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We theoretically study the cooperative behavior of cytoskeletal filaments in motility assays in which
immobilized motor proteins bind the filaments to substrate surfaces and actively pull them along these
surfaces. Because of the mutual exclusion of the filaments, the coupled dynamics of filaments, motor
heads, and motor tails leads to a nonequilibrium phase transition which generalizes the isotropic-nematic
phase transition of the corresponding equilibrium system, the hard-rod fluid. Langevin dynamics
simulations show that the motor activity enhances the tendency for nematic ordering. We develop a
quantitative theory for the location of the phase boundary as a function of motor density. At high
detachment forces of motors, we also observe filament clusters arising from blocking effects.
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Introduction.—In biological cells, small forces gener-
ated by motor proteins organize and rearrange cytoskele-
tal filaments and give rise to active, nonequilibrium fila-
ment dynamics, which plays an important role for cell di-
vision, motility, and force generation [1]. Whereas conven-
tional ‘‘passive’’ polymer dynamics is driven by thermal
fluctuations [2], active filament dynamics is characterized
by a constant supply of mechanical energy by motor pro-
teins, which hydrolyze adenine triphosphate. Active fila-
ment dynamics has been studied in vitro using solutions of
microtubules and two-headed kinesin motor proteins [3],
where the formation of patterns such as asters and vortices
is observed. Theoretical studies of such patterns [4–8]
have used a coarse-grained continuum description with
kinetic equations for filament density and orientation fields
and a motor-density field. In these approaches it is inher-
ently difficult to relate the macroscopic transport coeffi-
cients of such descriptions to the experimentally accessible
microscopic parameters of the system. Based on experi-
mental work on actin solutions containing myosin motor
minifilaments [9] it has been suggested that the effect of
motor activity can be described by an increased effective
temperature in the nonequilibrium system [10].

In this Letter, we study dynamics and pattern formation
of many filaments in motility assays, where filaments glide
over a planar substrate driven by motor proteins whose tails
are anchored to the substrate. Motility or gliding assays are
by now a standard tool to characterize motor proteins by
analyzing the transport velocities of single filaments. In
this work, we focus on the cooperative behavior of many
filaments, which are transported in a confined two-
dimensional assay such that a hard-core repulsion is effec-
tive. This system has been considered previously only on a
coarse-grained level using a mapping to a spin model [11].
The equilibrium system corresponding to the motility as-
say in the absence of motors is the two-dimensional hard-
rod fluid, which exhibits an isotropic-nematic ordering
transition [12,13]. In this Letter, we show both numerically
and analytically that the nematic ordering is enhanced by
the presence of motor activity due to the combined effect of

hard-core filament interactions and active forces exerted by
the motors; see Fig. 1. Using previous results for the
persistent motion of single filaments [14–16], we extend
the dynamic mean-field theory for nematic ordering [17] to
active systems. From the theoretical treatment, we derive
the concept of an increased effective length, which suc-
cessfully explains our simulation data and allows one to
obtain the phase behavior in terms of the experimentally
accessible microscopic model parameters.

Model.—Our microscopic model for motility assays
describes filament configurations, motor heads, and poly-
meric motor tails as separate degrees of freedom. One end
of the motor tail is anchored to the substrate, and the motor
head on the other end can bind to a filament in the correct
orientation due to the tail flexibility. Once bound, the motor
head moves along the filament thereby stretching the poly-
meric tail, which gives rise to a loading force acting both
on the motor head and the attached filament. This force
feeds back onto the motion of the bound motor head, which
moves with a load-dependent motor velocity [18].
Filaments follow an overdamped dynamics with external

FIG. 1 (color). Snapshots of rodlike filaments on a motor
coated substrate with randomly distributed motors and periodic
boundary conditions. The filament concentration is � � 2=L2,
i.e., below the critical concentration of the equilibrium isotropic-
nematic transition. For detachment forces Fd � Fst, we find
(a) an isotropic phase at low motor surface density �‘mL �
0:03 and (b) active nematic ordering at high motor surface
density �‘mL � 0:09.
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forces from the stretched motor tails and the repulsive
filament-filament interaction [19].

