Cellular and Molecular Bioengineering, Vol. 6, No. 1, March 2013 (Ó 2012) pp. 48–64
DOI: 10.1007/s12195-012-0258-3

Elastic Coupling Effects in Cooperative Transport by a Pair
of Molecular Motors
FLORIAN BERGER, CORINA KELLER, REINHARD LIPOWSKY, and STEFAN KLUMPP
Max Planck Institute of Colloids and Interfaces, Science Park Golm, 14424 Potsdam, Germany
(Received 11 September 2012; accepted 5 November 2012; published online 27 November 2012)

for the quantitative characterization of the motor’s
behavior under the inﬂuence of external force.
Together with theoretical descriptions of their kinetics,22,46 the data from single molecule experiments
provide a detailed picture of the dynamics of individual
motors.
In cells, however, motors often work in teams rather
than as single molecules. This has been known for decades for the assemblies of millions of myosin motors in
muscle,32,33 but more recently it has also been realized
that cytoskeletal cargo transport relies on motor cooperation as well, although here the number of motors
forming a team is typically small (often between 1 and
10).25 In the simplest case, a cargo may be pulled by
several motors of the same type, for example several
kinesin-1 motors. Moreover, cellular cargoes are often
associated with motors belonging to different motor
species, which further increases the complexity of cargo
transport: Many cargoes move bidirectionally along
microtubules due to the presence of both kinesin and
dynein motors, which both walk along microtubules,
but in opposite directions.24,62 In addition, cargoes may
switch from microtubule-based transport to transport
along actin ﬁlaments, if myosin motors are present as
well.30 The cooperation of different motor species
obviously extends the range of dynamical behavior that
can be achieved with molecular motors.6 Beyond that,
there are several advantages that teams of motors provide over individual motors. Most importantly they may
be able to generate larger overall forces.60 In addition
motor cooperation can lead to longer runs,3,10,17 in
extreme cases up to millimeter.12 Motor cooperation
may also result in an increased velocity in situations
where the motors work against an opposing load force if
multiple motors share the load.23 However, a recent
study suggested that the load may not always be shared
equally by the motors.34 Finally, transport by multiple
motors provides additional opportunities for the regulation of transport as illustrated by the effects of
microtubule-associated proteins.60,18
In recent years, it has therefore become more and
more evident that to understand transport processes in
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INTRODUCTION
Force generation and active movements by cytoskeletal motors such as kinesins, dyneins, and myosins
are crucial for long-range transport in cells and for the
self-organization of their complex internal structure.31,47,55 They have also provided a blueprint for the
design of engineered nanoscale transport systems26,27,40 and inspired the general theoretical study
of nanoscale molecular machines.47 Our current
understanding of how these molecular motors work
has been advanced greatly by the use of single molecule
technology such as optical tweezers,58 which allowed
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cells, one has to move beyond single motors and study
the cooperative action of several motors or motor
assemblies and the mechanism by which these motors
are coordinated.15,25,38 The ﬁrst such studies used beads
covered by several kinesin or dynein motors.3,49,60
While these experiments provided some insight into
motor cooperation, they remained limited by the fact
that the number of cooperating motors could only be
controlled on average. An important improvement for
studying motor cooperation was thus the design of
synthetic assemblies of precisely deﬁned numbers of
motors.48,53,63 Since then a number of studies have
investigated such deﬁned motor complexes: The most
extensive studies have been done for a system of two
kinesin-1 motors coupled via a DNA scaffold,34,53 but
other studies have also used two kinesins coupled via an
antibody,63 two coupled myosin V motors,48 and a
myosin V motor coupled to a myosin VI motor.1 Motor
cooperation has also been studied with microtubule
gliding assays, in which motors immobilized on a surface pull a microtubule along that surface.8,45
In parallel to these experimental eﬀorts, the
dynamics of teams of cytoskeletal motors has also been
tackled by theoretical and computational approaches.
A general theoretical framework for studying motor
teams has been proposed in 2005 by our group.38 This
framework has been used to study unidirectional
transport by one team of motors belonging to the same
motor species3,38 and was later extended to bidirectional transport by two teams of motors.50–52 In addition, several groups have developed models that include
detailed descriptions of the single motors involved and
that address speciﬁc effects such as the stochasticity of
stepping19,41,42 and the geometry of motor assemblies.13,20,21,40 As in the experimental studies listed
above, the focus of recent theoretical work has been on
assemblies of two motor molecules. In particular, several recent studies have addressed the model case of two
coupled kinesin-1 motors. Somewhat surprisingly,
these studies came to qualitatively different conclusions. One aspect that has been in the focus is the
question whether there is ‘‘motor interference’’, i.e.
whether motors impede their movements by exerting
forces on each other due to their stochastic stepping.
Experimentally, the interference issue was emphasized
by the observation that unbinding of a motor in a twokinesin assembly is enhanced when both motors are
bound to the microtubule.53 While some modeling
studied have reproduced this effect,19,20,36 others have
not or have in addition predicted a decrease of the
velocity41,61,64 that has not been observed. This confusing (theoretical) situation has led us to re-examine
the case of two coupled motors.7,37
In a recent study7 we have shown that such systems
can exhibit four distinct transport regimes that depend
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on both the parameters of the motor molecule itself
and on the elastic coupling between the motors. We
have proposed simple time scale arguments that lead to
an intuitive picture of the effects of elastic coupling
between two motors. In the present article, we continue
this line of thought. We use these time scale arguments
and the theoretical description of motor pairs developed in Berger et al.7 to address the effects of various
types of nonlinear elasticity and of different ways of
varying the single motor velocity. In addition, we also
provide explicit results for observable properties of an
assembly of two kinesins.
The article is organized as follows: We ﬁrst introduce
the theoretical approach which is based on the general
framework proposed in Klumpp and Lipowsky38 and
the detailed model for two elastically coupled motors of
Berger et al.7 We also phrase the interference problem
in terms of the general description of Klumpp and
Lipowsky.38 Then we present explicit results for two
coupled kinesin motors obtained with this approach,
focusing on the dependence of the result on the coupling constant. Finally, the last part of the article deals
with the time scale arguments. We discuss how they can
explain the different transport regimes found in our
previous study and how they predict different patterns
of motor interference for different types motor assemblies, speciﬁcally of kinesin-1 motors and of myosin V
motors. We then demonstrate the use of these time scale
arguments by addressing the effects of nonlinear coupling between the motors, as well as the results of
varying the single motor velocity. As a result of these
theoretical considerations, we conclude that an experimental study of motor assemblies that differ only in the
coupling between the two motors would be desirable.
THEORETICAL DESCRIPTION OF PAIRS OF
COUPLED MOLECULAR MOTORS
General Theoretical Framework
Our starting point for a theoretical analysis is a
general theoretical framework for transport by several
molecular motors,38 which we use here in the special
case of two identical motor molecules. Within this
theoretical description, a motor can bind to the ﬁlament, walk along it, and unbind from it. The state of a
cargo is characterized by the number of bound motors.
For a cargo transported by a motor pair there are thus
three states C0, C1, and C2 in which the cargo is
transported by 0, 1 or 2 motors, respectively (Fig. 1).
Since we are interested in the movement of the cargo
on length scales that are large compared to the motor
step size l ’ 8 nm,17 we characterize each cargo state
with an (average) velocity (v1 and v2). Transitions
between the cargo states occur when a motor binds to
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several motors.38 For example, the mean run time, i.e.
the average duration of a cargo run from initial binding to a ﬁlament to complete unbinding, is given by
p þ 2
1 2

