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ABSTRACT The adhesion and engulfment of nanoparticles by

biomembranes is essential for many processes such as biomedical
imaging, drug delivery, nanotoxicity, and viral infection. Many studies
have shown that both surface chemistry, which determines the
adhesive strength of the membraneparticle interactions, and particle
size represent key parameters for these processes. Here, we show that
the asymmetry between the two leaﬂets of a bilayer membrane provides another key parameter for the engulfment of nanoparticles. The asymmetric
membrane prefers to curve in a certain manner as quantitatively described by its spontaneous curvature. We derive two general relationships between
particle size, adhesive strength, and spontaneous curvature that determine the instabilities of (i) the nonadhering or free state and (ii) the completely
engulfed state of the particle. For model membranes such as lipid or polymer bilayers with a uniform composition, the two relationships lead to two critical
particle sizes that determine four distinct engulfment regimes, both for the endocytic and for the exocytic engulfment process. For strong adhesion, the
critical particle sizes are on the order of 10 nm, while they are on the order of 1000 nm for weak or ultraweak adhesion. Our theoretical results are therefore
accessible to both experimental studies and computer simulations of model membranes. In order to address the more complex process of receptormediated endocytosis, we take the adhesion-induced segregation of membrane components into account and consider bound and unbound membrane
segments that diﬀer in their spontaneous curvatures. To model protein coats as formed during clathrin-dependent endocytosis, we focus on the case in
which the bound membrane segments have a large spontaneous curvature compared to the unbound ones. We derive explicit expressions for the
engulfment rate and the uptake of nanoparticles, which both depend on the particle size in a nonmonotonic manner, and provide a quantitative ﬁt to
experimental data for clathrin-dependent endocytosis of gold nanoparticles.
KEYWORDS: nanoparticles . membranes and vesicles . bilayer asymmetry . spontaneous curvature . endo- and exocytic engulfment .
adhesion length . clathrin-dependent endocytosis . stability analysis . free energy minimization

T

he interaction of nanoparticles with
biological and biomimetic membranes plays an important role in
many diﬀerent processes such as biomedical imaging, drug delivery, nanotoxicity, and
viral infection.14 Two important steps of
these processes are the adhesion of the
particles to the membranes and their subsequent engulfment by these membranes,
both steps being governed by the interplay
of particle adhesion and membrane bending.5 Biomimetic model systems consisting
of nanoparticles in contact with lipid610 or
polymer11 vesicles have been used to elucidate the particle adhesion and engulfment
process experimentally. In addition, several
theoretical approaches and computational
methods have been applied to these model
systems: energy minimization,5,1216 Monte
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Carlo simulations,1719 and molecular dynamics simulations.2024 Furthermore, the
cellular uptake of nanoparticles, which
requires particle engulfment as an important substep, has been intensively studied in the context of receptor-mediated
endocytosis, both experimentally25,26 and
theoretically.2730
The engulfment process depends on the
strength of the attractive membraneparticle
interactions, on the bending elasticity of
the membranes, on the particle size, and on
the geometry of the curved membranes.
Experimental studies of several model systems have shown that the adhesive strength
between lipid bilayers and inorganic materials can vary between 105 mN/m for ultraweak adhesion and 1 mN/m for strong
adhesion.3133 This range of adhesive
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Figure 1. Engulfment of nanoparticles by asymmetric membranes: (ac) Molecular mechanisms leading to bilayer
membranes with two diﬀerent leaﬂets: (a) compositional lipid asymmetry between the two leaﬂets of the bilayer; (b)
asymmetric concentration of membrane-anchored molecules with a bulky headgroup such as glycolipids; and (c) asymmetric
adsorption of ions or small molecules. (df) Diﬀerent states of a spherical nanoparticle (gray, NP) in contact with an
asymmetric bilayer (bluered): (d) unbound or free state F ; (e) partially engulfed state P ; and (f) completely engulfed state
C with a narrow membrane neck that connects the adhering and unbound segments of the membrane. The lipid bilayer has a
thickness of about 4 nm in all panels (a)(f). In panels (d)(f), the asymmetry of the bilayer is visualized by two diﬀerent colors
(blue and red) for the two leaﬂets. The nanoparticle has a radius of about 16 nm.