To proceed, let us consider N rigid filaments of length L
(with index i � 1; . . . ; N) on a planar substrate. The con-
figuration of filament i can then be specified by the two-
dimensional vector ri for its center of mass and by the
angle �i or the unit vector ui � �cos�i; sin�i� for its ori-
entation; see Fig. 2. The filament is subject to forces F�i
from Ni attached motors (with index � � 1; . . . ; Ni) with
motor heads positioned at r�i . Each such force arises from
the polymeric tail of motor �, which is stretched by the
directed motion of the motor head on the filament, which
will be described below. We model the polymeric tail as a
freely jointed chain such that F�i is obtained by inverting
the force-extension relation of a freely jointed chain [20].
In addition to motor forces, there are purely repulsive
interaction forces Fij from the hard-rod interaction be-
tween two filaments i and j of diameter D.

Under the influence of the motor forces F�i and the
interaction forces Fij each filament i performs an over-
damped translational motion, which is described by the
stochastic Langevin-type equation of motion

 � � @tri �
XNi
��1

F�i �
XN
j�1

Fij � �i; (1)

where � is the matrix of translational friction coefficients,
which is given by friction coefficients �k and �? for
motion parallel and perpendicular to the filament orienta-
tion ui, respectively, and �i�t� are the Gaussian distributed
thermal random forces [22].

In addition to filament translation, motor and interaction
forces give also rise to the torques M�

i � j�r
�
i � ri� � F�i j

andMij, respectively. These torques lead to an overdamped
rotational dynamics, which is described by ��@t�i �PNi
��1 M

�
i �

PN
j�1 Mij � ��;i, where �� is the rotational

friction coefficient and ��;i�t� is a Gaussian distributed
thermal random torque [22]. Note that all friction coeffi-
cients �k, �?, and �� are known from the passive filament
dynamics.

The dynamics of motor heads is described by a deter-
ministic equation of motion @tx�i � v�F�i �, where jx�i j �
L=2 defines the position of the motor � along the rod i, i.e.,
r�i � ri � x�i ui, and the filament polarity is such that the
motor head moves in the direction ui. The motor velocity v
is a function of the loading force F�i which builds up due to
stretching of the motor tail. We use a force-velocity rela-
tion with a maximum value vmax for forces F�i � ui 	 0
pulling the motor forward, a linear decrease for forces
F�i � ui < 0 pulling the motor backwards, and v � 0 for
F�i � ui <�Fst, where Fst is the stall force [18].

We assume that the motor binds to the filament when the
distance between the anchored end of the motor tail at r�0
and the filament is smaller than a capture radius ‘m. Apart
from the stall force Fst the motor is also characterized by
its detachment force Fd, above which the unbinding rate of

the motor head becomes large. For simplicity we assume in
our model that the motor head detaches whenever the force
F�i exceeds a threshold value Fd. We consider the case of
processive motors with a high duty ratio close to unity; i.e.,
motors detach from a filament only if they reach the
filament end or if the total force becomes larger than the
detachment force Fd.

Simulation.—Using the above model we performed
simulations of gliding assays for a random distribution of
motors with a surface density � and periodic boundary
conditions. At each time step �t, we update the motor head
positions x�i and filament positions and orientations using
the discretized versions of the equations of motions de-
scribed above. The parameter values that we choose for the
simulations are comparable with experimental data on
assays for conventional kinesin. The simulation results
presented in Figs. 1 and 3 have been obtained for quadratic
assays of area 25 �m2 with filaments of length L � 1 �m
and diameter D � L=40 at room temperature T ’
4� 10�3 pN�m. Friction coefficients are �? � 2�k �
4��L= ln�L=D� and �� � �kL

2=6, where � is the viscos-
ity of the surrounding liquid. We use a value � �
0:5 pN s=�m2 much higher than the viscosity of water,
�water 
 10�3 pN s=�m2, which allows one to take larger
simulation time steps. We checked that this does not affect
results. We use a maximum motor speed of vmax �
1 �m s�1 and a stall force of Fst � 5 pN. The capture
radius for motor proteins is ‘m � 10�2 �m and the length
of the fully stretched motor tail is Lm � 5� 10�2 �m.