ð1Þ

pv2 þ 2 v1
:
1 2

ð2Þ

hDtca i 
and the mean run length by
hDxca i 

The average velocity vca is obtained from the ratio,
vca 

FIGURE 1. Theoretical description of two coupled molecular
motors. The upper row shows the states of a cargo transported by two motors, where these states are defined by the
number of motors linking the cargo particle to the filament: In
state C1, the cargo is pulled by one motor and in state C2 by
two motors. In addition, it can unbind from the filament into
the absorbing state C0. In state C1 and state C2 the velocity of
the cargo is v1 and v2, respectively. The arrows indicate
transitions between the states with their associated rates, the
single motor unbinding rate 1 ; the effective unbinding rate 2
of one of the motors in a motor pair and the single motor
binding rate p. The two lower rows display our detailed
mechanistic model of two coupled motors that resolves state
C2 into microstates with different configurations of the motor
pair characterized by the strain force between the two motors:
In state (2, 0), the motors are bound with relaxed linkers such
that there is no force between the motors. When the motors
step either towards each other or away from each other, a
strain force is generated between them, as, e.g., in state (2,1);
there are two motor configurations that correspond to this
state. Transitions between the states correspond to stretching
or relaxing of the elastic linkers due to stepping of a motor
(with rates xs(2,i) and xr(2,i) respectively). Unbinding of a
motor occurs with the rate xoff(2,i). All these rates depend on
the force and thus on the state (2,i). The space of microstates
in the lower row is used to calculate the effective quantities 2
and v2 that result from the interplay of stochastic stepping,
strain force-generation, and unbinding.

or unbinds from the ﬁlament. An individual motor
unbinds with rate 1 ; this rate also determines the
transition rate from state C1 to state C0, which occurs
when the only bound motor unbinds. The transition
from C2 to C1 is also based on unbinding of a motor,
more precisely on the unbinding of one out of the two
bound motors. Its rate, termed 2 will depend on the
single motor unbinding rate but is not identical to it.
Finally, binding of the second motor (when one is
bound) determines the transition from C1 to C2 and is
described by a binding rate p. We assume that every
run of a cargo starts with an unbound cargo ﬁrst
binding to a ﬁlament via one motor into state C1.
The theoretical framework described so far allows
one to calculate explicit expressions for a number of
observable properties of the runs of cargoes pulled by

hDxca i
:
hDtca i

ð3Þ

Furthermore, the distributions of these quantities
can be also calculated analytically, see Klumpp and
Lipowsky.38
The description given so far provides a general
framework for the analysis of transport by several
motors, but to make quantitative predictions, the
transition rates need to be speciﬁed. This is relatively
easy for state C1, where the cargo is transported by
only one motor. The parameters of this state, the
unbinding rate 1 and the velocity v1, can thus be taken
from measurements for individual motors. The binding
rate p is difﬁcult to measure directly and depends in
general on the geometry of the assembly and other
typically poorly controlled factors. It has been determined indirectly (by ﬁtting experimental data with a
model) for kinesin-pulled membrane tubes, kinesindriven beads and two-kinesin complexes. For the ﬁrst
two systems a binding rate of ’5/s3,44 was found, while
the latter resulted in smaller binding rates.53,63
The parameters 2 and v2 that characterize state C2 are
even less straightforward. In the case of non-interacting
motors, in which the motors step independently of each
other, we obtain v2 = v1 and 2 ¼ 21 ; since the rate for an
unbinding event when both motors are bound, is the sum
of the single rates.38 Such non-interacting behavior is the
extreme case of a very loose coupling between the motors.
However, in general, the parameters 2 and v2 depend on
the dynamical parameters of a single motor and on the
interactions between the motors. In principle they can be
determined experimentally by careful analysis of trajectories of two-motor complexes provided that the cargo states
C1 and C2 can be identiﬁed. This approach has been taken
in a series of recent studies by Diehl and collaborators,34,48,53 who distinguish microstates with one or two
load-bearing motors, although these do not necessarily
correspond to the states C1 and C2 with one or two bound
motors, if the motors do not share the load. Likewise, in
gliding assays, trajectories can be partitioned into segments
with one or two motor pulling the microtubule based on
the different swiveling behavior of the microtubule.45
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In such approaches, the theoretical framework
described above is not used in a predictive manner but
rather as an analysis tool. For example, a key result of
the studies of Diehl et al. was the observation of motor
interference, enhanced unbinding of motors in a twokinesin complex when two motors are bound and, as a
consequence relatively short run lengths. This result was
obtained by comparing the experimentally determined
rate 2 for a 2-kinesin complex with what is expected if
the two motors unbind independently, without any
interactions. It is however worth mentioning that earlier
experiments on kinesin-driven beads were consistent with
the long run lengths expected for non-interacting motors3
or showed run lengths even longer than expected.60
In order to make quantitative predictions using the
theoretical framework outlined above, one either needs
to specify the remaining parameters (i.e. those that are
not directly given by single motor observations such as 2
and v2) based on plausible assumptions or determine
them from a more microscopic model. To tackle this task
several groups (including ours) have developed a variety
of detailed models for coupled motors. These approaches
typically take one of two roads: They either start by
splitting the state with two bound motors, C2 into several
substates,7,14,19,20,37,57,61 in which case some results can
still be obtained analytically, or use detailed computational models that particularly emphasize on the geometry of the motor-complex or the arrangement of motors
on a bead.13,39,41 In reference,37 a detailed chemomechanical network for two-motor complexes is used to
generate trajectories and to show that the parameters 2
and v2 can be deduced in a unique manner from the
statistical properties of the trajectories. As mentioned
already in the introduction, there exist considerable differences between the predictions obtained from different
models with respect to interference effects.
Below we will follow the ﬁrst type of approach using
the general model described in Berger et al.7 to obtain
speciﬁc results for coupled kinesin-1 motors and to
discuss effects of different types and strengths of coupling (we note that we have also pursued a complementary approach to coupled motors,37 which starts
from a detailed description of the chemomechanical
dynamics of a single motor). We will speciﬁcally be
interested in the build-up dynamics of force between
the motors to study the conditions under which elastic
coupling between the motors leads to interference
effects such as enhanced unbinding (2 >21 ), as
observed for kinesin pairs,53 or a reduced velocity
(v2 < v1), as observed for pairs of myosin V motors.48
This type of motor interference depends on the single
motor dynamics, in particular on the reaction of the
motor to a force. Knowing the force-dependent
dynamics of a single motor from optical trapping
experiments, it is possible to predict the dynamics of
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two elastically coupled motors. Following this line of
thought, we next introduce a theoretical description for
two elastically coupled molecular motors that provides
a detailed description of state C2, in which both motors
actively pull the cargo. This theory is based on a single
motor description that captures all relevant characteristics as known from single molecule experiments.
Theoretical Description of Coupled Motors
Our detailed description of coupled molecular
motors that interact by exerting forces on each other is
based on the force-dependent dynamics of individual
motors that has been characterized extensively via
single molecule experiments. Our description of single
motors is summarized in the ‘‘Appendix’’. This
description is predicated on experimental observations
for kinesin-1, but can be adjusted to other motors as
well. It describes the following dynamic processes:
binding of the motor to the ﬁlament, unbinding, and
forward stepping (in a simple extension of the model,
backward steps can also be taken into account7). These
three processes are characterized by the corresponding
rates, which, in principle, could all be force-dependent.
However, as in several previous studies38,50 (but different from others19,20), we take the binding rate p to
be independent of force. A justiﬁcation for this simpliﬁcation is given in the ‘‘Appendix’’. As a consequence, we are left with two force-dependent processes,
unbinding and stepping. The two force-dependencies
are characterized by two characteristic force scales, the
detachment force Fd, which governs the increase of the
unbinding rate as a function of force, and the stall
force Fs at which the velocity of the motor vanishes.
These two characteristic force scales are crucial for
understanding the dynamics of a motor pair.
With this description of single motors at hand, we
come back to the description of a cargo transported by
two motors. Our task is to deduce the parameters 2 and
v2 from a microscopic model.7 This model provides a
more detailed description of the cargo state C2. In this
state both motors are bound to the ﬁlament and pull the
cargo. The motors are coupled via their elastic linkers
to the common cargo, and the strain force developed
in this elastic element is a function of its extension.
Because of the discrete stepping of the motors the
extension is a discrete quantity and, thus, the force
between the motors can only have the discrete values
Fi  Fðxi Þ:

