by entropic forces arising from asymmetric
shapes of the potential wells [26].
Our main results are as follows. As for flexible polymers, the activated dynamics of semiflexible polymers is
governed by the nucleation of localized kink-like excitations shown in Figure 1. We find, however, that the
activated dynamics of semiflexible polymers is different
from that of flexible polymers as kink properties are not
governed by entropic elasticity of the polymer chain but
rather by the bending energy of the semiflexible polymer.
This enables us to determine the persistence length from
kink properties. Furthermore, we calculate time scales for

barrier crossing and the mean velocity of the semiflexible
polymer for all regimes of uniform driving forces: i) nucleation and purely diffusive motion of single kinks, ii) nucleation and driven diffusive motion of single kinks and
iii) dynamic equilibria between nucleation and recombination in a kink ensemble. We not only consider uniform
driving forces but also study metastable kink configurations if the force is only applied at a single point.
The paper is organized as follows: in Section 2, we
introduce the model for a semiflexible polymer in 1+1
dimensions and its overdamped dynamics. A scaling analysis gives a characteristic energy, a characteristic length,
a characteristic time scale and a characteristic velocity in
the x-direction parallel to the potential troughs. In Section 3, we introduce a static kink. The shape and energy of
the static kink are calculated. We also study the stability
of kink-antikink pairs in Section 4. Then, we consider the
motion of kinks in Sections 5, 6, and 7. The width of the
moving kink and the force-velocity relation for a moving
kink are calculated. We study in detail the effect of thermal noise on the kink motion and describe its diffusive
motion. We calculate the effective diffusion constant of
the kink excitation and find the relaxation or annihilation
times for kink-antikink pairs. The thermally activated barrier crossing of the semiflexible polymer is governed by the
nucleation of a kink-antikink pair as discussed in Section 9.
We determine activation energy and nucleation rate. Using
the results for the nucleation rate, we calculate the mean
velocity of a polymer in the direction of the driving force
in Section 10. In Section 11, we consider the effects of an
external point force as opposed to a uniform force and calculate static, metastable kink-like configurations and the
critical force. Finally, we discuss experimental observables
and how they can be used to obtain material parameters
of the polymer and the structured substrate in Section 12.
A list of symbols is provided in Table 1. A short account
of this work has already appeared as a letter [27].

2 Model
We consider the dynamics of a semiflexible polymer in
1+1 dimensions in a double-well potential that is translationally invariant in one direction, say the x-axis as in
Figure 1. The semiflexible polymer has bending rigidity κ
and persistence length
Lp =

2κ
,
T

(1)

where T is the temperature in energy units. We focus on
the regime where the potential is sufficiently strong and
the bending rigidity or persistence length is sufficiently
large so that the semiflexible polymer is oriented along
the x-axis and can be parameterized by displacements
z(x) perpendicular to the x-axis with −L/2 < x < L/2,
where L is the projected length of polymer. The effective
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Hamiltonian of the semiflexible polymer is given by

H{z(x)} =

L/2
Z

dx

−L/2

hκ ¡
2

∂x2 z

¢2

i
+ V (z) ,

Using the rescaled quantities t̄ ≡ t/tsc , z̄ ≡ z/a, x̄ ≡
x/xsc , and ζ̄ ≡ ζ/Fc we can bring the equation of motion (8) into the dimensionless form
(2)

i.e., the sum of its bending and potential energy. We consider a piecewise harmonic double-well potential
V (z) =

1
V0 (|z| − a)2 − F z
2

(3)

that is independent of x and thus translationally invariant
in the x-direction, where V0 is the depth of the potential
wells and F an external driving force density that is acting
uniformly on all polymer segments. For a vanishing driving
force F = 0, the potential is symmetric and has a barrier
height V0 a2 /2, and the distance between the two minima is
equal to 2a. For F > 0 the potential becomes asymmetric
±
and has two minima at zmin
= ±a + F/V0 as long as the
force is below the critical force
Fc ≡ aV0 .

(4)

Above the critical force for F > Fc , only the minimum at
+
is left.
z = zmin
The parameters κ, V0 , and a define a characteristic
energy scale Esc and a characteristic length scale xsc in
the x-direction by
3/4

Esc ≡ a2 κ1/4 V0
xsc ≡ (κ/V0 )

1/4

,

(5)

.

(6)

Using the rescaling z̄ ≡ z/a and x̄ ≡ x/xsc , the effective
Hamiltonian (2) can be written in the dimensionless form
¸
·
Z
F
1 ¡ 2 ¢2 1
2
∂ z̄ + (|z̄| − 1) −
z̄ . (7)
H = Esc
dx̄
2 x̄
2
Fc
L/xsc

We consider an overdamped dynamics of the semiflexible polymer which is governed by the equation of motion
δH
+ ζ(x, t)
δz
= −κ∂x4 z − V 0 (z) + ζ(x, t),

γ∂t z = −

(8)

where γ is the damping constant and ζ(x, t) is a Gaussiandistributed thermal random force with hζi = 0 and the
correlation function
hζ(x, t)ζ(x0 , t0 )i = 2γT δ(x − x0 )δ(t − t0 ) .

(9)

The parameters in the equation of motion (8) define a
characteristic time scale tsc and a characteristic velocity
scale vsc in x-direction by
tsc ≡ γ/V0 ,

vsc ≡ xsc /tsc = κ

(10)
1/4

3/4
V0 /γ

.

3

(11)

∂t̄ z̄ = −∂x̄4 z̄ − (|z̄| − 1) + ζ̄ .

(12)

For general types of potentials such as periodic potentials or power law potentials V (z) ∼ z n with exponents
n 6= 2, the equation of motion (8) is non-linear. Only for
a parabolic potential with n = 2, the equation (8) is a
linear partial differential equation, and an analytical solution can be easily found. For the above piecewise parabolic
potential (3) we can therefore find analytical solutions of
(8) in the domains z > 0 and z < 0 separately that will
be matched by continuity conditions at z = 0.
In the Hamiltonian (2) we consider a semiflexible polymer with fixed projected length. This is a good approximation if fluctuations of the contour length are small. We
can also consider a section of fixed projected length L of a
longer polymer such that the contour length of this polymer section fluctuates by coupling to the polymer length
reservoir provided by the rest of the polymer. The resulting equation of motion (8) in the ensemble with fixed projected length specifies the dynamics of the z-coordinate. If
the polymer is inextensible, local conservation of contour
length requires an additional longitudinal motion of the
polymer segments in the x-direction [28–32]. We will discuss the effects from longitudinal motion of polymer segments in more detail in Section 9.5 below. We will show
that kink motion does not require longitudinal motion of
polymer segments and nucleation of a kink-antikink pair
is mainly governed by the slow activated dynamics of the
z-coordinate involved in barrier crossing, whereas contour
length fluctuations happen on shorter time scales. Therefore the activated dynamics on a structured substrate is
well described by the equation of motion (8) for the zcoordinate.

3 Static kink
In this section, we construct the static kink, which is a
localized metastable excitation for F = 0 with the polymer ends in adjacent potential wells as shown in Figure 2.
The static kink zk (x) is defined as the configuration that
minimizes the energy (2), i.e., is a time-independent solution of (8) in the absence of thermal noise (ζ = 0). Thus
it fulfills the inhomogeneous, piecewise linear differential
equation
κ∂x4 z + V0 (z + a) = 0 ,
κ∂x4 z + V0 (z − a) = 0 ,

for z < 0 ,
for z > 0 .

(13)

For F = 0, the potential is symmetric and V (z) = V (−z)
such that the kink configuration is antisymmetric with
zk (x) = −zk (−x) if we choose the x-coordinate such that
the kink is centered at x = 0 (i.e. zk (0) = 0). The
static kink shape is given by boundary conditions that
fix the end of the polymer in adjacent potential wells
zk (±L/2) = ±a with zero tangent ∂x zk |±L/2 = 0. We first
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Fig. 2. Left: Conformation of a semiflexible polymer with a static kink (F = 0) in a double-well potential V (z). Right: Polymer
displacement z (in units of a) as a function of x (in units of wk ) for the same conformation with a static kink as shown on the
left. The polymer length is L = 20wk .

consider the two parts of the solution zk+ (x) in the region
zk > 0 for x > 0 and zk− (x) in the region zk < 0 for x < 0
separately. The homogeneous differential equation corresponding to (13) is the same for both parts and solved by
linear combinations of the four functions e±x/wk e±ix/wk ,
where
µ ¶1/4
√
√
κ
(14)
wk ≡ 2xsc = 2
V0
is the kink width. The constant solutions zk± (x) = ±a
corresponding to a straight polymer in the potential minimum are particular solutions of the inhomogeneous equations (13) in the regions z > 0 and z < 0, respectively.
Therefore, the general solution of the equations (13)
for both parts zk+ (x) and zk− (x) of the static kink can be
written in the following form:
zk± (x) = C1± cos(x̄) cosh(x̄) + C2± sin(x̄) cosh(x̄)
+C3± cos(x̄) sinh(x̄)+C4± sin(x̄) sinh(x̄)±a ,
(15)
where x̄ ≡ x/wk and Ci± (i = 1, . . . , 4) are eight linear
expansion coefficients. In addition to the four boundary
conditions at x = ±L/2, we have to fulfill five matching conditions at x = 0 which connect the two parts of
the kink for x < 0 and x > 0 as our potential is defined
piecewise. From equation (13) it follows that the fourth
derivative of the solution zk (x) has a finite jump at x = 0
and thus all lower derivatives and the solution itself have
to be continuous across x = 0. This leads to five matching
conditions zk− (0) = zk+ (0) = 0, ∂xm zk− |x=0 = ∂xm zk+ |x=0
for m = 1, 2, 3. Two of the five matching condition turn
out to be equivalent because the potential is symmetric
and the kink-configuration is antisymmetric. The 8 linear expansion coefficients Ci± (i = 1, . . . , 4) that are included in the solution Ansatz (15) are determined from
the 8 independent boundary and matching conditions as
a function of the system size L. As it is not instructive to

display the details of the resulting formulae for the expansion coefficients Ci± , Figure 2 displays an example for a
kink shape determined by this procedure. Figure 2 clearly
shows that zk (x) is a non-monotonous function of x which
is a fingerprint of the bending energy.
The kink energy is given by the Hamiltonian (2) as
·
¸
Z 0
¢2 1
κ¡ 2
Ek =
dx
∂x zk− + V0 (zk− (x) + a)
2
2
−L/2
¸
·
Z L/2
¢2 1
κ¡ 2
∂x zk+ + V0 (zk+ (x)−a) . (16)
+
dx
2
2
0
The x-integration over the length L of the kink in (16)
can be performed to obtain an explicit expression for the
kink energy
Esc 2 + cos(L/wk ) + cosh(L/wk )
Ek (L) = √
.
2 sinh(L/wk ) − sin(L/wk )

(17)

The kink energy Ek (L) is minimal in the thermodynamic
limit of infinite L, where we find
1
1
3/4
Ek = √ Esc = √ a2 κ1/4 V0 .
2
2

(18)

We expect our results for the kink energy Ek ∼Esc and
kink width wk ∼xsc to hold for all potentials with a barrier
height ∼ V0 a2 and potential minima separation ∼ a independent of the particular potential form; only numerical
prefactors will differ. The results (14) for the kink width
and (18) for the kink energy depend only on the bending
rigidity κ and the barrier height V0 , i.e., the material properties of the semiflexible polymer and the substrate. These
results also differ in their functional from analogous results
for elastic strings or flexible polymers as they depend crucially on the bending rigidity. We also want to point out
that measurements of the kink width wk and the critical
force density Fc or the kink energy Ek are sufficient to
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determine the bending rigidity κ = Fc wk4 /4a = Ek wk3 /2a2
and thus the persistence length Lp = 2κ/T if the distance
2a between potential minima is known.
A semiflexible polymer will stay localized to the potential wells even if we set V (z) = 0 for |z| > 2a as
long as V0 > V0,c with V0,c a2 ' (T /Lp )(Lp /a)2/3 according to [19]. This condition is equivalent to Ek & T and
thus a small density of thermally induced kink excitations.
A small kink density in combination with the condition
Lp À a also ensures that the semiflexible polymer stays
oriented along the x-axis such that the Hamiltonian (2)
stays valid. The condition Ek À T of a small kink density is equivalent to Lp À wk3 /a2 or Lp À T 3 /a8 V03 . For
sufficiently strong substrate potentials this gives a much
wider range of applicability of the Hamiltonian (2) than in
the absence of a potential, where the condition Lp > L of
weak bending has to be fulfilled for a semiflexible polymer
to be oriented.
In the following we will focus on the regime Ek À T
which is also the regime where the dynamics of the semiflexible polymer is governed by thermal activation and
the nucleation of kinks. In the opposite limit Ek ¿ T , the
semiflexible polymer shows essentially free fluctuations on
the surface or even desorbs from the surface. In this regime
the potential (3) can be treated perturbatively.