Phase behavior.—Motor activity strongly modifies the
nematic ordering of rigid filaments of length L in a motility
assay. Therefore, both the rod density � and the motor
density � are essential in order to determine the phase
behavior, which can be described in the plane of the two
dimensionless parameters �L2 and �‘mL. Nematic order-
ing in a system of N filaments can be characterized by the
time averages of the order parameter S �

P
i�j cos�2��i �

�j�=N�N � 1� with hSi � 0 in the isotropic phase and
hSi � 1 for perfect nematic order. In equilibrium, i.e., in
the absence of motors (� � 0), we find a continuous
isotropic-nematic transition at a critical density �c;0 ’
4:3=L2 in the simulation, which is in good agreement
with the analytic result �c � 3�=2L2 based on Onsager’s

α

θ α

α

FIG. 2. Schematic top view of a filament i in the motility assay
with two motors attached. ri is the filament’s center of mass, and
�i and ui its orientational angle and unit vector, respectively. The
attached motor � is anchored at r�0 , and its head is positioned
at r�i .
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theory [13]. The equilibrium transition is found numeri-
cally from the inversion point of the curve hSi � hSi��� for
a value hSi ’ 0:2, which we also use as the threshold value
for active nematic ordering if motors are present (�> 0);
see Fig. 3. Snapshots of the actively driven system in the
isotropic and nematic phase are shown in Figs. 1(a) and
1(b), respectively. In the resulting phase diagram (Fig. 3),
the critical density �c for active nematic ordering de-
creases with increasing motor density; i.e., nematic order-
ing is favored if more energy is fed into the system. The
transition is continuous also for nonzero motor density; see
the order parameter plots in [19]. Note that in the presence
of motor activity, there is a nonvanishing filament current
in the nematic phase, which is characteristic for a nonequi-
librium phase.

Mutual blocking of filaments can lead to kinetically
arrested filament clusters as shown in Fig. 4. We find that
stable clusters appear if the detachment force Fd is large
compared to the stall force Fst such that the maximal force
transmitted to a filament through collisions does not lead to
detachment of the filament and dissolution of the cluster.
Because collisions between filaments are exceptional in the
isotropic phase, clusters occur primarily in the nematic
phase region.

The motion of a filament is characterized by stochastic
switching between rotational and translational diffusion if
no motors are attached, directed translation in rotationally
diffusing directions if one motor is attached, and directed
translation if two or more motors are attached. The relative
frequency of these types of motion depends on the mean
distance hdmi between bound motors and, thus, on the
surface motor concentration � [14]. For high motor con-

centrations a filament has two or more bound motors on
average and hdmi 
 1=�‘m. The single filament performs a
persistent walk with a persistence length [14]

 	p �
L� 2hdmi
L� 3hdmi

L3

9‘2
m

�
eL=hdmi � 1�

L
hdmi

�
(2)

corresponding to a persistence time tp � 	p=vF, where vF
is the mean filament velocity. This velocity can be obtained
by simultaneously equating (i) the filament friction force
with the total motor driving force and (ii) the filament
velocity with the motor velocity in the steady state, which
gives vF � vmax�1� �kvmaxhdmi=LFst�

�1. A coarse
graining in time by averaging over time intervals of one
persistence time tp leads to an effective random walk of a
single filament. On time scales larger than tp the dynamics
of a filament is again described by a diffusion equation as
for passive dynamics. In the mean-field approximation the
average number density of rodlike filaments f�r;u; t� in the
configuration (r, u) satisfies the following Smoluchowski
equation [2,17]:
 

@tf � Trr � ��1 � �rrf� frr
�W�

� T��1
� Ru�Ruf� fRu

�W; (3)

where Ru � u� @u is the rotational operator.
Translational and rotational diffusion operators decouple
after coarse graining to one persistence time. T �W �R
dr0du0W�r� r0;u;u0�f�r0;u0; t� is a steric mean-field

interaction, while TW�r� r0;u;u0� represents the steric
interaction potential between two filaments with center of
masses and orientations �r;u� and �r0;u0�. The directed
motion due to motors increases the interaction range of
filaments. During a persistence time tp two filaments in
configurations �r;u� and �r0;u0� collide if the connection
vector r� r0 can be constructed as a linear combination
u	� u0� with�L=2< 	, �< L=2� 	p, and j	� �j<
L=2. Therefore, we obtain a steric interaction potential
 