ð4Þ

We now describe the state of the cargo by the discrete extension of the elastic elements, which deﬁnes a
series of substates ð2; 0Þ . . . ð2; NÞ of state C2, see
Fig. 1. Every state (2,i) is characterized by a force Fi
acting on the two motors or a corresponding extension
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xi of the elastic element. In state (2,0) the linkers are
relaxed. If one of the motors steps, the absolute
extension of both linkers increases by the motor step
size l and the cargo is in state (2,1). For identical
motors each linker is stretched by l/2. This stretching
induces a strain force between the motors. One motor
feels the force F1 = F(l/2) and the other motor feels
the opposing force F1 =  F(l/2). To calculate the
forces Fi explicitly, the nature of the elastic element
needs to be speciﬁed. In the simplest case, we consider
the motor stalks as linear elastic springs with stiffness
j. Then Fi is obtained from the force-extension relation
of two such linear springs in series, Fi = j li/2. More
complex types of coupling will be considered below.
Transitions between the states ð2; 0Þ . . . ð2; NÞ occur
whenever a motor steps. We denote the transition rates
for extension of the linkers by xs and for relaxation by
xr. These transition rates are connected to the stepping
rates of the single motors under force and are obtained
by summing up the rates of all steps that result in
extension or relaxation, respectively,7 which leads to
xs ð2; iÞ ¼ aðFi Þ ¼ VðFi Þ=l

ð5Þ

xr ð2; iÞ ¼ aðFi Þ ¼ VðFi Þ=l

ð6Þ

and

for all states (2,i) with i > 0 and
xs ð2; 0Þ ¼ 2að0Þ ¼ 2Vð0Þ=l

ð7Þ

for state (2,0). In these expressions VðFÞ denotes the forcevelocity relation of a single motor. Next, we have to consider the unbinding of the motors. Unbinding of one motor
is described by transitions from every state ð2; 0Þ . . . ð2; NÞ
to the state C1 in which the cargo is transported by a single
motor. The corresponding transitions rates are given by
the force-dependent unbinding rates,
xoff ð2; iÞ ¼ 1 ðFi Þ þ 1 ðFi Þ:

ð8Þ

With these deﬁnitions, we have expressed all rates in
terms of the single motor unbinding rate 1 ðFÞ and
force-velocity relation VðFÞ (which could be taken
directly from experimental data, for the description we
use here, see the ‘‘Appendix’’). To calculate the two
quantities 2 and v2, which are determined by the
dynamics when both motors are bound, we treat the
state C1 as an absorbing state. The unbinding rate 2 is
then calculated as the inverse of the mean ﬁrst passage
time to absorption and v2 as the average stepping rate
times the displacement, as shown in the ‘‘Appendix’’.

TWO COUPLED KINESIN MOTORS
The theoretical framework developed so far allows
us to calculate the two parameters 2 and v2 of the

two-motor bound state C2. In Fig. 2 we show these
parameters as a function of the spring constant j for
the kinesin parameters of Table 1. As expected, as the
coupling strength is increased, the velocity is reduced,
while the unbinding rate increases, indicating that the
motors exert force on each other that interfere with
their function. It is however worth noting that for
spring constants smaller than 0:3 pN/nm, the velocity
is only reduced by 25% whereas the unbinding rate is
increased by 100% compared to the non-interacting
case (j ¼ 0 pN/nm). Hence, we draw the conclusion
that kinesin motors interfere in such a way that they
pull each other off the ﬁlament, while maintaining an
almost constant velocity. Below this effect will be
explained by the comparison of two time scales characterizing the built-up of force sufﬁcient to force motor
unbinding and to cause signiﬁcant slow-down of their
stepping, respectively.
The two parameters 2 and v2 calculated so far
characterize the state of the cargo where it is bound to
a ﬁlament through both motors. They can be measured
directly if trajectories can reliably be partitioned into
sequences of 1-motor runs and 2-motor runs, i.e. into
segments where the cargo is bound to the ﬁlament
through one or two motors, respectively, see also
Keller et al.37 The overall motility of such cargoes are
characterized by the average velocity and the overall
run length, which may also be determined without the
need to resolve such partitioning of the trajectories.
Within the model, these quantities can be calculated
via Eqs. 1 and 2. They are plotted in Figs. 2(c) and
2(d), again as functions of the spring constant j. Both
quantities depend also on the binding rate p, in contrast to the parameters 2 and v2, which do not. We
therefore show data for two different values of the
binding rate. The behavior of the two global transport
characteristics reﬂects the dependence of the parameters of state C2: The run length exhibits a strong
decrease as the coupling strength is increased, reﬂecting the increase in the unbinding rate 2 : We note,
however, that this reduction is a reduction compared
to the case of non-interacting motors and not a
reduction compared to transport by one motor. In
fact, the run length of a two-motor assembly is always
found to be longer than that of a single motor. Only in
the limit of very strong coupling, we recover the run
length of a single motor, as in that limit the second
motors unbinds immediately after binding.
The average velocity of the cargo is reduced much
less than the run length, as expected based on the weak
eﬀect of the coupling on v2. In fact for sufﬁciently
strong coupling, we ﬁnd that the average velocity
increases again. This observation can be explained by
two counteracting effects. On the one hand, the
velocity in state C2, where both motors are bound,
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FIGURE 2. Characteristics of the dynamics for an elastically coupled kinesin pair and dependence on the coupling strength:
(a) effective unbinding rate 2 as a function of the spring constant j. For stronger coupling the unbinding rate increases; the motor
pull each other from the filament. For weak coupling the unbinding rate attains the value 2 ¼ 21 ; as expected for non interacting
motors; (b) average velocity v2 of a cargo simultaneously transported by two both motors. For strong coupling, the velocity
decreases. For weak coupling the cargo is transported with the single motor velocity; (c) overall cargo run length hDxca i as in Eq.
(2) and (d) cargo velocity vca as in Eq. (3) obtained with the rates of (a) and (b) for two different binding rates p. For a larger binding
rate, the cargo is more often transported by both motors and therefore, the motor-motor interference effects are more pronounced
in the dynamics of the overall cargo. In all plots, the single motor parameters are those given in Table 1.