strengths can also be probed via speciﬁc receptor
ligand bonds by varying the surface density of the
ligand molecules on the nanoparticles. An adhesive
strength that is large compared to 1 mN/m may lead
to membrane rupture. The curvature elasticity of a
bilayer membrane depends on its bending rigidity,
with a typical magnitude of about 1019 J, and on
its spontaneous curvature, which describes the asymmetries between the two leaﬂets of the bilayer
membrane.3436
Such asymmetries can arise from a variety of molecular mechanisms; see Figure 1. First, all biological
membranes have a compositional asymmetry,37
and new experimental protocols have been recently
developed3840 by which one can mimic such an
asymmetry in lipid and polymer membranes. A special
case of compositional asymmetry is provided by
membrane-anchored molecules with a bulky headgroup such as the glycolipids schematically shown in
Figure 1b. Asymmetric membranes may also arise from
the adsorption of small molecules that have diﬀerent
concentrations in the two aqueous phases adjacent to
the membranes; see Figure 1c. Very recently, the
corresponding spontaneous curvature has been determined by molecular dynamics simulations.41
In this paper, we ﬁrst develop a systematic theory for
the engulfment of nanoparticles by asymmetric model
membranes such as lipid or polymer bilayers. These
model membranes are taken to have a laterally uniform
composition and, thus, a uniform spontaneous curvature. In addition, we will extend our theory to membranes with intramembrane domains induced by
receptor-mediated adhesion and recruitment of coat
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proteins. In the latter case, the domains are asymmetrically covered by proteins and then aquire a proteininduced spontaneous curvature. Both for uniform
membranes and for membranes with intramembrane domains, we will focus on the dependence of
the engulfment process on the particle size, a key
parameter for the interaction of nanoparticles with
membranes.4,25,26
Even for the relatively simple case of nanoparticles
in contact with uniform membranes, our theory predicts two critical particle sizes, Rfr and Rce, which
separate diﬀerent size regimes characterized by four
distinct engulfment morphologies. When the particle
radius Rpa exceeds the critical size Rfr, the nonadhering or free state (Figure 1d) is unstable and the
membrane starts to spread over the particle surface.
When the particle radius Rpa is smaller than the critical
size Rce, the completely engulfed state (Figure 1f) is
unstable and the narrow membrane neck starts to
open up. In general, the critical size Rfr for the instability of the free state may be larger or smaller than
the critical size Rce for the instability of the completely
engulfed state. Furthermore, we also show that the
critical size Rfr is independent of the spontaneous
curvature of the bilayer membrane, whereas the
critical size Rce depends strongly on this curvature,
even for rather small bilayer asymmetries. The critical
sizes Rfr and Rce also depend on the origin of the
nanoparticles, i.e., on whether the particles originate
from the exterior or interior aqueous solution. In
analogy with the corresponding processes for cell
membranes, we will use the terms “endocytic” and
“exocytic” engulfment for particles that approach the
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In addition, the expression for the particle uptake
provides a quantitative ﬁt to the experimental data of
Chithrani et al.,25,26 who studied the clathrin-dependent
endocytosis of gold nanoparticles.
Our paper is organized as follows. First, we explain
the basic geometry of endocytic and exocytic engulfment and how these two processes are aﬀected by the
sign of the spontaneous curvature. Second, we identify
the relevant parameters of vesicleparticle systems
and show that real systems can be characterized by a
certain adhesion length, which varies in diﬀerent
systems between 10 nm and a couple of micrometers.
We then consider endocytic engulfment by spherical
and oblate vesicles and study the diﬀerent engulfment
regimes as a function of particle size, vesicle size, and
spontaneous curvature. The boundary lines between
these diﬀerent regimes determine the critical particle
sizes, which depend both on the overall vesicle size
and on the spontaneous curvature of the vesicle
membrane. Next, we show that these critical sizes
can be obtained, in a rather general and transparent
manner, if one studies the stability of the free and
completely engulfed states. The corresponding stability analysis leads to two relatively simple relationships
between the particle size, the adhesion length, the
spontaneous curvature, and the curvatures of the local
membrane segments in contact with the free or completely engulfed particles. These two relationships are
then used to derive the critical particle sizes for endocytic engulfment. The corresponding results for
exocytic engulfment are described in the Supporting
Information (SI). We also show how a measurement of
the two critical particle sizes can be used to determine
the adhesion length and the spontaneous curvature.
At the end, we extend our theory to receptor-mediated
adhesion and engulfment and compare our results
with experimental data on clathrin-dependent endocytosis of gold nanoparticles as well as with previous
theoretical studies.
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vesicle membranes from the exterior and interior
solution, respectively.
The two critical particle sizes Rfr and Rce are predicted
to be on the order of 10 nm for strong adhesion and on
the order of 1000 nm for weak or ultraweak adhesion
between the nanoparticles and the lipid bilayer. This
range of sizes is accessible to experimental studies with
inorganic nanoparticles such as silica or glass beads as
well as with organic nanoparticles based on PLGA42 or
other polymers. In addition, the strong adhesion regime can be investigated by molecular dynamics
simulations,2024 whereas the weak adhesion regime
can be studied by Monte Carlo1719 simulations. It
is also interesting to note that the typical sizes of
viruses lie within the same size range between 10
and 1000 nm.
If the particles are smaller than the lower critical size,
they do not adhere to the membrane and remain in
their free, nonadhering state. If the particle size exceeds the upper critical size, the particles are completely engulfed by the membrane. The most interesting
behavior is found for particles with an intermediate
size between the two critical sizes. The intermediate
size regime is characterized by partial engulfment
(Figure 1e) for Rfr < Rce, but exhibits bistability for
Rfr > Rce. In the latter case, both the free (Figure 1d)
and the completely engulfed (Figure 1f) states represent metastable particle states separated by an energy
barrier. For vesicles with a convex shape such as
spherical or oblate vesicles, bistability is favored by
negative spontaneous curvature and by endocytic
engulfment, whereas partial engulfment is favored
by positive spontaneous curvature and by exocytic
engulfment.
In order to address the more complex process of
receptor-mediated endocytosis, we generalize the
instability relationships to nonuniform membranes
arising from the particle-induced segregation of membrane components. The diﬀerent compositions of the
bound membrane segment in contact with the nanoparticle and the unbound mother membrane will, in
general, lead to distinct spontaneous curvatures and
bending rigidities for the two types of membrane
segments. To model a membrane with a protein coat
as in clathrin-dependent endocytosis, we focus on the
case in which the spontaneous curvature mbo of the
bound segment is large compared to the spontaneous
curvature m of the mother membrane. As a result, we
ﬁnd that nanoparticles are completely engulfed if they
have an intermediate size Rpa with Rmin < Rpa < Rmax.
We also derive an equation of motion for the contact
line as it moves from the free to the completely
engulfed state. The solution of this equation leads to
explicit expressions for the size-dependent engulfment rate and for the uptake of nanoparticles by model
membranes. Both the engulfment rate and the particle
uptake are nonmonotonic functions of the particle size.