5

Fig. 3. Energy Ek (L/wk , zf /a) (in units of 2Ek ) of a “restricted” kink as a function of the end point zf (in units of a)
and the kink-antikink distance L (in units of wk ) for a semiflexible polymer of total length 2L. For distances L/wk > 3.1 the
kink is locally stable at zf /a = 1, for 2.55 < L/wk < 3.1 the locally stable kink is obtained for zf /a < 1, and for L/wk < 2.55
it becomes unstable.

that the equivalent kink-antikink pair spontaneously annihilates for small separations L/wk < 2.55. In the regime
2.55 < L/wk < 3.1 the kink is locally stable for zf < a,
see Figure 3.

4 Stability of the kink-antikink pair
The static single kink in a system of size L is equivalent
to one half of a symmetric kink-antikink pair configuration
as shown in Figure 1 with kink-antikink separation d =
L in a system of size 2L. The kink-antikink interaction
energy Eint (d) = 2(Ek (d) − Ek (∞)) can thus be found by
determining the single-kink energy in a finite system of
length L = d. For d/wk À 1 we read off from (17) an
exponential decay
Eint (d) ≈ 2Ek [2 + cos(d/wk ) + sin(d/wk )]e−d/wk , (19)
where the oscillating prefactor is characteristic of semiflexible behaviour dominated by bending energy.
To test the stability of the kink-antikink configuration
with distance d = L against spontaneous recombination,
we can numerically calculate the energy Ek (L, zf ) of a “restricted” kink in a kink-antikink pair with boundary conditions ∂x zk |+L1 /2 = 0, ∂x zk |−L2 /2 = 0 zk (−L2 /2) = −a
and another end of the kink (i.e., the midpoint of the
kink-antikink pair) fixed at zk (L1 /2) = zf . We introduce
L1 and L2 with L1 + L2 = 2L as the total length of the
kink-antikink pair because the restricted kink is no longer
antisymmetric. Still it is convenient to choose the midpoint of the kink at zero, zk (0) = 0. As for the equilibrium
configuration of the static kink, we have five matching conditions in x = 0. The energy of the kink-antikink configuration as a function of the midpoint of the kink-antikink
pair zf for different ratios L/wk is shown in Figure 3. For
zf = a we obtain again the single-kink energy and find
that it is locally stable against zf -variation for sufficiently
large L/wk > 3.1. The kink becomes unstable meaning

5 Moving kink
A driving force density F leads to an asymmetry in the
potential and an effective force on kinks. Moving a kink by
−∆x increases the polymer length in the lower potential
minimum by ∆x and leads to an energy gain −2aF ∆x
and thus a constant force
Fk = −2aF

(20)

on a kink. As argued above, deviations from kink interactions are exponentially small for separations much larger
than the kink width d À wk . The force Fk leads to kink
motion such that we also have to consider moving kink
solutions. For constant kink velocity v the kink configuration assumes a form zk (x, t) = zk (x − vt) that solves (8)
for ζ = 0. Transforming into the comoving frame of the
kink by introducing the new coordinate y ≡ x − vt, the
equation of motion (8) reduces to
κ∂y4 zk − vγ∂y zk + V 0 (zk ) = 0,

(21)

which has to be solved with boundary conditions as for the
static kink. However, in the asymmetric potential the kink
is no longer antisymmetric such that the kink is centered
at y0 6= 0, (i.e. zk (y0 ) = 0), where we also have to evaluate the matching conditions which are otherwise the same
as for the static kink. The coordinate system of the static
kink is inconvenient here, and calculations are simplified
by translating the center of the kink to y0 = 0 and introducing two different lengths L1 and L2 with L1 +L2 = 2L.
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As for a static kink, we have four boundary conditions
−
∂y zk |+L1 /2 = 0, ∂y zk |−L2 /2 = 0, zk (−L2 /2) = zmin
,
+
zk (−L1 /2) = zmin . Analogously to (13), equation (21) is
an inhomogeneous, piecewise linear differential equation
due to the piecewise definition of the potential (3). We
therefore consider the two parts of the moving kink solution zk+ (y) in the region zk > 0 for y > 0 and zk− (y)
in the region zk < 0 for y < 0 separately. Particular solutions of the inhomogeneous equation are the constant solu±
tions zk± (y) = zmin
that correspond to straight polymers
in the potential minima. For a moving kink both parts
±
zk± (y) − zmin
solve the homogeneous differential equation
corresponding to (21). Therefore, they are linear combinations of the four functions eKn y , where Kn (n = 1, ...4)
are the four roots of the equation
κKn4 − vγKn + V0 = 0 .

where the first and third sign have to be identical and
v̄ ≡ 33/4 v/4vsc is a dimensionless velocity. The function
√
(v̄ 2 + v̄ 4 − 1)2/3 + 1
√
(24)
H(v̄) ≡ √
3(v̄ 2 + v̄ 4 − 1)1/3
has the following properties: H(v̄) is real and positive for
any velocity v̄ > 0 and has a minimum in v̄ = 0, where
H(v̄) ≥ H(0) = 1. H(v̄) is monotonically
increasing with
√
2
the asymptotics H(v̄) ∝ 1 + v̄ /3 3 + O(v̄ 4 ) for v̄ < 1
and H(v̄) ∝ v̄ 2/3 for v̄ À 1. These properties of the function H(v̄) allow to simplify the calculation because in the
limit of large system sizes L À wk one can neglect in the
moving kink
p solution all exponentially decreasing terms
∼ exp(− H(v̄)L/2wk ).
The width of the moving kink is determined by the real
parts of the four roots Kn as given by (23). As opposed to
the static kink, the moving kink solution with v > 0 is not
antisymmetric such that the real parts of the four roots
need not have the same absolute value. Then, the moving
kink can have two different widths wk,+ (v) and wk,− (v)
in the directions y > 0 and y < 0, respectively, which are
determined by the roots with negative and positive real
parts, respectively,
1
.
minRe[Kn ]≶0 {|Re[Kn (v)]|}

3

(25)

For small velocities v̄ < 1, the real parts of allpfour roots
have the same absolute value |Re[Kn (v)]| = H(v̄)/wk
such that
wk
wk,+ (v) = wk,− (v) = p
.
(26)
H(v̄)
Thus, the kink width√decreases with velocity, and we find
wk (v) ≈ wk (1−v̄ 2 /6 3+O(v̄ 4 )) for small velocities v̄ ¿ 1.

H(v̄)

which shows that wk,− > wk,+ as can also be seen in
Figure 4. For large velocities v̄ À 1, |Re[Kn ]| ∝ v̄ 1/3 for
all four roots, and both kink widths vanish as wk,± (v) ∝
wk v̄ −1/3 .
The general solution of the equations (21) for both
parts zk+ (y) and zk− (y) of the moving kink can be written
in the following form:

(22)

We find the four roots
s
"
#
p
1
23/2 v̄
p
± H(v̄) ± −H(v̄) ±
Kn =
, (23)
wk
33/4 H(v̄)

wk,± =

For large velocities v̄ > 1, on the other hand, the real parts
differ and we find
wk
wk,+ (v) = p
,
H(v̄)
wk
r
,
(27)
wk,− (v) = p
3/2
H(v̄) − −H(v̄) + 3/42√ v̄

zk± (y) =

4
X

±
Cn± eKn y + zmin

(28)

n=1

with eight linear expansion coefficients Ci± (i = 1, . . . , 4)
that have to be determined by the four boundary conditions and matching conditions at y = 0. Analogously to
the static kink, we have also for the moving kink the five
matching conditions zk− (0) = zk+ (0) = 0, ∂xm zk− |y=0 =
∂xm zk+ |y=0 for m = 1, 2, 3. Together with the four boundary conditions and 2L = L1 + L2 we have 10 conditions to
determine the 10 parameters Ci± (i = 1, . . . , 4), L1 , and
L2 as a function of the system size L and the remaining
parameters of the model. The shape of a moving kink that
we obtain using this procedure is shown in Figure 4.
However, in the thermodynamic limit of infinite L1
and L2 , we are left with 8 parameters Ci± (i = 1, . . . , 4)
to be determined by 9 boundary and matching conditions.
Therefore, in the thermodynamic limit, a moving kink solution fulfilling all boundary and matching conditions can
only be found for certain values of v for given F . These
values are determined by the remaining matching condition after we determined all eight expansion coefficients
Ci± (i = 1, . . . , 4). Following this procedure we find after
a rather lengthy calculation the force-velocity relation
F (v̄) = −Fc v̄

31/4 2−1/2 H 3/2 (v̄)
H 3 (v̄) + 3−3/2 v̄ 2

(29)

in the thermodynamic limit. For small forces we find a
linear response F = −31/4 2−1/2 Fc v̄, close to the critical
force Fc the velocity diverges as −v̄ ∼ (1 − F/Fc )−3/2 , see
Figure 5.
The result (29) can also be used to obtain the friction
constant ηk of a moving kink as force-equilibrium requires
Ff + Fk = 0 with the friction force Ff = −vηk and the
driving force Fk = −2aF which gives the relation
ηk = 2a|F (v)|/v .

(30)

In the limit of small velocities v, the above relation (29)
is linear and we find
ηk (v) ≈

3 γa2
3 aFc
=
.
2 wk
23/2 vsc

(31)
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Fig. 4. Left: Conformation of a semiflexible polymer with a moving kink in a double-well potential V (z) in the presence of
a driving force F > 0. Right: Polymer displacement z (in units of a) as a function of y = x − vt (in units of w k ) for the same
conformation with a moving kink as shown on the left. The driving force is F = 0.775F c , leading to a kink velocity v = 2−1/2 vsc
or v̄ = 33/4 2−1/2 ≈ 1.6. The total length of the polymer is 2L = L1 + L2 = 60wk with L1 = L2 = 30wk . Dashed lines show the
±
potential minima at zmin
/a = ±1 + F/Fc .

x-integration and find again ηk (v) ≈ 3γa2 /2wk for small
v in agreement with the result (31).
Apart from a numerical prefactor, the force-velocity
relationship in the linear response regime can also be obtained by a simple scaling argument. For small velocities
the kink solution is similar to a static kink with length
scales scaling as z ∼ a and x ∼ wk . We argue that the
driving force F and the left-hand side in (8) scale in the
same way, F ∼ γz/t, which sets a time scale t ∼ γa/F for
kink motion. The resulting kink velocity is given by the
ratio v ∼ wk /t ∼ F wk /γa, which is identical to the linear
response regime of (29).
Fig. 5. Force density F (in units of Fc , solid line) and friction
constant ηk (in units of 3Fc a/23/2 vsc = 3a2 γ/wk , dashed line)
as a function of velocity v̄ = 33/4 v/4vsc for a moving kink.