TABLE 1. Parameters used for the single kinesin description.
Parameter

Symbol

Stall force
Detachment force
Force-free velocity
Force-free unbinding rate
Binding rate
step size

Fs
Fd
v1
0
p
l

Value
6 pN56
3 pN56
1 lm=s56
1 s1 56
5 s1 3,44
8 nm17

decreases (Fig. 2b), but on the other hand, as 2
increases the probability of being in that state
decreases as well. The overall effect on the average
velocity is thus even smaller than the effect on v2, with
approximately 5 and 10% maximal reduction in the
two cases we show. For both quantities, the impact of
coupling is more pronounced (i.e. the fold-change
compared to the non-interacting case is larger) for
larger binding rate p. This is, of course, due to the
increased fraction of time the cargo spends in state C2
with both motors bound, as coupling effects only play
a role in this state.

USING COMPARISONS OF TIME SCALES TO
UNDERSTAND COUPLED MOTORS
The complex behavior of two coupled motors with
several distinct transport regimes can be understood in a
more intuitive way by comparing diﬀerent time scales
associated with the generation of strain forces between
the motors. In this section, we brieﬂy review the time
scale argument introduced in our earlier work7 and then
use these arguments to explain the effects of nonlinear
coupling and of a modulation of the single motor
velocity. We wish to emphasize that the salient time
scales can be calculated exactly within the theoretical
framework developed in the previous section, but that
an alternative use of such arguments is to make qualitative or semi-quantitative predictions based on a intuitive picture of how the built-up of strain may be
accelerated or delayed by changing various parameters
of the system or the type of coupling between the motors.
Time Scales for Strain Force Generation
The dynamics of cooperative motor transport is
governed by the interplay of three processes: the
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stepping of the motors, the unbinding of the motors
and the build-up of strain forces between them. Thus,
strongly coupled and/or fast motors can quickly build
up a large strain force that pulls one of the motors
from the ﬁlament, while weakly coupled and/or slow
motors may unbind spontaneously before reaching
such a large force.
In order to systematically study which process dominates and how that depends on the single motor properties and on the coupling, we compare three diﬀerent
time scales: the time scale for spontaneous unbinding of
a motor and the two times it takes to build up motormotor forces that are comparable to the detachment and
stall force, respectively. An illustration of these time
scales is shown in Fig. 3. The time scale for spontaneous
unbinding tu is the average time that a non-interacting
motor pair remains bound to the ﬁlament via both
motors, i.e. the average time until one of the two motors
unbinds. The time scale tFd for force induced unbinding,
is the time it takes to built up a strain force between the
motors that is comparable to the detachment force. The
time scale tFs for force-induced stalling is the time that is
required to generate a strain force between the motors
that is comparable to the stall force. These time scales
can be calculated from detailed mean ﬁrst passage time
calculations, see Berger et al.7 The comparison of
these time scales allows us to develop an intuitive
understanding of the cooperative transport of two
elastically coupled motors as described in the following.
Distinct Transport Regimes for Diﬀerent Motor Species
For two elastically coupled kinesin motors, the
unbinding rate increases dramatically as a function of

the coupling strength, while the velocity is only weakly
aﬀected, see Figs. 2(a) and 2(b) . Thus, unbinding is
the dominant process in such a system. This conclusion
also follows from the comparison of the time scales.
For kinesin-1, the detachment force Fd is smaller than
the stall force Fs, and the strain force built up between
the motors will ﬁrst reach the detachment force and
hence tFd < tFs. Unless the coupling is very weak, these
times are also shorter than the time for spontaneous
unbinding tu and thus force-induced unbinding is the
dominant process.
In our previous study, we have determined the
parameters 2 and v2 systematically as a function of the
motor parameters and the coupling strength and
identiﬁed four distinct regimes.7 The parameter that
could be varied experimentally for a given motor pair
is the coupling strength. Within the theory, a variation
of the spring constant corresponds to a path through
the different transport regimes, which however need
not cross all four regimes. For example, kinesin-1
motors can attain the ‘‘enhanced unbinding regime’’
described so far, a weak coupling regime and a strong
coupling regime. In the weak coupling regime, for
small j, there is almost no effect on the unbinding rate
and on the velocity, whereas the strong coupling regime, for large j, is characterized by an enhanced
unbinding rate and a reduced velocity. Each regime
corresponds to an ordered sequence of the three time
scales, under the constraint that tFd < tFs: Weak coupling is obtained for tu < tFd < tFs, enhanced unbinding for tFd < tu < tFs, and strong coupling for
tFd < tFs < tu. The observations by the Diehl lab correspond to the enhanced unbinding regime characterized by an enhanced unbinding rate with only a small