RESULTS AND DISCUSSION
Endocytic and Exocytic Engulfment of Nanoparticles. The
strong effect of small bilayer asymmetries on the
engulfment of nanoparticles can be understood intuitively if one compares endocytic and exocytic
engulfment as depicted in Figure 2. In this figure,
we see bilayer membranes of closed vesicles that
partition space into two aqueous compartments, an
exterior and an interior one. For endocytic engulfment as depicted in Figure 2a, the particle is initially
located in the exterior compartment and its engulfment leads to a membrane segment that bulges
toward the interior compartment. For exocytic engulfment as in Figure 2b, the particle originates from
the interior compartment and leads to an adhering
membrane segment that bulges toward the exterior
compartment.
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Figure 2. Nanoparticles interacting with lipid vesicles: (a) endocytic and (b) exocytic engulfment of a nanoparticle originating
from the exterior and interior aqueous compartment, respectively. In both (a) and (b), the left subﬁgure displays the initial
contact of the nanoparticle with the vesicle membrane. The bilayer membrane consists of two leaﬂets (blue and red) that can
diﬀer in their molecular composition; compare Figure 1. Note that the bound membrane segment around the particle bulges
toward the inner (blue) leaﬂet in (a) and toward the outer (red) leaﬂet in (b). Therefore, the endocytic and exocytic processes are
facilitated by bilayer asymmetries that lead to negative and positive spontaneous curvatures, m < 0 and m > 0, respectively.