The friction constant ηk is also related to the energy
dissipation rate dE/dt due to kink motion which is defined as the product of friction force, −vηk , and velocity,
dE/dt = −v 2 ηk . On the other hand, dE/dt can be calculated directly using the equations of motion (8) and (21)
in the limit of large L
Z ∞
Z ∞
δH
dE
2
=
dx
(∂t zk ) = −γv 2
dx (∂x zk ) , (32)
dt
δz
k
−∞
−∞
and we read off a kink friction constant
Z ∞
2
dx (∂x zk ) .
ηk = γ

6 Effect of noise on the kink motion
In the previous section we determined the kink velocity
in the presence of the driving force F but we effectively
considered the case of zero temperature and neglected all
effects from the thermal random force, which leads to a
diffusive component in the kink motion. For a more detailed analysis of the effect of noise on the kink motion
we consider noise-induced perturbations of shape and velocity of a kink moving with constant velocity v. For a
time-dependent kink center at xk (t) the comoving frame
coordinate is given by ȳ ≡ x−xk (t). Adding shape perturbations to the corresponding kink solution zk (ȳ) of equation (21), we arrive at the decomposition
z(x, t) = zk (x − xk (t)) +

(33)

−∞

In the limit of small driving forces F and velocities v we
can use the static kink configuration in (33), perform the

∞
X
p=1

Xp (t)φp (x − xk (t), t) . (34)

φp are normal modes of the chain in the presence of the
kink which we will determine below and Xp (t) are expansion coefficients; the zero mode of kink translation is explicitly taken into account by positioning the kink center
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at xk (t). Substituting (34) into the equation of motion (8),
expanding about the kink, and retaining first-order terms
in Xp (t), we obtain
γ(v − ẋk (t))∂ȳ z(ȳ) +
+γ

∞
X

∞
X
p=1

"

ẋk (t) = v+ζk (t) 1+C

Xp (t)L̂φp (ȳ, t)

Ẋp (t)φp (ȳ, t) = ζ(x, t),

(35)

p=1

where the operator L̂ is defined as
L̂ ≡ γ∂t +

κ∂ȳ4

00

− γ ẋk (t)∂ȳ + V (z(ȳ)) .

If the normal modes fulfill the condition
¢
¡
γ∂t + κ∂ȳ4 − γv∂ȳ + V 00 (z(ȳ)) φp = 0 ,

equation (35) becomes
Ã

γ(v − ẋk (t)) ∂ȳ z(ȳ) +
+γ

∞
X

∞
X

Xp (t)∂ȳ φp (ȳ, t)

p=1

Multiplying equation (38) with the translation mode f0 (ȳ)
and integrating yields an equation of motion for the kink

(36)

(37)

!

Ẋp (t)φp (ȳ, t) = ζ(x, t) .

(38)

Using an Ansatz φp (ȳ, t) = fp (ȳ)e−ωp t in (37) the normal
modes are determined by the eigenvalue equation
(39)

00

where V (z) = V0 (1 − 2aδ(z)). Equation (39) has a set
of eigenvalues ωp with orthonormal eigenfunctions fp (ȳ)
with respect to the scalar product
Z L/2
hf |gi ≡ r −1
dȳf (ȳ)g(ȳ) with r ≡ a2 wk , (40)

Xp (t)e

p=1

−ωp t

hf0 |∂ȳ fp i

where the division by the dimensionful constant r makes
the scalar product dimensionless [33]. For a very long polymer L/2 À xk (t) the influence of the ends on the dynamics of barrier crossing can be neglected. Therefore,
we can neglect the shift of boundaries in the comoving
frame and use ȳ ≈ ±L/2 for the coordinates of the polymer ends in the comoving frame in (40). Then, the eigenvalue problem has to be solved with boundary conditions
fp (−L/2) = fp (L/2) = 0, fp0 (−L/2) = fp0 (L/2) = 0 and

#−1

.

(43)
Because of the orthogonality hf0 |fp i = 0 contributions
from the first sum in (38) vanish. The variable ζk (t) is an
effective Gaussian thermal noise for the kink as given by
ζk (t) = −(Cγr)−1

Z

L/2

dȳf0 (ȳ)ζ(ȳ + xk (t), t)

(44)

−L/2

with correlations hζk (t)ζk (t0 )i = δ(t−t0 )(2T /C 2 γr) (where
we used hf0 |f0 i = 1). Multiplying equation (38) with the
modes fp (ȳ) and integrating yields the equation of motion
for the amplitudes Xp (t)
(45)

R
−1

dȳfp (ȳ)ζ(ȳ + xk (t), t). A solution of
where ζp (t) = γ
Rt
equation (45) is Xp (t) = const + 0 dt0 ζp (t0 ).
The sum in the bracketed term in (43) represents terms
from kink-phonon scattering which decay exponentially
for times t > 1/ωp . Neglecting the kink-phonon scattering
leads to an overdamped Langevin equation for the kink
position
ẋk (t) = v + ζk (t)
(46)
describing Brownian motion with drift. From the noise
correlations we can read off the corresponding diffusion
constant of the kink as
Dk =

−L/2

(m)

∞
X

Ẋp (t) = ζp (t),

p=1

κ∂ȳ4 fp − γv∂ȳ fp + V 00 (zk (ȳ))fp = ωp γfp ,

−1

T
.
C 2 γr

(47)

Note that the corresponding kink friction constant
ηk =

T
C2
=
=γ
Dk
γr

Z

L/2

dȳ (∂ȳ zk )

2

(48)

−L/2

is identical to our above result (33) obtained from complementary energetic considerations in the limit of large L.

(m)

matching conditions fp+ (0) = fp− (0) for m = 0, 1, 2. Integrating the equation (39) between ȳ = −ε and ȳ = +ε,
then letting ε approach zero, one finds that the third
derivative of the eigenfunction fp (ȳ) has a discontinuity
at ȳ = 0. This gives an additional matching condition
(3)
(3)
fp+ (0) − fp− (0) = 2aV0 fp (0)/κ|∂ȳ zk |. The translation
mode
f0 = ∂ȳ zk (ȳ)/C
(41)
of the kink is a zero mode corresponding to the solution
with eigenvalue ω0 = 0. C is a normalization constant
determined by
Z L/2
2
C 2 = h∂ȳ zk |∂ȳ zk i = r −1
dȳ (∂ȳ zk ) .
(42)
−L/2

7 Kink motion and relaxation
If kink-phonon scattering is neglected, a single kink performs Brownian motion with drift. The kink diffusion constant Dk is given by (47), the driving force F leads to a
force Fk = −2aF on the kink, see (20), and to a directed
motion with mean velocity v(F ) as calculated in (29). A
semiflexible polymer in a configuration with a single kink
crosses the potential barrier by moving the kink over the
entire length L of the polymer. Thus, the average crossing
time is tcr ∼ L/v = Lηk /2aF (see Eq. (30)) for the case
of directed diffusion under the influence of a driving force
F giving rise to v > 0. In the absence of a driving force
F = 0, we have v = 0 and the kink performs an unbiased
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random walk with h(xk (t) − xk (0))2 i ≈ 2Dk t from which
we estimate the average crossing time as tcr ∼ L2 /2Dk =
L2 ηk /2T , which becomes tcr ∼ L2 γa2 /T wk using (31) in
the regime of small velocities. To be more precise the average crossing time can be identified with the mean first
passage time of the diffusing kink for a distance L under
the external force Fk , which is given by [34]
¶2 µ
¶
µ
L2
|Fk |L
T
tcr ≈
e−|Fk |L/T − 1 +
. (49)
Dk |Fk |L
T

From (49) we indeed recover our above estimates for random, diffusion-dominated motion in the limit of small
forces F ¿ T /La and directed, drift-dominated motion
in the limit of large forces F À T /La.
Now we consider the relaxation of a kink-antikink pair
by annihilation in the absence of a force, F = 0. Then,
the motion of the kinks is purely diffusive. For F = 0
the potential is symmetric and according to our discussion in Section 4 the kink-antikink pair becomes unstable if its separation L is sufficiently small L < 2.55wk ,
see Figure 3. Therefore, in order to annihilate, the kinkantikink pair has to diffuse over a distance L − 2.55wk
which is of the order of L if L À wk . Then it can spontaneously annihilate, and the polymer reaches its final kinkless state of a straight-line configuration in one potential well. Therefore, the relaxation process takes a time
trel ∼ L2 ηk /T ∼ L2 γ/T wk which is of the same order as
the diffusive crossing time of a single kink on a polymer
of total length L.

8 Kink nucleation rate and kink density
Thermally activated barrier crossing proceeds by the production and subsequent motion of kinks. So far, we have
considered the motion of single kinks after they have been
created, e.g., by nucleation. The kink production is characterized by the nucleation rate j which is defined as the
total number of kink-antikink pairs nucleated per time
and polymer length. Before we consider the kink nucleation in detail and calculate j in the following sections, we
want to describe the stationary state with the dynamical
equilibrium between kink production and kink annihilation. The dynamical equilibrium involves many interacting kinks and depends on the kink density ρ. We consider
an ensemble of ρL kinks and ρL antikinks with kink density ρ ¿ 1/wk as in Figure 6, i.e., the mean distance that
a kink travels before annihilation is d = 1/ρ.
For sufficiently large F , the kink motion is directed,
the diffusive component of the kink motion can be neglected, and kinks move with mean velocity v = aF/ηk
(see Eq. (30)). The relative velocity of a kink moving towards an antikink is 2v and the average lifetime of a kink
in this regime is thus τF = d/2v = 1/2ρv, see Figure 6.
The dynamic equilibrium between kink annihilation and
production is reached for j = ρ/τF = 2ρ2 v, as previously
derived for kink excitations of elastic strings [10].
For small F , the kink motion is diffusion-dominated
with a diffusion constant Dk given by (47) for a single kink. The relative motion of a kink and antikink is
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Fig. 6. An ensemble of well-separated kinks and antikinks
(ρ < 1/wk ) which move with velocity v and −v, respectively.

also diffusive with an effective diffusion constant 2Dk and
their mean-square separation obeys h∆x2k i = 4Dk t. Then,
the average lifetime in this regime is τD = d2 /4Dk =
1/4ρ2 Dk . The dynamic equilibrium for kink annihilation
and production is reached for j = ρ/τD = 4ρ3 Dk [35].
The crossover between both regimes takes place if τF =
τD which defines a characteristic force
Fρ ≡

Tρ
.
a

(50)

Thus, the kink nucleation rate j and the kink density ρ
satisfy the relations and we have
j = 2vρ2 ,
and

for F À Fρ ,

j = 4Dk ρ3 ,

for F ¿ Fρ .