W � ju� u0j
ZZ L=2�	p

�L=2
d	d��L�	� ��

� 
�r� r0 � u	� u0��; (4)

FIG. 4 (color). Snapshot of a cluster of mutually blocking
filaments for large detachment force Fd � 10Fst using otherwise
the same parameters as in Fig. 1(b) [� � 2=L2, �‘mL � 0:09].
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FIG. 3 (color). The phase diagram of the gliding assay as a
function of the dimensionless filament density �L2 and the
dimensionless surface motor density �‘mL for a detachment
force Fd � Fst and L=‘m � 100. All data points correspond to
separate simulation runs, the two arrows (a) and (b) to the
snapshots in Fig. 1. If the average order parameter hSi< 0:2,
the system is in the isotropic phase (black squares, gray area), if
hSi> 0:2 it is in the nematic phase (green triangles, green area).
The solid line represents the analytical result (5).
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where �L�	� �� equals one if j	� �j< L=2 and zero
otherwise. Performing an analogous stability analysis as in
Ref. [17] using the modified interaction potential (4), we
finally obtain the critical filament density of the active
isotropic-nematic transition,

 �c � c=L�L� 	p�hdmi; ‘m; L�; (5)

with c � 3�=2 from the analytical mean-field calculation
[23]. In the absence of motors we have 	p � 0 and the
result (5) reduces to the equilibrium result of Ref. [13].
Using the result (2) for the persistence length 	p we obtain
an explicit expression of the isotropic-nematic phase
boundary in terms of the microscopic model parameters,
which is in good agreement with all simulation data; see
Fig. 3. Beyond mean field, we expect a larger prefactor c in
(5) but the same parameter dependence.

The result (5) corresponds to an effectively increased
filament length Leff �

����������������������
L�L� 	p�

q
as compared to the

equilibrium system, which explains that motor activity
actually favors nematic ordering. In deriving (4), we have
established a mapping of the nonequilibrium driven system
onto an equilibrium system with larger effective filament
length. This mapping applies only within the isotropic
phase as it is based on the statistical properties of the
motion of a single filament but can be used to calculate
the stability boundary (5) of the isotropic phase. The motor
activity also increases the effective diffusion constant of
single filaments to Deff 
D� 	pvF [14–16]. Thus, using
the Einstein relation D � T���1

k
� 2��1

? �=3 [2] we might
define an increased effective temperature Teff 
 T �
3	pvF=��

�1
k
� 2��1

? � for the isotropic phase. For steric
filament interactions, however, this effective temperature
does not influence the phase behavior.

Experimental realization.—Confinement of filaments to
strictly two dimensions is hard to realize experimentally
but it has been observed that microtubules in a dynein
motility assay exhibit hard-core interactions also in the
absence of such a confinement [24]. Alternatively, we
propose to consider a three-dimensional filament solution
that is confined between two plates with anchored motors.
The motor activity can induce an active surface nematic
ordering of the filaments, which eventually propagates into
the bulk if the filament density is sufficiently close to the
critical density of the equilibrium Onsager transition in
three dimensions.

Conclusion.—We have presented simulations and a
theoretical description of the phase behavior of filaments
in a two-dimensional motility assay. The corresponding
equilibrium system is the two-dimensional hard-rod fluid,
which exhibits an isotropic-nematic phase transition. We
have found that actively driven systems undergo an analo-
gous phase transition and the motor activity enhances the
tendency for nematic ordering. A similar enhancement is
found in three-dimensional active filament solutions [5].
For the two-dimensional motility assays we have quanti-

tatively determined the phase boundary (5) for active ne-
matic ordering by motors in terms of experimentally
accessible microscopic model parameters. For high motor
detachment forces Fd � Fst, we also find kinetically ar-
rested filament clusters within the nematic phase region.
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