In order to describe these diﬀerences in a quantitative manner, we regard the membrane as a smooth
surface and consider its mean curvature M as deﬁned
by diﬀerential geometry. At any point of such a surface,
the mean curvature is given by M  (1/2)(C1 þ C2),
where the two principal curvatures C1 and C2 represent
the smallest and the largest curvatures of all normal
surface sections through the chosen point.43 It is
important to note that the mean curvature can be
positive or negative. The vesicles in Figure 2a and b are
both convex before they interact with the nanoparticle.
Likewise, after engulfment, all membrane segments of
the two vesicles are still convex apart from (i) the
segments adhering to the nanoparticle and (ii) the
segments that form the narrow membrane necks.
Membrane segments of a convex shape have a positive
mean curvature M > 0. On the other hand, for a
nanoparticle of size Rpa, the adhering membrane segment around the nanoparticle has the negative mean
curvature M = 1/Rpa for endocytic engulfment
(Figure 2a), whereas the corresponding segment for
exocytic engulfment (Figure 2b) has the positive mean
curvature M = þ1/Rpa.
A membrane with spontaneous curvature m tries to
attain a shape for which the mean curvature M is close
to m. Therefore, a positive spontaneous curvature
supports exocytic engulfment as in Figure 2b, for which
the adhering membrane segment has positive mean
curvature, but suppresses endocytic engulfment as in
Figure 2a, for which the adhering membrane segment
has negative mean curvature. Vice versa, a negative
spontaneous curvature supports endocytic and suppresses exocytic engulfment.
Relevant Parameters of VesicleParticle Systems. Our
quantitative results are based on the free energy of the
vesicleparticle systems as described in the Methods
section. This free energy depends on a few geometric
and material parameters: particle size, membrane area,
vesicle volume, bending rigidity and spontaneous curvature of the vesicle membrane, as well as adhesive
strength arising from the molecular interactions between
particle and membrane. We use the membrane area A of
the vesicle to define the vesicle size,
AGUDO-CANALEJO AND LIPOWSKY

Rve 

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A=4π

(1)

and take the bending rigidity κ of the membrane as the
basic energy scale. In the absence of nanoparticles, the
vesicle shape then depends on only two parameters,35
namely, on (i) the spontaneous curvature m, which
describes the asymmetry of the bilayer membrane (see
Figure 1), and on (ii) the volume-to-area ratio (or reduced
volume) as given by
v  3V=4πR3ve

(2)