(51)
(52)

9 Kink nucleation
In this section we want to study the nucleation of kinks
and determine the nucleation rate j by Kramers theory
for large driving forces and by quasi-equilibrium considerations for small forces.
9.1 Critical nucleus
As for flexible strings [6, 7, 10] the dynamics of the nucleation is governed by the critical nucleus representing the
saddle point configuration in the multi-dimensional energy
landscape in the presence of a force F > 0. An example
for a critical nucleus configuration of a semiflexible polymer is shown in Figure 7. In the limit F = 0 the critical
nucleus reduces to a static kink-antikink pair. The critical
nucleus zn (x) fulfills the saddle point equation δH/δz = 0
for the energy (2)
κ∂x4 z + V0 (z + a) − F = 0 ,
κ∂x4 z + V0 (z − a) − F = 0 ,

for z < 0 ,
for z > 0

(53)

with the full asymmetric potential (3) for F > 0. We introduce two parts of the solution, zn+ (x) in the region
zn > 0 and zn− (x) in the region zn < 0. In the limit
F = 0 the saddle point equation (53) for the critical nucleus reduces to the corresponding equation (13) for static
kinks. In particular, the homogeneous differential equation corresponding to (53) is identical to that for static
kinks. Therefore, the critical nucleus configuration can be
constructed as a sum of a linear combination of the four
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Fig. 7. Left: Critical nucleus conformation of a semiflexible polymer in a double-well potential V (z) in the presence of a driving
force F > 0. Right: Polymer displacement z (in units of a) as a function of x (in units of w k ) for the same critical nucleus
conformation shown on the left. The driving force is F = 0.25Fc . The total length of the polymer is L + L0 . For L = 10wk , we
find L0 ≈ 1.66wk for the distance between the points where the potential barrier is crossed.

functions e±x/wk e±ix/wk and a particular solution of the
non-homogeneous equation (53). This gives
zn± (x) = C1± cos(x̄) cosh(x̄) + C2± sin(x̄) cosh(x̄)
±
+C3± cos(x̄) sinh(x̄)+C4± sin(x̄) sinh(x̄)+zmin
,
(54)
where x̄ = x/wk and Ci± (i = 1, . . . , 4) are eight linear expansion coefficients. In the following we exploit the mirrorsymmetry of the critical nucleus around its midpoint and
consider a “half-nucleus” which is analogous to a single
static kink for F = 0. We choose the origin x = 0 such
that zn (0) = 0, and the half-nucleus extends from one
end point at x = −L/2 to the midpoint the position of
which we define as x = L0 /2. The total length L + L0 of
the critical nucleus is thus determined by L0 . Due to the
asymmetry of the potential the critical nucleus is shortened as compared to the static kink such that L0 < L. For
the critical nucleus we have the three boundary conditions
−
and ∂x zn |−L/2 = ∂x zn |L0 /2 = 0, but
zn (−L/2) = zmin
+
0
with zn (L /2) < zmin
at the midpoint. Additionally, we
have the fourth boundary condition ∂x3 zn |L0 2 = 0 because
of the mirror symmetry of the critical nucleus configuration. As for the static kink we also have five matching conditions zn− (0) = zn+ (0) = 0, ∂xm zn− |x=0 = ∂xm zn+ |x=0 for
m = 1, 2, 3. In summary we have 9 conditions to determine
the 9 parameters Ci± (i = 1, . . . , 4) and L0 as a function of
the length L and the remaining model parameters, in particular the the reduced force F/Fc . Using these conditions
one can find that L0 is given by
0

cos(L0 /wk )e−L /wk = F/Fc

(55)

in the limit L À wk . As F approaches Fc , L0 vanishes as
L0 = wk (1 − F/Fc ). For small forces, on the other hand,
the critical nucleus approaches a kink-antikink pair configuration with L0 ≈ L. Due to the oscillating left-hand side

in (55) we find jumps in the length L0 of the stable nucleus as a function of the force F , which are a signature of
the semiflexible behaviour dominated by bending energy.
For stable solutions of (55), we find L0 /wk ≈ − ln(2F/Fc ).
The solution of equation (53) for the above boundary and
matching conditions gives the shape of the nucleus that is
shown in Figure 7.
The excess energy of the critical nucleus is given by
Z L0 /2
hκ ¡
i
¢2
−
dx
∆En =
) . (56)
∂x2 zn + V (zn ) − V (zmin
2
−L/2
It is not possible to find a closed analytical expression for
the energy of the critical nucleus satisfying all boundary
and matching conditions. However, it turns out that it is
possible to calculate the energy (56) in the limit L À wk
for the class of nucleus-like configurations that fulfill all
boundary and matching conditions except ∂x3 zn |L0 2 = 0.
This class of configurations contains the critical nucleus as
special case. With only 8 conditions we leave the length L0
of the nucleus-like configuration undetermined, and after
a lengthy calculation we obtain the resulting energy (56)
of this configuration as a function of L0 as
Ã
0
F L0
0
∆En (L ) = 2Ek 1 − 2
+ 2e−L /wk sin2 (L0 /2wk )
Fc w k
!
0
F eL /wk F/Fc − 2 cos(L0 /wk )
+
.
(57)
Fc
1 + sin(L0 /wk )

Figure 8 shows the energy ∆En (L0 ) as a function of L0 for
a given force F . From (57) it can be shown that the local
maximum of the function ∆En (L0 ) fulfills also the relation (55) and corresponds to the actual critical nucleus
configuration that satisfies all 9 boundary and matching conditions. This demonstrates that the critical nucleus is a metastable configuration. Interestingly, the energy (57) also has a local minimum in which the relation
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Fig. 8. The energy ∆En (in units of Ek ) according to (57) as
a function of L0 (in units of wk ) for F/Fc = 0.5.
0

(1 + sin(L0 /wk ))e−L /wk = F/Fc holds, that turns out
to be equivalent to the condition ∂x2 zn |L0 2 = 0. Although
such a configuration lowers the energy, it has a discontinuity in ∂x3 zn (x) at the midpoint x = L0 2. The existence of
such a nucleus-like configuration with lower energy hints
at a symmetric, unstable fluctuation mode of the critical
nucleus that will be discussed in detail below.
Close to the critical force L0 approaches zero according
to (55), and the energy of the critical nucleus vanishes as
¶2
µ
F
.
(58)
∆En ≈ 2Ek 1 −
Fc
For small forces, the nucleus approaches a kink-antikink
pair configuration with L0 ≈ L. For small forces we find
L0 /wk ≈ − ln(2F/Fc ) from (55) and for the energy (57)
of the critical nucleus
Ã √ !!
Ã
2F
F
.
(59)
∆En ≈ 2Ek 1 + 2 ln
Fc
Fc
This result is equivalent to an approximate description of
the nucleus kink-antikink pair with distance L0 with an energy 2Ek − 2aF L0 + Eint (L0 ). The first term is the energy
of the isolated kink-antikink pair, the second term the energy gain due to the force (20) pulling kink and antikink
apart and the last term the interaction energy (19). Optimizing this energy with respect to L0 gives the result (59)
apart from corrections due to the shape changes [6, 7, 35].
In contrast to the kink width (14) and the kink energy (18) which depend only on the barrier height ∼ V0 a2
and potential minima separation ∼ a (apart from numerical prefactors) the properties of the critical nucleus close
to the critical force depend crucially on the detailed shape
of the potential in the vicinity of the barrier. In general,
we expect ∆En to vanish upon approaching the critical
force Fc and to reduce to the kink energy Ek for small
forces F ¿ Fc suggesting the scaling behaviour
µ
¶α
F
(60)
∆En ∼ Ek 1 −
Fc
with an exponent α that depends on the shape of the
potential barrier. Note that our above result (58) follows
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such a scaling law with an exponent α = 2. The exponent α can be determined by employing a scaling argument for the critical nucleus, where we consider a general potential shape with a barrier height scaling as VF ∼
V0 a2 (1−F/Fc )² and the distance between metastable minimum and barrier scaling as zF ∼ a(1 − F/Fc )µ upon
approaching the critical force Fc where both quantities
vanish by definition. Note that the two exponents ² and µ
are determined solely by the shape of the potential. The
critical nucleus will then extend over a length Ln that is
determined by the competition between the bending energy ∼ κzF2 /L3 and the potential energy ∼ LVF which
gives Ln ∼ wk (1 − F/Fc )(2µ−²)/4 , where wk ∼ (κ/V0 )1/4
is the kink width. The resulting energy ∆En of the critical
nucleus scales as in (60) with an exponent α = (2µ + 3²)/4
3/4
and the kink energy Ek ∼ a2 κ1/4 V0 .
This general behaviour can be checked for our piecewise parabolic potential (3) for which we find a barrier
height VF = V (0) − V (zmin ) = (V0 a2 /2)(1 − F/Fc )2 ,
i.e., an exponent ² = 2, and a critical displacement
zF = |zmin | = a(1 − F/Fc ), i.e., µ = 1. This gives
α = 2 in accordance with the exact result (58) (note
that Ln ∼ L0 + wk in this case). For a periodic potential V0 a2 (1 − cos(2πz/a)) − F z, on the other hand,
one finds ² = 3/2 and µ = 1/2 which leads to a different exponent α = 11/8 although the static kink energies
3/4
Ek ∼ a2 κ1/4 V0 and the kink width wk ∼ (κ/V0 )1/4 scale
in the same way (although with different numerical prefactors) for both potential shapes. This demonstrates that
properties of the critical nucleus are much less universal
and much more dependent on the detailed shape of the
potential close to the critical force Fc . At small forces the
critical nucleus approaches a static kink configuration with
a kink energy Ek and kink width wk that are independent
of the detailed shape of the potential.

9.2 Fluctuation eigenmodes
The energy of the critical nucleus (58) is the activation
energy that, according to Kramers theory, enters the Arrhenius factor of the nucleation rate
µ
¶
∆En
j ∼ exp −
,
(61)
T
which is the total number of kink-antikink pairs nucleated per time (per length). A systematic calculation of j
requires to find the corresponding attempt frequencies and
thus to add small perturbations δzn (x) and δzs (x) to the
critical nucleus configuration zn (x) representing the sad−
repdle point and the straight configuration zs (x) = zmin
resenting the initial energy minimum. We will investigate
the stability of these solutions against small oscillations by
analyzing the eigenmode spectrum of these fluctuations.
Expansion of the energy in the neighborhood of a stationary configuration to second oder of the perturbation
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In terms of the eigenvalues ωs,p and ωn,p at the straight
−
and the critical nucleus configconfiguration zq (x) = zmin
uration zn (x), respectively, the energy expansions (62) can
be written as
γr X 2
(64)
Xp ωs,p ,
H{z(x)} ≈ Es +
2 p
γr X 2
H{z(x)} ≈ Es + ∆En +
(65)
Xp ωn,p
2 p
−
with r from (40) and Es ≡ H{zmin
}.

9.3 Nucleation rate
Fig. 9. Eigenvalues of the critical nucleus ωn,p γ/V0 as functions of the force F/Fc in the thermodynamic limit of infinite L.