time
FIGURE 3. Different time scales associated with the competing processes of spontaneous unbinding, force-induced unbinding
and force-induced stalling: The time scale tu for spontaneous unbinding is the time, after which one of two weakly coupled motor
unbinds (upper row). The time scale tFd for force induced unbinding is the time two coupled motors need to build-up a strain force
comparable to the detachment force (middle row). The time scale tFs for force-induced stalling is the time two elastically coupled
motors need to build-up a strain force that is of the order of the stall force (lower row).
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effect on the velocity.53 As a side remark, we also note
that the comparison of time scales provides a natural
explanation why interference is always obtained in
models for coupled kinesins that assume that both
motors remain bound all the time,14,61 as this case
corresponds to the limit of inﬁnite unbinding time
tu, which is part of the strong coupling regime.
Pairs of other types of motors may not attain the
same transport regimes as kinesin.7 For example, for
processive myosin motors, there is evidence that the
detachment force is larger than the stall force.1 Considering this fact, our theory predicts that tFs < tFd
and, thus, that the dominant effect of motor-motor
coupling should be a reduction of the velocity or
stalling of the motors. The three different ordered
sequences of the time scales now correspond to the
weak and strong coupling regimes as above and to an
intermediate ‘‘reduced velocity’’ regime. As a consequence, a cargo simultaneously transported by two
processive myosin motors should have a reduced
velocity without a substantially enhanced unbinding
rate.7 In fact, this has been reported very recently for
coupled myosin V motors.48
Diﬀerent Coupling: Nonlinear Springs, Cable-like
Springs
Above and in our previous study, we have described
the elastic coupling between the motors as a linear
spring. In general, however, biopolymers may have
nonlinear force-extension relations. Such non linear
force-extension relations can easily be incorporated in
our theoretical description via Eq. (4). In fact, as the
model in Fig. 1 speciﬁes the states of the 2-motor
complex by the force acting between them, nonlinear
coupling only modiﬁes the values of the force associated with the different states and does not increase the
complexity of the calculations. In the following, we
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ε2 [s-1]

linear spring (I)
Atzberger et al. (II)
Driver et al. (III)

30

force [pN]

consider several nonlinear spring models that have
been used for kinesin motors. These models are based
either on considerations from polymer physics to the
kinesin stalk and tail domains or on experimental data
for force-extension relations.
As a ﬁrst example, we consider two nonlinear forceextension relations that have been reported for kinesin
(plotted in Fig. 4a), based on an analysis of the ﬂuctuations of the bead position in optical trapping
assays.2,19 In both cases, the force-extension relation
increases slowly for small extensions, but fast for large
extensions, corresponding to a soft spring that stiffens
under force. For comparison, we also show a case with
a linear spring, again using a stiffness reported for
kinesin, j ’ 0:3 pN/nm.16 For all three cases, we calculated the unbinding rate 2 and the velocity v2 for the
cargo state where both motors are bound (Figs. 4b and
4c). The overall results are similar in all three cases, but
the interference effects are weaker for the two nonlinear springs: the unbinding rate is smaller and the
velocity is larger than for the linear spring. This
observation implies that the smaller stiffness of the
nonlinear springs (for small extensions) is dominant, so
the motors coupled via the nonlinear springs need
more time to develop substantial strain forces. As thus
strain is built up more slowly, the interference effects
are less pronounced.
As a second example, we consider cable-like models
for the coupling. Cable models have been used in
several computational studies of cooperative motor
transport.39,41,42 These studies have typically not seen
strong interference effects. Cable models provide a
simple description of the elasticity of a polymeric
chain. In these models, the force-extension relation is
split into two regions corresponding to compression
and stretching of the polymeric linker. Under compression, i.e. for chain extensions smaller than its rest
length l0, no strain forces are generated, while strain is
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FIGURE 4. Nonlinear coupling of a motor pair: (a) Three force-extension relation for the kinesin linker as reported in different
studies: (I) a linear spring (red) with stiffness j ’ 0:3 pN/nm,16 (II) a polynomial nonlinear force-extension relation (blue) deduced
by Atzberger and Peskin from experimental data.2 (III) A piecewise-linear force-extension relation (green) as suggested by Driver
et al;19 (b) the unbinding rate 2 and (c) the velocity v2 for these three different linker models. For the nonlinear couplings the softspring behavior for small extensions dominates, resulting in smaller interference effects than for the stiffer linear spring.
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generated by stretching. In the stretching mode, i.e. for
extensions larger than the rest length l0, a linear forceextension relation applies. In the case of two coupled
motors, two cables corresponding to the stalk of each
motor are connected, which results in an effective rest
length of 2l0.
It is possible to implement a cable model within the
framework used above, but because of the diﬀerent
behavior under compression and stretching this is
more complicated than for the nonlinear springs considered so far and requires a few additional technical
steps, which we describe in the ‘‘Appendix’’. It is
however very simple to use the time scale arguments to
obtain a semi-qualitative understanding of this case.
Let us thus use these arguments to discuss what we
should expect for a cable-like elastic element. When
both motors start working together in the compression
mode, where the linkers are relaxed, no forces are built
up between the motors until their linkers are stretched
to a distance larger than 2 l0. Thus the motors need a
certain time to leave the compression mode. Likewise,
motors starting with their linker at its rest length have
a chance to enter the compression mode rather than
the stretching mode. Both dynamic scenarios result in
an offset time, given by the time it takes until the
motors start to interact via their linkers. This offset
time contributes to the times tFd and tFs required to
generate relevant strain forces. For this reason, we
expect, that in models using cable-like linkers, tu < tFd
and tu < tFs, and thus the interference is rather small
or even vanishing as has been seen in previous studies
using cable models.39,41,42
To test this argument, we have calculated the time
scales exactly within the theoretical framework of the
previous section, our calculation is based on an
extended state space that accounts for cable-like linkers by allowing for additional states corresponding to
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Control of Travel Distance Through the Velocity
Another quantity that aﬀects the time scales for the
built-up of strain force is the value of the (single
motor) velocity: As the strain is generated through
motor stepping, force is built up more rapidly if motors
step faster. As a consequence, interference eﬀects
should be enhanced by speeding up the motors and be
reduced by slowing them down. Such variation of the
velocity can, for example, be achieved by changing the
concentration of ATP, which allows one to vary
the velocity over two orders of magnitude.54,56