Note that the dimensionless quantity v satisfies 0 < v e 1,
where the maximal value v = 1 is obtained for a spherical
shape. The volume-to-area ratio is controlled by the
osmotic conditions: the vesicle adjusts its volume in such
a way that the osmotic pressure within the interior
aqueous compartment matches the osmotic pressure
in the exterior aqueous compartment, apart from small
differences on the order κ/Rve3. It is also instructive to
consider the special case of small osmotic pressures for
which the vesicle can freely adjust its volume. Note that,
in the theoretical approach used here, the membrane
tension does not represent an independent parameter
but plays the role of a Lagrange multiplier that is
determined by the geometric and material parameters
just described in order to ensure that the membrane has
a certain prescribed area A;35,36 see SI Text A.
The vesicle membrane is now exposed to nanoparticles that are taken to be spherical with radius Rpa. The
intermolecular interactions between the membrane
and the particles are described by the adhesive
strength |W|, which represents the absolute value of
the adhesion energy per unit area for the particle
bound to the membrane.44 A combination of the
adhesive strength |W| and the bending rigidity κ
deﬁnes the adhesion length,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(3)
RW  2K=jWj
which we will use instead of the parameter |W|.
Depending on the lipid composition of the bilayer
membrane and on the adhesive material, the adhesion
length RW can vary between about 10 nm for strong
adhesion and a few micrometers for ultraweak
VOL. 9

’

NO. 4

’

3704–3720

’

3707

2015
www.acsnano.org

Values for the Adhesion Length RW
adhesion
regime lipid bilayer
strong
strong
intermediate
weak
ultraweak
a

DMPC
eggPC
DMPC
DOPC/DOPG
DOPC/DOPG

adhesive
material
silica
glass
receptorligand
coated glass
glass

κ [1019 J] |W| [mJ/m2] RW [nm]
0.8a
=1
0.8a
0.4e
0.4e

0.51b
0.15c
0.03d
3  104 e
105e

1318
26
73
510
2800

Ref 46. b Ref 33. c Ref 31. d Ref 45. e Ref 32.

adhesion, as illustrated by the examples in Table 1. In
this table, we also included one example for adhesion
mediated by receptorligand bonds as studied in
ref 45, even though the surface density of the receptor
and ligand molecules has not been measured in these
experiments. If the ligands on the nanoparticles have
the surface density Flig and the receptorligand bonds
have a binding free energy |U| that is large compared to
kBT, the contribution of these bonds to the adhesive
strength |W| is given by |U|Flig. The binding free energy
|U| includes both enthalpic and entropic contributions
to the bond formation and, in particular, the losses of
conﬁgurational entropy suﬀered by the receptors and
ligands during the binding process as well as the
entropy gained by the release of “bound” water from
the two binding partners.
Thus, apart from the volume-to-area ratio v of the
vesicle, the vesicleparticle systems are characterized
by four diﬀerent length scales: the vesicle size Rve, the
particle radius Rpa, the adhesion length RW, and the
inverse spontaneous curvature 1/m. The vesicle size
and the particle radius represent geometric parameters, whereas the adhesion length and the spontaneous curvature are material parameters. In a typical
experiment, the material parameters are more diﬃcult
to vary than the geometric parameters. In order to
simplify the following discussion, we will typically
choose the adhesion length RW, which is a material
parameter, as the basic length scale and then measure
the particle size, the vesicle size, and the spontaneous
curvature in units of RW.
As far as the spontaneous curvature is concerned,
we will ﬁrst focus on small bilayer asymmetries in the
sense that the spontaneous curvature m is small
compared to the inverse adhesion length 1/RW. As
shown below, these relatively small values of the spontaneous curvatures already lead to profound changes in
the behavior of the vesicleparticle systems.
Endocytic Engulfment by Spherical and Oblate Vesicles. We
now consider endocytic engulfment by vesicles with a
convex shape as schematically depicted in Figure 2a
and regard the particle size Rpa as our basic control
parameter. Using a variety of theoretical methods, we
studied the parameter regimes for which a nanoparticle in contact with such a vesicle attains a free, partially
engulfed, or completely engulfed state. We found that
AGUDO-CANALEJO AND LIPOWSKY