δzq (x) yields
H{zq (x) + δzq (x)} ≈ H{zq (x)}
Z
¤
£
1
+
dxδzq (x) κ∂x4 + V 00 (zq ) δzq (x),
2

(62)

where V 00 (z) = V0 (1 − 2aδ(z)) and the subscript q equals
n or s corresponding to the critical nucleus or the straight
configuration, respectively. We expand the perturbations
P
δzq (x) in terms of normal modes δzq (x) =
p Xp fp (x)
that fulfill an eigenvalue equation of the form (39) for
v = 0,
(63)
κ∂x4 fp + V 00 (zq (x))fp = ωp γfp
with V 00 (z) = V0 (1 − 2aδ(z)). In (63) we introduced the
factor γ in order that the eigenvalues ωp have the units
of frequencies. We can construct a set of eigenfunctions
fp (x) which satisfy (63) with the proper boundary conditions and which are orthonormal with respect to the scalar
product (40). Construction of this eigenfunctions and the
resulting spectra of eigenvalues ωp are discussed in detail
in Appendix A. For the critical nucleus the spectrum ωn,p
is given by (A.20), for the straight polymer we arrive at
the spectrum ωs,p given by (A.10). The most important
features of these spectra are as follows. The fluctuation
spectrum of the straight configuration consists of stable
modes with ωs,p ≥ V0 /γ > 0 for all modes p ≥ 0. It is discrete for finite L and approaches a continuous spectrum in
the thermodynamic limit of infinite L. On the other hand,
the critical nucleus has a mixed fluctuation spectrum also
in the thermodynamic limit.
The discrete part of the spectrum contains one unstable mode ωn,0 < 0 that corresponds to a mode that is
pulling the polymer further into the energetically favorable potential well. Furthermore, there is one zero translational mode of the nucleus with ωn,1 = 0. Additionally,
there are modes with ωn,p ≥ V0 /γ > 0 for p ≥ 2 that form
a discrete spectrum for finite L and approach a continuum in the thermodynamic limit of infinite L. Numerical
results for the spectrum of eigenmodes of the critical nucleus as a function of the force are shown in Figure 9.

Now we can calculate the nucleation rate j including the
prefactors in (61) using Kramers theory for sufficiently
large forces F . Although the derivation is analogous to
previous approaches for elastic strings [6, 7, 10, 11], we include it in order to make the paper self-contained.
We start from the Fokker-Planck equation for the timedependent probability P ({ζ(x)}, t) to find the polymer in
configuration ζ(x),
*
+
Y
P ({ζ(x)}, t) =
δ[ζ(x) − z(x, t)] ,
(66)
x

where z(x, t) is a solution of the the Langevin equation (8).
Then P ({z(x̃)}, t) fulfills the Fokker-Planck equation [36]
Z
δJ(x, {z(x̃)}, t)
∂P ({z(x̃)}, t)
+ dx
= 0,
(67)
∂t
δz(x)
where J(x, {z(x̃)}) is the corresponding probability current in the configurational space at configuration z(x̃) and
in the direction of J(x, .). This probability current is given
by
µ
¶
1
δ
δH
J(x, {z(x̃)}, t) = −
+T
P ({z(x̃)}, t) .
γ δz(x)
δz(x)
(68)
At low temperatures ∆En À T the polymer lies in the
local metastable minimum and the rate of escape is small.
Therefore J ≈ 0, and the probability in (68) approximately has the form of the stationary equilibrium distribution
Peq ({z(x)}) =

1
exp(−H{z(x)}/T ),
Zs

(69)

Rwhere the normalization factor is the partition sum Zs =
Dz(x) exp(−H{z(x)}/T ), where we integrate over configurations within the energy valley of the metastable minimum of the straight configuration. Using the expansion
(64) we obtain
Zs = e

−Es /T

Y µ 2πT ¶1/2
≡ e−Es /T Z̃s .
γrωs,p

p≥0

(70)
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In the presence of a driving force the system is out of
equilibrium, and we make an Ansatz for the stationary
state which includes a correction function P̂ ({z(x)})
P ({z(x)}) = P̂ ({z(x)})Peq ({z(x)})

(71)

such that P̂ ({zs }) = 1. Substituting (71) into (68), we get
J(x, {z(x̃)}) = −

T δ P̂ ({z(x̃)})
Peq ({z(x)}) .
γ
δz(x)

(72)

Now we consider the vicinity of the critical nucleus saddle
configuration zn (x) and switch to a description of the configurational space by the appropriate
P normal modes using
the decomposition z(x) = zn (x) + p Xp fp (x). Each configuration z(x) is specified by the set {Xa } of expansion
coefficients. We also decompose the current into the normal components according to
X
Jp ({Xa })fp (x)
(73)
J(x, {z(x̃)}) =
p

and transformP functional derivatives according to
δ/δz(x) = r −1 p fp (x)∂/∂Xp . Then, at the critical nucleus configuration zn (x) the components Jp of the current
have the form
Ã
!
T ∂ P̂
∆En γr X 2
Jp ({Xa }) = −
exp −
−
Xa ωn,a ,
T
2T a
Z̃s γr ∂Xp
(74)
where we used the quadratic approximation (65). It is assumed that the nucleation process proceeds along the unstable mode p = 0 such that we have a non-vanishing current only in this direction, J0 ({Xa }) 6= 0. In all other directions the system can equilibrate such that Jp ({Xa }) =
0 for p > 0. Then, according to (74), P̂ = P̂ (X0 ) is a
function of X0 only, such that corrections to the equilibrium in (71) only occur in the coordinate of the unstable
mode carrying the system over the saddle. Moreover, according to (67), in a stationary state J has to fulfill the
zero-divergence condition
Z
δJ(x, {z(x̃)}, t) X ∂Jp ({Xa }) ∂J0 ({Xa })
0 = dx
=
=
,
δz(x)
∂Xp
∂X0
p

(75)
i.e., the only non-zero current component J0 =
J0 ({Xa>0 }) does not depend on X0 .
Then, we can integrate (74) along the “reaction coordinate” X0 to obtain P̂ (X0 ):
Z X0
Z̃s γr
P̂ (X0 ) = 1 −
J0 ({Xa>0 })
dX̃0
T
X0,i
!
Ã
γr X 2
∆En γr 2
−
X̃ |ωn,0 |+
X ωn,p .
×exp
T
2T 0
2T p>0 p
(76)

Starting from the nucleus configuration X0 = 0, we
reach the initial straight equilibrium configuration at
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some X0,i < 0. There, we have the boundary condition
P̂ (X0,i ) = 1, see (71). On the other hand, at positive
values of X0 , kink-antikink formation takes place. We
assume that the force is sufficiently high that kink and
antikink are quickly driven apart, and we can assume a
sink with P̂ (X0,f ) = 0 at some final X0,f > 0. Using also
this second boundary condition in (76), we obtain the
current from (76),
!
Ã
γr X 2
(77)
J0 ({Xa>0 }) = I exp −
X ωn,p
2T p>0 p
with a constant I that is given by
"Z
µ
¶#−1
X0,f
∆En
T
γr 2
dX̃0 exp
I=
−
X̃ |ωn,0 |
T
2T 0
Z̃s γr X0,i
µ
¶1/2
µ
¶
γr|ωn,0 |
T
∆En
=
exp −
.
(78)
2πT
T
Z̃s γr
Integration of equation (77) over all coordinates Xa>0
and division by the length L + L0 of the polymer yield the
total nucleation current per length
Ã
!
Y
1
j≡
dXa J0 ({Xa>0 })
L + L0 a>0
¶
µ
1 ³ γr ´1/2
∆En
,
(79)
=G
Qn exp −
2π 2πT
T
Q
where we used (70) and Q2n ≡ |ωn,0 |ωs,0 ωs,1 p>1 ×
(ωs,p /ωn,p ) is given by the ratio of the products of all attempt frequencies, which have to be taken for straight and
nucleus configurations of the same length L + L0 . Using
results from Appendix A, we find
¯
µ
¶−8/3 ¯¯ µ ¶3
¯
F
¯ V0
¯
Q2n ≈ ¯1 − 24/3 1 −
(80)
¯
¯ γ
¯
Fc

as the force F approaches the critical force Fc , and for
forces F ¿ Fc the factor Qn shows a linear force dependence
µ ¶3
16 F V0
2
.
(81)
Qn ≈
3 Fc γ
R
The factor GR ≡ ( dX1 )/(L+L0 ) in (79) is the result of the
integration dX1 over the zero translational mode and
the division by the polymer length. G can be calculated
by noting that the zero translational mode is given by
f1 (x) = α∂x zn , where α is determined by normalization
with the scalar product R(40) according to hf1 |f1 i = 1,
which gives 1/α2 = r−1 dx(∂x zn )2 . Then, we can use
the identity zn (x + ∆x) = zn (x) + ∆x∂x zn to relate X1 =
∆x/α to the displacement coordinate ∆x of the nucleus,
which we can conveniently integrate over the whole length
L + L0 of the polymer to obtain
·Z
¸1/2
Z
1
1
−1/2
2
dX
=
=
r
dx(∂
z
)
.
G=
1
x n
L + L0
α
(82)
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Close to the critical force the factor G vanishes as
µ
¶
F
G ≈ wk−1 1 −
,
Fc
whereas we find
Ã
G ≈ wk−1

3−6

F
F
+ 2 ln
Fc
Fc

Ã√

2F
Fc

!!1/2

(83)

(84)

for forces F ¿ Fc .

L + L0 G
√
=
2
2

In the previous section we have found the nucleation
rate (79) in the regime of sufficiently strong forces F >
Fcr [35], with a crossover force Fcr given by
Fcr ≡

T
Fc T
=
.
2awk
Ek

(85)

The sink approximation for the upper integration boundary in (78) does not apply for weak forces F < Fcr ; then
the mechanical energy, |Fk |wk = 2aF wk (see Eq. (20)),
required for pulling an isolated kink through a distance of
the kink width wk is less than the thermal energy stored
in the nucleating pair, i.e., Fk wk < T or F < Fcr . In
this regime the nucleus attains a broad quasi-equilibrium
configuration before kink and antikink are driven apart.
This quasi-equilibrium configuration resembles a weakly
perturbed kink-antikink pair, which has two zero translational modes, as worked out in Appendix A. These correspond to a translation of the kink-antikink pair and a
“breathing” mode leading to relative displacement of kink
and antikink. Existence of two soft modes makes the calculation of the previous section inapplicable.
Comparing the two crossover forces Fcr given by (85)
and Fρ = T ρ/a from (50), we realize that Fcr À Fρ as
long as kinks do not overlap, i.e., for ρ ¿ 1/2wk , which
is always fulfilled in the regime Ek À T of thermally activated behaviour that we focus on. Therefore, we have
F À Fcr À Fρ and use expression (51) to obtain the
steady-state density
ρ=

with Z̃s from (70) and Z̃n as the partition function of the
fluctuations around the kinked state


Ã
!
Y Z
X
γr
Z̃n = 
dXp  exp −
Xp 2 ωn,p
2T p
p odd

9.4 Steady-state density and small force regimes

µ

of the nucleus at small forces, which represents kink and
antikink, the quasi-equilibrium approximation gives
¶
µ
2 Z̃n
∆En
ρ=
(87)
exp −
L + L0 Z̃s
2T

j
2v

¶1/2

,

for F À Fcr ,

(86)

from the result (79) for large forces.
In the regime F < Fcr we can use a quasi-equilibrium
approximation based on the energy (59) of the nucleus
at small forces [6, 7, 35], where it can be approximated
by a kink-antikink pair. According to reference [5], in
equilibrium the kink number on a polymer of length L
is given by ρeq L = Zn /Zs , i.e., the ratio of the partition function Zn of a polymer with one kink and Zs of a
straight, kinkless polymer as given by (70). Note that in
both configurations the total length of the polymer should
be (L + L0 )/2 ≈ L. Using the result (59) for the energy