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the compression mode (described in the ‘‘Appendix’’).
Results of this detailed calculation are shown in Fig. 5.
In Fig. 5a, we plot the time tFd for strain generation
relevant for unbinding as a function of the rest length
l0 and compare it to the spontaneous unbinding time
tu. The time tFd increases with the rest length l0.
Already for a rest length of l0 >30 nm, we have
tFd >tu ¼ 1=21 ’ 0:5s and the system is dominated by
spontaneous unbinding as expected from the qualitative argument. In Figs. 5b and 5c, we show the corresponding results for the unbinding rate 2 and the
velocity v2. Only for very short rest lengths, these
parameters show effects of motor-motor interaction
and deviate from the values expected for non-interacting motors (v2 = v1 and 2 ¼ 21 ; which are indicated by the blue lines). For large rest length l0,
interference effects in both the unbinding rate and the
velocity are hardly visible, in agreement with the picture that the motors unbind spontaneously before
generating substantial forces.
In summary, the motor linkers that act as cables
decrease the elastic coupling strength and thus the
interference eﬀects. This conclusion agrees with previous studies based on cable models.39,41,42
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FIGURE 5. Cable-like coupling of the two motors: (a) Time scale tFd and tu as a function of the rest length l0 of a cable-like linker
(which exhibits a linear elastic response to stretching but none to compression). For large rest length, the time tFd to generate
forces comparable to the detachment force is longer than the time tu for spontaneous unbinding. Thus, the system mainly unbinds
spontaneously and interference effects are rather small; (b) unbinding rate 2 and (c) velocity v2 of two active kinesins with cablelike linkers as a function of the rest length l0 of the cable. For l0 approaching the linear extension of kinesin, which is about 80 nm,
the interference effect of the binding time and the velocity is strongly reduced. The blue lines indicate the value for non-interacting
motors.
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The dependence of the dynamic parameters on the
ATP concentration is, however, complex, as a variation of the ATP concentration modulates the chemomechanical cycle of a motor37 and may also affect
other parameters in addition to the velocity. In particular, the ATP concentration may affect the (single
motor) unbinding rate. In the case of kinesin-1, whether this is the case or not depends on the concentrations of ADP and inorganic phosphate in the medium.
A detailed study of the effects of the ATP concentration will therefore require a description of the chemomechanical cycles of the motor.37 Here we consider
two idealized limiting cases, for which the velocity v1 is
varied while either the unbinding rate 1 or the ratio
between the velocity and the unbinding rate (v1 =1 )
remains constant. These two modes of modulating the
velocity lead to rather different results.
We ﬁrst consider the case, where the unbinding rate
is considered as independent of the velocity and is thus
kept constant. In this case, the time to build up strain
between the motors is increased by slowing down the
motors, while the time for spontaneous unbinding is
unchanged. For slow motors, the latter time scale can
be shorter than the time for building up a substantial
force between the motors. Therefore, slow motors
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should be weakly coupled and behave as independent
motors with v2  v1 and 2  21 :
In Fig. 6, we plot the two parameters characterizing
state C2, 2 and v2 as well as the cargo run length as a
function of the single motor velocity v1. As expected
from the time scale argument, the unbinding rate 2
increases considerable as the single motor velocity is
increased, indicating that force between the motors is
built up more rapidly, see Fig. 6a. By contrast, the
velocity exhibits an (almost) linear increase with v1
(note that in Fig. 6b we plot the ratio v2/v1 which is
almost constant). The linear dependence reﬂects the
change in the prefactor of all rates related to stepping
of a motor. Interference effects on the velocity are very
weak, so only for strong coupling some nonlinear
effects can be seen (the deviations from constant ratios
in Fig. 6b) that reﬂect the slower built-up of strain
force for small v1. Likewise, for the run length of the
cargo the dominant effect is the linear impact of the
velocity, but there again are coupling-dependent nonlinear corrections, see Fig. 6c.
In the argument so far, we have assumed that the
velocity is varied, while the unbinding rate remains
unchanged. However, several experimental studies
have shown that the run length of a single kinesin is
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FIGURE 6. Effects of the single motor velocity on the dynamics of a motor pair: (a, d) Effective unbinding rate 2 ; (b, e) velocity v2
and (c,f) overall cargo run length hDxca i for different spring constants j as functions of the single motor velocity v1. In plots (a)-(c),
we vary v1 while keeping the single motor unbinding rate 1 constant, whereas in (d)-(f) we keep the ratio of the unbinding rate 1
and v1, i.e. the single Úmotor run length constant. (a) For constant 1 , the effective unbinding rate 2 increases with the single motor
velocity v1, as strain between the motors is built up more rapidly; (b) the velocity v2 is also affected and its ratio to v1 decreases as a
function of v1; the effect on v2 is relatively small, therefore we plot the ratio v2/v1; (c) the cargo run length increases as a function of
the single motor velocity. Changing the single motor unbinding rate 1 together with the single motor velocity v1 leads to a different
behavior; (d) the unbinding rate 2 also increases with the single motor velocity v1, but this is only a scaling effect, the ratio 2 =v1 is
constant (see the inset); (e) likewise, the two motor velocity v2 also scales linearly with v1; (f) as a result the overall cargo run length
decreases as a function of the single motor velocity v1, contrary to (c).
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independent of the ATP concentration over a rather
wide range of ATP concentrations,59,63 contrary to
what one would expect if the ATP concentration only
affected the velocity. This observation indicates that a
variation of the velocity via the ATP concentration
also leads to a variation of the single motor unbinding
rate 1 : It can be explained using models for the
chemomechanical cycles of kinesin,46 which also show
that this type of dependence is only expected for low
concentrations of ADP and inorganic phosphate. This
dependence can be interpreted as an effect of a constant (or approximately constant) unbinding probability per step rather than a constant unbinding rate,
i.e. a constant unbinding probability per time. This
feature has some interesting consequences for coupled
motors that have been addressed experimentally in a
recent study for two kinesins coupled via an antibody.63 We note however that the run length becomes
dependent on the ATP concentration if the ATP concentration is sufﬁciently low;56 here, what concentration is sufﬁciently low depends on the concentration of
inorganic phosphate in the buffer.46
To discuss this issue within our theoretical framework, we consider a second mode of varying the single
motor velocity. We express the single motor unbinding
rate 1 in terms of the single motor velocity v1 and the
v1
run length hDxi which leads to the relation 1 ¼ hDx
i:
Inserting this relation into equation Eq. (2), and taking
into account possible interference between the motors
(which implied that the unbinding rate 2 ¼ 2 ðv1 Þ and
the velocity v2 = v2(v1) are functions of the single
motor velocity), we obtain the cargo run length as