these parameter regimes can be deduced from the
stability of the free particle state F and the completely
engulfed state C . The corresponding instability lines
define four different engulfment regimes denoted
by F st , P st , C st , and B st as shown in Figure 3 and
Figure 4 for spherical and oblate vesicles. The bistable
regime B st contains the transition line L* at which the
free and the completely engulfed state have the same
free energy. The different engulfment regimes exhibit
characteristic free energy landscapes E(φ) as a function
of the wrapping (or spreading) angle φ, which determines the fraction of the membrane-covered particle
surface and, thus, the contact area between membrane
and particle; see Figures S1 and S2 as well as SI Text A.
For particle radii Rpa that are small compared to the
adhesion length RW, the nanoparticles are free and do
not adhere to the membrane. In the corresponding
engulfment regime F st , the free particle state F is
stable and the completely engulfed state is unstable.
For particle radii Rpa that are large compared to the
adhesion length RW, the particle is completely engulfed
by the membrane and belongs to the engulfment
regime C st , in which the completely engulfed state
C is stable, whereas the free state is unstable. The most
interesting behavior is found for intermediate particle
radii Rpa that are on the order of the adhesion length
RW. For these intermediate sizes, we ﬁnd two diﬀerent
engulfment regimes, B st and P st . The regime B st is
characterized by bistable behavior because both the
free and the completely engulfed states are
(meta)stable and separated by an energy barrier; see
Figure S2df. Finally, in the engulfment regime P st ,
the states F and C are both unstable, which implies
that the particle attains a partially engulfed state P as
in Figure 1e. The deﬁning properties of the four
engulfment regimes are summarized in Table 2.
The boundaries between the four engulfment regimes are provided by the instability lines Lfr and Lce of
the free and completely engulfed state, which depend
on the vesicle size Rve and on the spontaneous curvature m. Indeed, inspection of Figure 3 and Figure 4
shows that negative spontaneous curvatures lead to
the bistable engulfment regime B st for intermediate
particle sizes, whereas positive spontaneous curvatures favor the regime P st with partially engulfed
states. Furthermore, as we increase the vesicle size
Rve, the bistable regime B st shrinks, whereas the
partially engulfed regime P st expands.
Within the latter regime, the contact area between
the membrane and the particle changes in a continuous manner as we vary the particle size Rpa. Thus, in
the regime P st , the contact area increases continuously from a vanishingly small value at the instability
line Lfr up to the total surface area of the particle at the
instability line Lce. In contrast, when we probe the
bistable regime B st , the contact area changes abruptly
or discontinuously as the particle size Rpa is varied.
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Figure 3. Diﬀerent engulfment regimes F st (yellow), C st (blue), B st (white), and P st (white) for the endocytosis of a
nanoparticle with radius Rpa by a spherical vesicle of size Rve. The vesicle has a ﬁxed membrane area and an adjustable
volume. The three panels (ac) correspond to the three values m = 0.05/RW, 0, and þ0.05/RW for the spontaneous
curvature m. The diﬀerent regimes are deﬁned by the two instability lines Lfr and Lce for the free and the completely
engulfed state. The asymptotes of the two instability lines for large Rve are indicated by vertical dotted lines. The bistable
regimes B st contain the transition lines L* (dashed) at which the free and completely engulfed states coexist. For panel (c)
with m = 0.05/RW, the two instability lines Lfr and Lce intersect. Close to the intersection point, the system is “multicritical”
and reacts sensitively to small changes in both particle and vesicle size. The six diamonds (green) in panel (c) correspond to
the free energy landscapes in Figure S2.