Y

p>1, odd

µ

2πT
γrωn,p

¶1/2

,

(88)

where we take only the odd eigenfrequencies ωn,p of the
critical nucleus at small forces as the single kink has half
the length and√ symmetric even modes are not possible.
The factor G/ 2 given by the small force limit (83) is the
result of the integration over the zero translational mode
of a single kink on a polymer of length (L + L0 )/2. Then,
(87) leads to
µ
¶
³ γr ´1/2
∆En
Q̃n exp −
ρ=G
,
(89)
4πT
2T
Q
where Q̃2n ≡ ωs,0 p>0 (ωs,p /ωn,2p+1 ) ≈ V0 /γ.
For small driving forces F = 0 the system reaches thermodynamic equilibrium, ρ(F = 0) = ρeq . In this limit the
nucleus approaches a kink-antikink pair of energy 2Ek .
Accordingly, the eigenfrequencies ωn,p approach those of
a kink-antikink pair as worked
Q out in Appendix A. Then,
Q̃n approaches Q̃2k ≡ ωs,0 p>0 (ωs,p /ωk,p ) ≈ V0 /γ. Using
√
(84) we also find G = 3/wk . For F = 0 the result (89)
then reduces to
r
r
r ³
γ ´1/2
3
3 1
Ek −Ek /T
−Ek /T
e
.
ρeq =
Q̃k e
≈
wk 4πT
2π wk
T
(90)
For intermediate forces Fρ ¿ F < Fcr , the nucleation
current can be obtained by inserting equation (89) into the
relation j = 2vρ2 , see (51). For very small forces F ¿ Fρ ,
we insert (89) or (90) into the corresponding relation j =
4Dk ρ3 for diffusion-dominated behaviour, see (52). Having
derived the steady-state kink density ρ as a function of
the material parameters of the semiflexible polymer in all
regimes, the defining relation (50) for the crossover force
Fρ becomes a self-consistent relation
Fρ =

T
ρ(Fρ )
a

(91)

from which the actual value for Fρ has to be obtained.
Finally, for ρ < 1/L, where L is the total length of the
polymer, the finite-size effects dominate and we cross over
to single-kink behaviour, i.e., the barrier crossing proceeds
by creation of a single kink and its motion to the ends
of the polymer as described in Section 7. This regime is
reached for small forces F < FL where FL is determined
by ρ(F ) = 1/L using (89).
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9.5 Longitudinal motion
Fluctuations in the z-coordinate as described by the equation of motion (8) require fluctuations of the contour
length Lc and thus longitudinal motion of polymer segments in the x-direction if the filament is inextensible [28–
32]. So far, we implicitly assumed that the longitudinal
dynamics is much faster than the activated dynamics in
the z-direction. In this section we discuss the validity of
this assumption in more detail.
First, we point out that after the creation of a kink its
dynamical properties are independent of the longitudinal
friction because the motion of a kink does not require the
longitudinal motion of polymer segments as the contour
length is preserved. Therefore, effects from longitudinal
friction do not affect the dynamical behaviour of a single
moving kink as discussed in Section 5.
In principle, longitudinal friction effects could affect
the kink nucleation which requires an excess contour
length. However, kink nucleation is an activated process
and thus exponentially slow in the regime T ¿ ∆En according to the Arrhenius law (61). Therefore, longitudinal friction is relevant only for driving forces F close to
the critical force Fc . Specifically, the nucleation of a single kink-antikink pair in a straight polymer requires an
excess contour length of ∆Lc,k = 3a2 /2wk which can be
generated by thermal fluctuations within a single valley
of the external potential. In the absence of an external
potential transverse fluctuations scale as hz 2 (t)i ∝ t1/4
and longitudinal fluctuations of the contour length as
hδLc (t)2 i ∝ t7/8 [28–32]. In the presence of an external
potential, segments are only correlated over a finite length
∼ xsc = (κ/V0 )1/4 , see equation (6), and each segment of
length xsc relaxes within a finite time ∼ tsc = γ/V0 as
the scaling analysis in Section 2 shows, see equation (10).
Following the arguments of reference [29] to correctly take
into account longitudinal friction effects, this leads to finite transverse fluctuations hz 2 (t)i ∼ x3sc /Lp and longi3/2
tudinal fluctuations hδLc (t)2 i ∼ (T t/γ)1/2 xsc /Lp (assuming an isotropic damping constant γ). The condition hδLc (tk )2 i = (∆Lc,k )2 estimates the time tk necessary to generate the excess contour length for a kinkantikink pair by thermal fluctuations against the longitudinal friction. As long as this time scale is small compared to the exponentially large nucleation time, i.e.,
tk ¿ 1/Lj ∝ exp ∆En /T , longitudinal friction does not
affect nucleation of a single kink-antikink. The effect of
longitudinal friction on the nucleation of a single kinkantikink for driving forces close to the critical force Fc
remains an interesting problem for future research.
In the stationary state of the driven system many kinkantikink pairs are present with a density ρ and in a dynamical equilibrium between kink production and kink annihilation. In this stationary state excess contour length
does not have to be created by thermal fluctuations but
only transported over typical distances ∼ 1/ρ between creation and annihilation events such that the total contour
length stays constant in the stationary state. Excess contour length can be transported by reptation-like motion

Fig. 10. Average angular velocity h∂t zi (in units of aV0 /γ =
Fc /γ) of the semiflexible polymer as a function of the force
F/Fc for different rescaled temperatures τ = T /Ek , τ =
0.0015, τ = 0.005, τ = 0.01, τ = 0.015.

which requires only transversal displacements of polymer
segments (the characteristic velocity for this transport is
∼ vsc = xsc /tsc , see Eq. (11), which is comparable to the
kink velocity). Therefore, we do not expect that longitudinal friction effects change the dynamical stationary state
of the driven system.

10 Mean polymer velocity
The average velocity of the semiflexible polymer is given
by h∂t zi = 4avρ in terms of the kink (antikink) density
ρ and the kink velocity v. At a given point 2vρ kink and
antikinks pass per time, each giving rise to a displacement
2a.
For large forces F > Fcr the equation (86) leads to an
average polymer velocity h∂t zi = 2a(2vj)1/2 [10] with j
given by expression (79). The propagation velocity v(F )
depends on the force F as shown in Figure 5. For forces
F close to the critical force Fc the velocity diverges as
v ∼ (1 − F/Fc )−3/2 . Introducing the rescaled temperature
τ ≡ T /Ek (with τ ¿ 1 in the regime of thermally activated behaviour that we focus on) we find the force dependence of the rescaled average angular velocity h∂t ziγ/aV0
as shown in Figure 10.
In the regime of intermediate driving forces Fρ ¿ F <
Fcr , the critical nucleus is in quasi-equilibrium and the angular velocity h∂t zi = 4avρ contains the density (89). For
small driving forces F ¿ Fρ the kink motion is purely diffusive, and the system reaches thermodynamic equilibrium
with a kink density ρeq given by the Boltzmann distribution (90) and with h∂t zi = 4avρeq . Equation (90) gives for
the average velocity the following expression:
r
r
µ
¶
3 av 1
1
exp −
.
(92)
h∂t zi = 4
2π wk τ
τ
At low fields the propagation velocity has a linear force
dependence with av/wk ≈ 4F/γ as follows from (30)
and (31). Therefore, the angular velocity increases linearly
with force.
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Fig. 11. Left: Semiflexible polymer in a static kink-like configuration in a double-well potential V s (z) and under the influence
of a point force Fp acting at the midpoint. Right: Polymer displacement z (in units of a) as a function of x (in units of w k ) for
the same kink-like configuration as shown on the left. The point force is Fp = 2.6 × 10−4 Fp,c , the equilibrium displacement of
the middle point is zm /a ≈ 0.35. The total length of the polymer is L = L1 + L2 . For L1 = 15wk we find L2 ≈ 1.57wk for the
distance between the points where the potential barrier is crossed.

11 Point forces
Advances in the manipulation techniques of polymers allow the experimentalist to study and visualize the motion of semiflexible polymers under the influence of external forces. On the experimental side micro-manipulation
techniques using optical tweezers [37], AFM tips [23], or
micropipettes [38] have become available to study the effect of external forces on semiflexible polymers. However,
these modern manipulation techniques only allow the application of point forces. In this section we investigate the
static metastable configurations of a semiflexible polymer
under the influence of an external point force Fp acting
on the polymer. A complete description of the activated
dynamics under the influence of point driving forces will
be given elsewhere [39].
The Hamiltonian in the presence of a point force is
similar to (2) but contains a potential
Vp (x, z) ≡ Vs (z) − Fp δ(x − xp )z .

(93)

Vs (z) ≡ 12 V0 (|z| − a)2 is the symmetric harmonic doublewell potential and the last term contains the action of a
point force of strength Fp acting at x = xp . Note that the
point force in (93) breaks the translational invariance of
the system in the x-direction. The resulting Hamiltonian
for a polymer of length L can be written as
¸
·
Z
κ ¡ 2 ¢2 1
2
H = dx
∂ z + V0 (z + a) − Fp z (xp ) . (94)
2 x
2
L

The overdamped dynamics of the polymer is described by
the equation of motion
δH
+ ζ(x, t)
δz
= −κ∂x4 z − Vs0 (z) + Fp δ(x − xp ) + ζ(x, t),

γ∂t z = −

(95)

with the damping constant γ and thermal noise ζ(x, t)
with correlations (9).
We want to calculate the stationary shape of a polymer
that is deformed by the action of the point force acting
at the midpoint of the polymer into a “restricted” kinkantikink configuration zkp (x) as shown in Figure 11. This
configuration is obtained by solving the saddle point equation δH/δz = 0 for the energy (94), which is equation (95)
for the time-independent case and in the absence of noise
(ζ = 0),
κ∂x4 z + V0 (z + a) + Fp δ(x − xp ) = 0,

κ∂x4 z

+ V0 (z − a) + Fp δ(x − xp ) = 0,

for z < 0,
for z > 0.

(96)