p  v2 ðv1 Þ
:
ð9Þ
hDxca iðv1 Þ ¼ hDxi 1 þ
v1  2 ðv1 Þ
In the case of a velocity dependent unbinding rate,
the rates of all dynamic processes within state C2 are
varied in parallel (all stepping rates are proportional to
v1 and all unbinding rates to 1 ; which is also proportional to v1). As a consequence, all time scales characteristic for state C2 are equally affected,
corresponding to an overall rescaling of the time unit.
Thus, in this scenario, interference effects are not
increased by increasing the velocity v1; instead the
presence or absence of interference (and its impact on
transport) are independent of the values of v1. As a
consequence, both the unbinding rate 2 and the
velocity v2 are linear functions of the single motor
velocity v1 (indicated by their constant ratios to v1),
simply reﬂecting the rescaling of the time unit, see
Figs. 6d and 6e. Realistically, the linearity between 1
and v1 will however break down for very small velocities, as otherwise nonmoving motors would never
unbind.

While the relative magnitudes of all rates within
state C2 are unaffected by the mode of varying the
velocity, the ratio of the unbinding rate 2 and the
binding rate p is affected by this variation. As a consequence, the cargo run length now exhibits the
opposite behavior as in the case above. Figure 6f
shows that the run length is strongly increased for
decreasing single motor velocities, as the probability of
having both motors bound to the ﬁlament increases
strongly due to the reduction of the unbinding rate 2 :
This is exactly the effect observed by Xu et al.63 with
two kinesin motors, who found the run length of two
coupled motors to increase when the single motor
velocity was decreased.
In summary, a reduction of the single motor velocity
has two eﬀects on the cargo run length beyond the
obvious direct linear dependence on the velocity: (i)
The two-motor unbinding rate 2 tends to decrease as
strain is built up more slowly and interference effects
are reduced. This decrease of the unbinding rate acts to
increase the run length, which however is not sufﬁcient
to overcome the reduction from the decreasing velocity. (ii) If the decrease of the motor velocity is coupled
to a reduction of the unbinding rate, as observed for
changes via the ATP concentration, the unbinding rate
2 decreases relative to the rebinding rate p and thus
the cargo spends more and more time bound via both
motors. This again increases the run length, and this
increase is now large enough to overcome the reduction via the decreasing velocity. Finally, we note that
as already mentioned, the linearity between v1 and 1
will not be valid for arbitrarily small motor velocities
or, if the velocity is modulated via the ATP concentration, only for a certain range of ATP concentrations, so that a real system will exhibit a combination
of the two behaviors discussed here. A detailed analysis
of the ATP-dependence of motor cooperation therefore requires an explicit model for the chemomechanical cycle of the motors.37
CONCLUDING REMARKS
In this article, we have reviewed and extended our
previous study7 of pairs of coupled molecular motors
and discussed effects of nonlinear elasticity and of the
modulation of the single motor velocity (e.g. by varying the ATP concentration). We have emphasized that
a large number of observations can be understood by
comparing time scales for the built-up of strain forces
between the motors with the time scale for spontaneous unbinding: If strain is generated slowly, motors
unbind spontaneously before sufﬁcient forces have
been built up. In that case, the elastic coupling between
the motors has almost no effect on the dynamics of a
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taken into account by a straightforward extension of
the model.7 The essential ingredient of our model is the
force-dependence of the rates of these three processes.
The fore-dependence of the unbinding rate is
described by

cargo pulled by a motor pair. If, however, strain is
built up rapidly, the coupling leads to interference
between the motors which may lead to enhanced
unbinding or/and a reduced velocity. These four
dynamic behaviors deﬁne the distinct transport regimes discussed in our earlier work.7 Which behavior is
observed depends on two properties of the motor pair:
(i) It depends on the parameters of the individual
motors, i.e. on the motor type. For coupled kinesin-1
motors, we ﬁnd that enhanced unbinding is the dominant effect, while for coupled myosin V motors, our
model predicts a reduced velocity. Both theoretical
results are in agreement with experimental observations;48,53 and (ii) it also depends on the strength and
the type of the coupling as shown for example by the
results of Fig. 2. These effects have not been addressed
experimentally yet, but the coupling strength could be
varied in engineered motor complexes by using different linkers for the two motors.
Throughout this article, we have considered the
motor pair as not experiencing an external force. An
obvious next step in the analysis described here is an
extension to the case where the motors work against an
external load force. This case is expected to involve
additional time scales, for example the time over which
imbalances in the loads experienced by the two motors
disappear and equal load sharing is established.

1 ðFÞ ¼ 0 expðjFj=Fd Þ;

ð10Þ

an exponential increase with the absolute value of the
force F, as suggested by experiments with kinesin-156
and by theory,4 see Fig. 7c. Here, the force is scaled to
the detachment force Fd which is of the order of pN.56
The detachment force can be considered as the characteristic force that the motor can sustain for an
extended period of time before unbinding. When
backward steps are not modeled explicitly, the forcedependence of the stepping rate a is obtained from the
force-velocity relation VðFÞ through aðFÞ ¼ VðFÞ=l;
where l is the step length.
Typically, the velocity of a motor decreases with an
opposing force until the motor stops under the stall
force Fs. For assisting forces, the velocity of kinesin
can be taken as constant, as found experimentally for
kinesin.11 To capture kinesin’s behavior, we describe
the force-velocity relation by a piecewise linear function,
8
v1
F<0
<
VðFÞ  v1 ð1  F=Fs Þ 0  F<Fs
ð11Þ
:
0
F  Fs ;
which involves two parameters: the stall force Fs as the
characteristic force for stalling and the velocity v1 for
the force-free case, see Fig. 7b. Other functional forms
of the force-velocity relation, including non-constant
behavior for assisting forces can be implemented in the
same way, as shown in Berger et al.7 Finally, we take
the binding rate p as independent of the force.
A few comments are in order: (i) Here we use simple
expressions for the force-dependence of the unbinding
rate and the velocity aimed more at capturing the core

APPENDIX A: THEORETICAL DESCRIPTION
OF SINGLE MOTORS
In this appendix, we brieﬂy summarize the description of single motors that we use as an ingredient for
the model of coupled motors. This description is based
on the measured force-dependencies of three dynamic
processes: motor binding to the ﬁlament, unbinding
from the ﬁlament, and stepping. For simplicity we only
consider forward steps, but backward steps can also be
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FIGURE 7. Force-dependent dynamics of a single motor: (a) Sketch of a typical single molecule experiment, in which a single
kinesin is held with an optical trap which exerts the force F on the motor in direction opposite to its walking direction. The motor
steps forward with the force-dependent stepping rate a(F) and the step size l. Force-dependent unbinding of the motor from the
filament is described by the rate 1 ðF Þ:; (b) piecewise-linear parametrization of the force-velocity relation VðF Þ from which the
stepping rate is determined via aðF Þ ¼ VðF Þ=l:; (c) parametrization of the force-dependent unbinding rate of the single motor.
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properties of the observed dependencies than at a
precise quantitative description. Complex, but more
accurate expressions can however be incorporated into
our modeling approach. Likewise, the approach can
easily be adapted to molecular motors whose dynamic
parameters exhibit diﬀerent force-dependencies (an
example would be the diﬀerent force-dependence of
unbinding for dynein43). (ii) In this description of the
motor the internal chemomechanical states of motor
proteins9,46 are not described explicitly. All effects due
to the different mechanochemical states must be
accounted for implicitly via the rates a, 1 and p.
Effects of the chemomechanical cycles will be studied
elsewhere.37 (iii) In total, this description of a single
motor depends on six parameters. Their values for
kinesin-1 are summarized in Table 1. The number of
parameters will in general increase if more complex
descriptions of the force-dependencies are used.