For z(xp ) > 0 the kink configuration crosses the barrier at
two points, see Figure 11; we choose the origin x = 0 and
the length L2 such that these points are zkp (0) = 0 and
zkp (L2 ) = 0. The polymer has a total length L = L1 + L2
and extends from x = −L1 /2 to x = L1 /2 + L2 , and
the force acts at the midpoint xp = L2 /2. We introduce
four parts of the solution separated by the two crossing
points and the midpoint: zkp1+ (x) and zkp2+ (x) in regions
0 < x < L2 /2 and L2 /2 < x < L2 , respectively, where
z > 0; zkp1− (x) and zkp2− (x) in regions −L1 /2 < x < 0
and L2 < x < L1 /2 + L2 , respectively, where z < 0. By
introducing only two lengths L1 and L2 to describe four
regions we used already that the configuration is symmetric with respect to the midpoint xp = L2 /2. Away from
the point force, i.e., for x 6= xp the saddle point equation (96) is identical to (13) for static kinks in the absence
of a force and thus each of the functions zkpj± (j = 1, 2)
can be written in the following form:
zkp±j (x) = C1j± cos(x̄) cosh(x̄) + C2j± sin(x̄) cosh(x̄)
+C3j± cos(x̄) sinh(x̄) + C4j± sin(x̄) sinh(x̄) ± a,
(97)
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where x̄ = x/wk and Cij± (i = 1, . . . , 4) are sixteen linear expansion coefficients. The kink-like configuration has to fulfill four boundary conditions
zkp (−L1 /2) = zkp (−L1 /2 + L2 ) = −a and ∂x zkp |−L1 /2 =
∂x zkp |−L1 /2+L2 = 0. We also prescribe the displacement
zm of the polymer at the midpoint by zkp (L2 /2) =
zm . At the midpoint xp = L2 /2, the point force
in (96) causes a discontinuity in the third deriva000
000
tive, zkp2+
(L2 /2) − zkp1+
(L2 /2) = Fp /κ. Additionally, we have four matching conditions zkp1+ (L2 /2) =
zkp2+ (L2 /2) = zm , ∂xm zkp1+ |x=L2 /2 = ∂xm zkp2+ |x=L2 /2
for m = 1, 2. We also have ten matching conditions
zkp1− (0) = zkp1+ (0) = 0, ∂xm zkp1− |x=0 = ∂xm zkp1+ |x=0
and zkp2− (L2 ) = zkp2+ (L2 ) = 0, ∂xm zkp2− |x=L2 =
∂xm zkp2+ |x=L2 for m = 1, 2, 3 at the two crossing points
x = 0, L2 . Only eight of these matching conditions are
independent due to the symmetry around the midpoint.
Therefore, we have 17 independent boundary and matching conditions for 16 unknown linear expansion coefficients and 2 unknown parameters L2 and zm . Using also
L = L1 + L2 , we can thus determine all parameters as a
function of the system size L and the remaining model parameters, in particular the the point force Fp . As a result
of this procedure we can obtain the shape of the kinklike configuration for zm > 0 as shown in Figure 11. For
zm = a and Fp = 0 the configuration approaches a static
kink-antikink pair.
For zm < 0 the solution does not cross the potential
barrier such that we can set L2 = 0 and we only need
to introduce two parts of the solution separated by the
midpoint which is then located at xp = 0: zkp1− (x) and
zkp2− (x) in regions −L1 /2 < x < 0 and 0 < x < L1 /2,
respectively, with z < 0 in both regions. The point force
in (96) causes a discontinuity in the third derivative
000
000
(0) = Fp /κ, whereas lower
(0) − zkp1−
at xp = 0, zkp2−
derivatives have to match and zkp1− (0) = zkp2− (0) = zm .
Then, we have 4 boundary and 5 matching conditions
to determine 8 unknown linear expansion coefficients
and the unknown parameter zm as a function of the
system size L = L1 and the remaining model parameters
including the point force Fp .
The above construction also allows to determine the
position of the midpoint of the polymer as a function of
the external force zm (Fp ), which is shown in Figure 12.
For zm < 0 and in the limit of large L À wk we find the
linear relation
µ
¶
Fp a
zm = a −1 +
.
4Ek

(98)

For zm > 0 in the limit of large L À wk , on the other
hand, we can derive the following set of two equations for
the position of the middle point zm and the length L2 :
Fp a
= [cos(L2 /2wk ) − sin(L2 /2wk )] e−L2 /2wk ,
4Ek

(99)

zm = a[1 − e−L2 /2wk (sin(L2 /2wk ) + cos(L2 /2wk ))].
(100)
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Fig. 12. The middle point zm (in units of a) in a kink-like
polymer configuration as a function of the external force (in
units of the critical force Fp,c = 4Ek /a).

Solving (100), we find the midpoint of the polymer as a
function of the external force zm (Fp ) for zm > 0, which
is shown in Figure 12 together with the linear result (98)
for zm < 0. As one sees from (98) and (99), there are no
solutions zm < a to equation (99) if the force Fp exceeds
a critical value Fp,c given by
√
4Ek
3/4
.
Fp,c ≡ 2 2aκ1/4 V0 =
a

(101)

Therefore, there exists no stationary states for F > Fp,c
above the critical point force Fp,c , and the polymer spontaneously crosses the barrier to values zm > a. Fp,c is the
analogon of the uniform critical force Fc . We note that the
measurement of the critical point force Fp,c allows to determine the single-kink energy Ek according to (101) if the
distance 2a between the two potential minima is known.
The function zm (Fp ) is multivalued for 0 < Fp < Fp,c
as can be seen from Figure 12. By prescribing zm in our
construction of stationary configurations zkp (x), we also
obtain saddle point configurations which can be unstable with respect to fluctuations displacing the midpoint.
Therefore, we also obtain the critical nucleus configuration for a given point force Fp using the above procedure.
The higher value zm (Fp ) represents the critical nucleus
configuration which is indeed locally unstable as zm (Fp )
is increasing with decreasing Fp and already a smaller
force would suffice to pull the polymer to larger zm . When
the midpoint of the polymer is displaced beyond a critical
value, we even find negative values of Fp and the polymer
will be pulled to larger zm spontaneously even in the absence of a point force. The critical value for zm agrees with
the position of the maximum in the kink-antikink bending
energy in Figure 3. After crossing this energy barrier, the
polymer can move spontaneously at Fp = 0 into the stable static kink-antikink configuration that is reached for
zm = a and Fp = 0.
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Table 1. List of symbols.
κ
Lp
T
z(x)
x
V (z)
V0
F
a
Fc
Esc
xsc
tsc
vsc
γ
ζ(x, t)
wk
Ek
v
y
ηk
Eint
d
L
Fk
Ff
xk (t)
φp
Xp
fp
ωp
h.|.i
r
C
Dk
tcr
trel
ρ
τF
τD
Fρ
j
∆En
Es
ωn,p
ωk,p
ωs,p
P ({ζ(x)}, t)
J
Jp
Peq
Zs
Z̃n
G
Fcr
ρeq
τ
Vp (x, z)
Fp
xp
zm
Fp,c

bending rigidity
persistence length
temperature in energy units
polymer displacement
coordinate parallel to potential well
surface potential
potential strength
uniform driving force
half distance between potential minima
critical force
characteristic energy
characteristic length
characteristic time
characteristic velocity
damping constant
thermal noise
kink width
kink energy
kink velocity
x-coordinate in comoving kink frame
kink friction constant
kink-antikink interaction energy
kink-antikink separation distance
kink length
kink driving force
kink friction force
kink center position
normal modes
expansion coefficients
eigenfunctions
eigenvalues
scalar product
dimensionful constant in scalar product
normalization constant
kink diffusion constant
average polymer crossing time
polymer relaxation time
kink density
average kink lifetime of a kink for large force F
average kink lifetime of a kink for small force F
characteristic force
nucleation rate
excess energy of the critical nucleus
energy of straight state
fluctuation spectrum of critical nucleus
fluctuation spectrum of kink
fluctuation spectrum of straight polymer
probability to find the polymer in configuration ζ(x)
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12 Experimental observables
The aim of this Section is to show how the theoretical results presented above can be used to analyze experimentally measurable observables in order to extract the material parameters characterizing the semiflexible polymer
and the structured substrate. The conformational properties of polymers are specified by the bending rigidity κ
or the persistence length Lp , which is the length beyond
which tangent correlations fall off exponentially and is
usually determined experimentally by measuring steadystate tangent correlation function using, e.g., video microscopy. We want to demonstrate that experiments on
the activated dynamics of semiflexible polymers on structured substrates not only provide an alternative way of
measuring the persistence length Lp of the polymer but
also allow to determine substrate parameters such as the
barrier height V0 or the distance 2a between potential minima. It might also be possible to infer the damping constant γ of the polymer which is related to the dynamics
properties of the polymer.
Experimentally accessible quantities are i) the static
kink width wk , see (14) in the absence of a driving force,
e.g., by optical microscopy, ii) the critical uniform force
Fc and iii) the critical point force Fp,c below which the
polymer starts to move spontaneously without activation
energy. Eventually, also iv) the kink diffusion constant Dk
can be measured by analyzing the diffusive relaxation of
single kinks in the absence of a driving force. Measuring
two of the three quantities i)–iii) is sufficient to obtain κ
and V0 if the half-distance a between potential minima is
known:
Fc wk4
Fp,c wk3
=
,
8a
4a
Fp,c
Fc
=
.
V0 =
a
2wk a
κ=

(102)

Fc = V0 a, provides direct information about the barrier
height V0 , and Fp,c = 4Ek /a, see (101), is directly related
to the kink energy Ek .
If, additionally, the kink diffusion constant Dk =
T /ηk = 2T wk /3a2 γ in the absence of driving forces can
be measured, we can additionally gain information on the
damping constant of the semiflexible polymer, which characterizes its dynamical properties.

13 Conclusion
In conclusion, we described the activated dynamics of
semiflexible polymers which is governed by kink excita3/4
tions. We obtained the energy Ek ∼ a2 κ1/4 V0
of a
static kink as well as its width wk ∼ (κ/V0 )1/4 . In the
presence of a driving force F there is a force Fk acting on the kink that leads to moving kink solutions with
a velocity v(F ) whose dependence on F we obtained in
(29). In the absence of kink-phonon scattering the kink
performs Brownian motion with drift, for which we have
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calculated the friction constant ηk and the diffusion constant Dk . This leads to estimates for the crossing times
tcross ∼ L/F for F > 2T /La and tcross ∼ L2 /T for small
forces F < 2T /La. The nucleation of kinks proceeds by activation over the saddle point which is the critical nucleus.
Application of Kramers theory allows to calculate the nucleation rates (79) at large forces, in quasi-equilibrium at
small forces we can calculate the kink density (89) or
(90). In all regimes the dynamical equilibrium of kink
nucleation and annihilation allows to determine the average velocity of the polymer. We also investigated the
static metastable configurations if a point force Fp is applied at the middle point of the semiflexible polymer. In
this case spontaneous motion sets in above a critical force
Fp,c = 4Ek /a.
In order to describe the activated dynamics of the
semiflexible polymer we used the same general framework
that has been derived for elastic strings [6, 10, 35], such
as dislocation lines in crystals or flexible polymers. Also
the activated dynamics of the semiflexible polymer is governed by the nucleation and motion of localized, kink-like
excitations. However, there are important differences with
respect to elastic strings or flexible polymers as the kink
properties are not governed by entropic elasticity or tension of the polymer chain but rather by the bending energy of the semiflexible polymer. This leads to a number
of differences, the most important of which are the distinct dependence of the kink width wk and kink-energy
Ek on the bending rigidity as calculated in (14) and (18).
These dependencies enable us to determine the persistence length from kink properties using the relations (102).
There are numerous other differences due to the bendingenergy–dominated behaviour, for example, the peculiar
non-monotonous kink shapes, see for example Figure 2
for a static kink. Not only static properties but also the
dynamic behaviour of the semiflexible polymer is different
as compared to a flexible polymer. We find characteristic differences in the force-velocity relation for a moving
kink, the critical nucleus energy, and in the behaviour of
fluctuation modes.

Appendix A. Fluctuation eigenmodes
In this appendix we analyze the eigenmode spectrum of
fluctuations around all three types of local extrema of the
energy (2), the critical nucleus zn (x), a resting single kink
−
zk (x), and the kinkless straight state zs = zmin
. The kinkantikink pair is a metastable configuration in the absence
of force (F = 0). We analyze fluctuations of the critical
nucleus configuration for uniform forces F > 0. The fluctuation spectrum of the straight configuration turns out
to be force independent.
In the following, we denote the extremal configuration
by zq (x) where q is a subscript q which can equal n, k,
or s corresponding to the three types of local extrema of
the energy (2), the critical nucleus (n), the static kink (k),
and the straight state (s). Expansion of the energy in the
neighborhood of a local extremum zq (x) up to second oder

20

The European Physical Journal E

in a perturbation δzq (x) yields
H{zq (x) + δzq (x)} ≈ H{zq (x)}
Z
£
¤
1
dxδzq (x) κ∂x4 + V 00 (zq (x)) δzq (x),
+
2

(A.1)

where V 00 (z) = V0 (1 − 2aδ(z)). Note that this result depends on the force only through the shape of the configuration zq (x). We expand theP
perturbations δzq (x) in
terms of normal modes δzq (x) = p Xp fp (x). The normal
modes fp (x) are the orthogonal set of eigenfunctions for
the set of eigenvalues ωp of the linear eigenvalue equation
κ∂x4 f + V 00 (zq (x))f = ωγf

(A.2)

with V 00 (z) = V0 (1 − 2aδ(z)), see (63).
For zq (x) 6= 0, i.e., away from the “cusp” of the potential the eigenfunction, f (x) satisfies the eigenvalue equation
κ∂x4 f = (ωγ − V0 )f .

(A.3)

For ω ≥ V0 /γ the general solutions of this equation are
linear combinations of the four functions
f (x) = C1 cos(x− ) + C2 sin(x− )
+C3 cosh(x− ) + C4 sinh(x− ) ,

(A.4)

where x− ≡ K− x with
4
K−
= |ωγ − V0 |/κ .

(A.5)

For ω ≤ V0 /γ they are linear combinations of the four
functions
f (x) = C1 cos(x+ ) cosh(x+ ) + C2 sin(x+ ) cosh(x+ )
+C3 cos(x+ )sinh(x+ )+C4 sin(x+ )sinh(x+ ), (A.6)
where x+ ≡ K+ x with
4
= |V0 − ωγ|/4κ .
K+

(A.7)

The set of four linear expansion coefficients Ci (i =
1, . . . , 4) has to be determined from boundary and matching conditions. The boundary conditions for the fluctuation modes are f |ends = 0 and f 0 |ends = 0 at both ends for
all three types of configurations.
For the straight configuration we have to determine
the 4 linear expansion coefficients from these 4 boundary
conditions. The critical nucleus zn (x) and the kink zk (x)
are piecewise defined as they cross the potential barrier
at z = 0, the single kink once, and the critical nucleus
twice, see Sections 3 and 9.1, respectively. The δ-function
in (A.2) leads to discontinuities in the third derivative
f 000 (x) across these crossing points. Therefore we introduce a piecewise definition of the eigenmodes f (x) with
up to three regions separated by the two points where the
polymer crosses the barrier at z = 0. For each region we
have a set of expansion coefficients Ci (i = 1, . . . , 4) and
at each crossing point we will get four additional matching
conditions. For the kink, we have 8 expansion coefficient

that are determined from 8 boundary and matching conditions, for the critical nucleus we have 12 expansion coefficients and 12 boundary and matching conditions. The
resulting systems of linear equations for the determination of the expansion coefficients can only be solved for
particular values of K± which leads to the spectrum of
eigenvalues ωp upon using (A.5) or (A.7).
Appendix A.1. Straight polymer (s)
−
For a straight polymer we have zs = zmin
. The boundary
conditions are f (−L/2) = f (L/2) = 0 and f 0 (−L/2) =
f 0 (L/2) = 0 for a polymer of length L and we need 4
coefficients Ci (i = 1, . . . , 4). The 4 boundary conditions
lead to a homogeneous linear system of equations for 4
the coefficients Ci . The eigenvalues of (A.3) are found from
the condition that the determinant of this homogeneous
linear system of equations has to be zero.
For ω ≤ V0 /γ we find only the trivial constant mode of
the form (A.6) for K+ = 0 with ωs,0 = V0 /γ. Therefore,
there are only eigenvalues ω ≥ V0 /γ and solutions of the
form (A.4), for which we find the condition

tanh(K− L/2) − tan(K− L/2) = 0 or
tanh(K− L/2) + tan(K− L/2) = 0 .

(A.8)
(A.9)

The lowest eigenvalue is ωs,0 = V0 /γ corresponding to
the root K− = 0, i.e., the constant mode. In the limit of
large K− L or large mode number p (A.8) and (A.9) lead to
tan(K− L/2) ≈ ±1. This gives solutions K− L ≈ −π/2+pπ
for p ≥ 1, which become exact for large p À 1.
Finally, we obtain the spectrum
ωs,0 = V0 /γ,
ωs,p ≈ V0 /γ + κ

´ i4
h³ π
− + pπ /L , for p ≥ 1, (A.10)
2

which becomes exact for p À 1. In the limit of infinite L
the spectrum becomes continuous. This spectrum is independent of the force.
Appendix A.2. Single kink (k), uniform force

For a single kink in a polymer of length L with uniform
force we choose the origin x = 0 as in Section 3 such
that we have one crossing point zk (0) = 0 and the end
points are at x = ±L/2. We define −L/2 < x < 0, where
zk (x) < 0 as region I and 0 < x < L/2, where zk (x) > 0
as region II. In regions I and II we define functions fI (x)
and fII (x) according to (A.4) or (A.6) with 8 expansion
coefficients CI,i and CII,i (i = 1, . . . , 4).
The boundary conditions for fluctuations are
f (±L/2) = 0 and f 0 (±L/2) = 0. The kink crosses
the barrier in x = 0. Continuity requirements give 3
(m)
(m)
matching conditions fI (0) = fII (0) for m = 0, 1, 2.
From the δ-function contributions in (A.2) at x = 0,
one finds the matching condition for the discontinuities of f 000 (x). This gives the additional condition
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fII000 (0) − fI000 (0) = 2aV0 f (0)/κ|∂x zk (0)|. The 8 boundary
and matching conditions lead to a homogeneous linear
system of equations for the 8 coefficients CI,i and CII,i .
Eigenvalues of equation (A.3) are found from the condition that the determinant of this homogeneous linear
system of equations has to be zero.
For solutions of the form (A.6) with ω ≤ V0 /γ, this
leads to a condition
sin(K+ L/2) − sinh(K+ L/2) = 0 or
cos(K+ L/2) + cosh(K+ L/2) − 2 =
3
[sin(K+ L/2) + sinh(K+ L/2)] ,
wk3 K+

(A.11)
(A.12)

where we can use |∂x zk (x)|x=0 = a/wk . Equations (A.11)
and (A.12) have a solution K+ = 0 corresponding to
ωk,1 = V0 /γ. In the limit L À wk , there is one more
solutions of equation (A.12), K+ ≈ 1/wk , corresponding
to a zero mode ωk,0 = 0 for the translation of the kink
with f0 ∼ ∂x zk .
For solutions of the form (A.4) with ω ≥ V0 /γ, we find
a condition
tanh(K− L/2) − tan(K− L/2) = 0 or
1 − cos(K− L/2) cosh(K− L/2) =
£
3
cosh(K− L/2) sin(K− L/2) +
wk3 K−
¤
sinh(K− L/2) cos(K− L/2) .

(A.13)

(A.14)

Obviously roots coming from (A.13) are identical to solutions of (A.8) for a straight configuration of the same
length L. This leads to the identification ωk,p (L) =
ωs,p−1 (L) for even p ≥ 2. In the limit of large K− L, also
the remaining solutions for odd p ≥ 3 coming from (A.14)
have approximately the same spacing as for a straight configuration, i.e., K− L ≈ bk + pπ where bk is a weakly pdependent constant. For large p À L/wk , the roots coming from (A.14) are identical to solutions of (A.9) for a
straight configuration such that bk approaches bk ≈ −π/2
for large p À L/wk .
Finally, we obtain a spectrum
ωk,0 = 0 ,
ωk,1 = V0 /γ ,
ωk,p = ωs,p−1
h³ π
´ i4
− + (p − 1)π /L , for p ≥ 2, even
2
4
≈ V0 /γ + κ [(bk + (p − 1)π) /L] , for p ≥ 3, odd .
(A.15)

≈ V0 /γ + κ
ωk,p

The exact value of bk becomes irrelevant for large mode
numbers p. In the limit of infinite L the spectrum is mixed.
We obtain two discrete zero translational modes and a
continuum of stable modes with ω ≥ V0 /γ.
Appendix A.3. Critical nucleus (n), uniform force
For the critical nucleus at uniform force we choose the
origin x = 0 as in Section 9.1 such that the crossing points
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are zn (0) = 0 and zn (L0 ) = 0 and the end points are at
x = −L/2 and x = L/2 + L0 ; this configuration has a
total length L + L0 , where L0 is given by (55) as a function
of F . With two crossing points we introduce a piecewise
definition with three regions. We define region I as −L/2 <
x < 0 with zn (x) < 0, region II as 0 < x < L0 with
zn (x) > 0, and region III as L0 < x < L/2 + L0 with
zn (x) < 0. In each region we define the functions fI (x),
fII (x), and fIII (x) according to (A.4) or (A.6) with twelve
expansion coefficients CI,i , CII,i , and CIII,i (i = 1, . . . , 4).
The boundary conditions are f (−L/2) = f (L/2 +
L0 ) = 0 and f 0 (−L/2) = f 0 (L/2 + L0 ) = 0 for a polymer of length L + L0 . The critical nucleus crosses the
barrier in the two points x = 0 and x = L0 . Continu(m)
ity requirements give six matching conditions fI (0) =
(m)
(m)
(m)
fII (0) and fII (L0 ) = fIII (L0 ) for m = 0, 1, 2. From
the δ-function contributions in (A.2) at x = 0 and
x = L0 , one finds the matching condition for the discontinuities of f 000 (x). This gives two additional matching conditions fII000 (0) − fI000 (0) = 2aV0 f (0)/κ|∂x zn (0)| and
000
fIII
(L0 )−fII000 (L0 ) = 2aV0 f (L0 )/κ|∂x zn (L0 )|. The 12 boundary and matching conditions lead to a homogeneous linear
system of equations for the 12 coefficients CI,i , CII,i , and
CIII,i . Eigenvalues of equation (A.3) are found from the
condition that the determinant of this homogeneous linear system of equations has to be zero.
For solutions of the form (A.6) with ω ≤ V0 /γ and in
the limit K+ L À 1, this leads to a condition
exp(−2K+ L0 )(1 + sin(2K+ L0 ))
¶2
µ
3 3 wk |∂x zn |x=0 |
−1 ,
= K+
wk
a

(A.16)

where ∂x zn |x=0 is given by
F
2 sin(L̄0 /2)
wk ∂x zn |x=0
= 1 − exp(−L̄0 ) −
a
Fc cos(L̄0 /2) + sin(L̄0 /2)
¡
¢1/2
= 1 − exp(−L̄0 ) 1 + sin 2L̄0
(A.17)

with L̄0 ≡ L0 /wk and where in the last line L0 is given
by (55) as a function of F . Equation (A.16) gives one
unstable mode with negative eigenvalue ωn,0 < 0, which
corresponds a symmetric mode, a zero translational mode
ωn,1 = 0, which is asymmetric, and one positive eigenvalue
ωn,2 = V0 /γ. For forces F close to the critical value Fc ,
we find that the unstable mode has an eigenvalue
"
µ
¶−8/3 #
F
V0
4/3
1−
ωn,0 ≈
1−2
.
(A.18)
γ
Fc
For small forces F ¿ Fc , we find
ωn,0 ≈ −

16 V0 F
,
3 γ Fc

(A.19)

and the unstable mode approaches a second zero mode at
F ≈ 0, a “breathing mode” of the resulting kink-antikink
pair. In addition to these modes, there exists a set of positive modes corresponding to solutions of the form (A.4)
for ω > V0 /γ.
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Finally, this gives a spectrum
ωn,0 < 0,
ωn,1 = 0,
ωn,2 = V0 /γ,
4

ωk,p = V0 /γ +[(bn +(p − 2)π)/(L + L0 )] κ, for p ≥ 3,
(A.20)
where bn is a constant that becomes irrelevant for large p.
Note that L+L0 ≈ L for large forces F close to Fc and that
L+L0 ≈ 2L for small forces F ¿ Fc . In the limit of infinite
L the spectrum is mixed. There are two discrete modes,
the unstable mode p = 0, the zero translational mode
p = 1 and a continuum of stable modes with ω ≥ V0 /γ.
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