APPENDIX B: THEORETICAL DESCRIPTION
OF THE BINDING PROCESS
In this appendix, we provide a justiﬁcation for our
description of the binding process by a constant binding
rate. Other more complicated approaches have been
discussed in several studies.19,20,35,48 Our approach is
based on the observation that binding and unbinding
proceed along different pathways: whereas unbinding
dominantly occurs from strained conﬁgurations (all
states (2,i) with i > 0), motors mostly bind in a relaxed
conﬁguration, i. e. to state (2,0). Therefore, we describe
binding with a single rate that is independent of the
force.
In the following, we expand on this picture of the
binding process. If the cargo is bound only by one
motor to the ﬁlament, the other motor is in a relaxed,
strain-free conﬁguration. The unbound motor searches
diﬀusively for a binding site. In the case of strong
coupling, it is rather rare that thermal ﬂuctuations
push the motor to a binding site that requires binding
under strain. The dominant binding conﬁguration is
the relaxed conﬁguration (2,0), as assumed in the main
text. For small stiﬀness j, it is more likely that the
motor also binds to diﬀerent states (2,i) in which the
motor is stretched. However, since, in this case, the
coupling strength j is small, the overall induced strain
force that inﬂuences unbinding and stepping is also
small.
To estimate the eﬀect of binding under strain for
intermediate coupling strength, we assume that the
probability distribution of the unbound motor to bind
to state (2,i) is given by the Boltzmann distribution
2
1
Pinit
 N ejðliÞ =2kB T with normalization N ¼
i

P

2

ejðliÞ =2kB T : Then, the average elastic strain force
under which binding
P of the second motor occurs, is
given as hFiinit  i Fi Pinit
i ; with the elastic strain force
Fi ¼ 12 jli: We calculated this quantity. For the kinesin
parameter given in Table 1 and kB T ’ 4:1 pN nm, we
found that its maximal value is very small, 0:15 pN; at
an elastic coupling strength of about 0:17 pN/nm. As a
consequence, the overall effect of binding under strain
is negligible and the restriction that the motor rebinds
only in its relaxed state provides a very good approximation.
i

APPENDIX C: DETAILED CALCULATION
OF 2 AND V2
In the following, we describe the method we use to
calculate the eﬀective unbinding rate 2 and the
velocity v2 of two motors bound to the ﬁlament
simultaneously.5,7 We consider the discrete network of
states depicted in the lower row of Fig. 1. This network
describes the strain force-dependent dynamics of the
motor pair in terms of their stepping and unbinding.
We assume that the two motors start working together
in the state (2,0) in which both motor linkers are
relaxed. The state (2,N) corresponds to a force, which
is equal or large the single motor stall force, such that
the motors are not able to step anymore. The effective
unbinding rate is then determined by the inverse mean
ﬁrst passage time to reach state (C1) provided that the
process has started in state (2,0). The velocity v2 is
determined by the average stepping rate times the
displacement of the cargo per motor step. Technically
speaking, we consider a Markov process on the network shown in Fig. 1 with an absorbing state (C1). In
general, average quantities such as the mean time to
absorption or the average stepping rate can be
obtained from the time-dependent probability distribution for the network. However, a more intuitive and
elegant way to obtain these quantities has been proposed by Hill.28,29 The basic idea is to use the ensemble
average instead of the time average. The ensemble
average is determined using a time-independent probability distribution that is obtained from a modiﬁed
network without the absorbing state: As soon as the
process reaches the absorbing state, it is re-started at
the initial state. A network for such dynamics is
obtained by eliminating the absorbing state and redirecting all transitions directed towards the absorbing
state to the initial state. In this way the original network shown in Fig. 1 is closed to the modiﬁed network
shown in Fig. 8. The probability distribution P2,i for
the closed network is determined from the solution of
the steady state master equation,
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@t P2;0 ¼ ½xs ð2; 0Þ þ xoff ð2; 0ÞP2;0 þ xr ð2; 1ÞP2;1
þ

N
X

xoff ð2; jÞP2;j

ð12Þ

j¼0

@t P2;i ¼ xs ð2; i  1ÞP2;i1  ½xs ð2; iÞ þ xr ð2; iÞ
þ xoff ð2; iÞP2;i þ xr ð2; i þ 1ÞP2;iþ1
@t P2;N

for 0<i<N
¼ xs ð2; N  1ÞP2;N1  ½xr ð2; NÞ
þ xoff ð2; NÞP2;N :

Here P2,i is the probability of being in state (2,i) before
absorption. Together with the normalization condition, this set of equations can be solved with a backward substitution, since P2,N only depends on P2,N-1.
Now, the inverse mean ﬁrst passage time is the rate of
being absorbed, which is given by probability current
into the absorbing state,
2 ¼

N
X

xoff ð2; iÞP2;i :

ð13Þ
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corresponds to state (2,1) as before. The number N of
these states depends on the rest length l0. For example,
if l0 = 0, there is no compression mode and therefore
N = 0 and we recover the case of a linear spring. For
convenience, we choose the rest length l0 to be a multiple of the step size l and therefore N = 2 l0/l.
Otherwise an appropriate rounding function has to be
introduced. We illustrate the system in Fig. 9, in which
the shaded gray areas are associated with the compression modes. Because of the assumed geometry, we
do not distinguish whether motors walk towards each
other or away from each other, compare Fig. 1.
Therefore, we assign to every state ð2; N þ 1Þ . . . ðNÞ
two conﬁgurations that correspond to the two columns
in Fig. 9. The only state with a unique conﬁguration is
the state (N), in which the effective distance is zero.
Accordingly, we adjust the rates for stretching, relaxation and unbinding:
8
i ¼ N
< 2að0Þ
xs ð2; iÞ ¼
ð15Þ
að0Þ N <i  0
:
aðFi Þ 0<i<N;

i¼0

Averaging the stepping rates of both motors, we obtain
the velocity
N
lX
½aðFi Þ þ aðFi ÞP2;i :
v2 ¼
2 i¼0

ð14Þ

APPENDIX D: THEORETICAL DESCRIPTION
OF CABLE-LIKE LINKERS
To be able to describe cable-like linkers within our
detailed model for two coupled motors, we have to
extend the state space of Fig. 1. We add N states with
a negative index, which are associated with the compression mode, i.e. Fi = 0 for all these states. The
choice of a negative index ensures that the state in
which the motors are separated by one step length still


xr ð2; iÞ ¼

xoff ð2; iÞ ¼

að0Þ
aðFi Þ

N <i  0
0<i  N;

N  i  0
21 ð0Þ
1 ðFi Þ þ 1 ðFi Þ 0<i  N:

ð16Þ

ð17Þ

We note that for N = 0, the case that corresponds to
a simple linear spring, we recover the rates speciﬁed in
Eqs. (5)-(7).
In the extended model, there are N + 1 force-free
states, in which the linkers are relaxed. We consider all
of these states as possible initial states and therefore
assume that when on motor is active, the other motor
binds with equal probability w = 1/(N + 1) into any
of these N + 1 force-free states.
With these extensions of the model, the unbinding
rate 2 and the velocity v2 are then determined in the
same way as for the original model described in the
main text.

FIGURE 8. Closed version of the network of network in the lower row shown in Fig. 1 obtained by redirecting all arrows that lead
into the absorbing state back into the initial starting state (2,0).
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FIGURE 9. State space and the corresponding motor configurations. Because of the geometry assumed, all states except for
state (2, 2 N2) have two motor configurations. The areas shaded in gray are associated with the compression mode of the linkers.
When the motors are in this area, no force is built up because their linkers are relaxed.
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