Figure 4. Diﬀerent engulfment regimes for the endocytosis of a nanoparticle at the pole of an oblate vesicle with volume-toarea ratio v = 0.98. The three panels (a)(c) correspond to the three values m = 0.05/RW, 0, and þ0.05/RW of the spontaneous
curvature. The two instability lines Lfr and Lce, the transition line L*, and the four engulfment regimes F st , P st , C st , and B st
have the same meaning as in Figure 3. The vertical dotted lines again indicate the asymptotes of the instability lines for large
Rve, with Lfr approaching Rpa/RW = 1 in all three cases. For panel (c), with m = 0.05/RW, the intersection point of the two
instability lines again leads to “multicritical” behavior. The shaded area (grey) close to the x-axes indicates the size regime in
which the vesicle becomes too small to accommodate the completely engulfed particle.
TABLE 2. Four Engulfment Regimes F

st , C st , B st , and P st

As Defined via the (In)Stability of the Free State F
(Figure 1d) and by the (In)Stability of the Completely
Engulfed State C (Figure 1f)
F

state F
state C

st

stable
unstable

C st

B st

P st

unstable
stable

(meta)stable
(meta)stable

unstable
unstable

Indeed, when we enter the bistable regime B st from
the free regime F st by crossing the instability line Lce
in Figure 3 or Figure 4, the membrane will not spread
over the particle surface because the free particle state
is stable up to the transition line L* and remains
metastable between the line L* and the instability line
Lfr; see Figure S2df. Thus, spreading will occur only
when we reach the instability line Lfr, at which the free
state becomes unstable and the energy barrier between the two states vanishes. Likewise, when we
enter the regime B st from the completely engulfed
regime C st by crossing the instability line Lfr, the
completely engulfed state is stable up to the transition
line L* and remains metastable until we reach the
instability line Lce, where the energy barrier for neck
opening vanishes.
AGUDO-CANALEJO AND LIPOWSKY

For the examples shown in Figure 3 and Figure 4,
the engulfment process is discontinuous for all vesicle
sizes if the spontaneous curvature m e 0. For positive
values of m, the engulfment process is still discontinuous for small vesicle sizes Rve but continuous for large
values of Rve. In the latter case, the two instability
lines intersect; see Figure 3c and Figure 4c. Close to
the corresponding intersection points, the system
exhibits “multicritical” behavior in the sense that it
reacts sensitively to small changes in both particle
and vesicle size.
The case with zero spontaneous curvature as illustrated in Figure 3b and Figure 4b turns out to be
special: as indicated in these panels, both instability
lines approach the same asymptotic value Rpa/RW = 1
as the vesicle size Rve becomes large. The latter
behavior can be derived from explicit expressions
for the instability lines Lfr and Lce as described in the
next subsections. In fact, these expressions provide
two relatively simple relationships between the
parameters of the vesicleparticle systems and two
local curvatures of the vesicle membrane. As a
consequence, these relationships allow us to explore
the parameter space of these systems in a global
manner.
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Rpa ¼ Rfr 

1
RW1  Mms

Mms < 1=RW

for

(Lfr , endocytosis)

(4)

and that the membrane segment starts to spread over
the particle if
Rpa > Rfr
Mms < 1=RW

and

(unstable F , endocytosis)

(5)

For strongly curved membrane segments with a positive mean curvature Mms larger than 1/RW, the free
state F is stable for all particle sizes; that is, the critical
particle size Rfr = ¥. The latter situation includes the
limiting case Rpa = ¥, for which the adhesive nanoparticle becomes an adhesive planar surface. Therefore,
such a surface cannot bind small spherical vesicles with
radius Rve = 1/Mms < RW, in agreement with the results
of ref 44.
The vesicle with an adjustable volume (Figure 3) has
a spherical shape, which implies that the segment
curvature Mms has the constant value Mms = 1/Rve.
For the oblate vesicle with ﬁxed volume-to-area ratio
v = 0.98 (Figure 4), the segment curvature Mms at the
pole depends on the spontaneous curvature m and has
to be determined numerically from the shape of the
free oblate vesicle, which is calculated by minimizing
its free energy as described in the Methods section. The
same method has been used to check and validate the
instability criterion in eq 5 for a large number of
diﬀerent parameter values.
The onset of adhesion is related to the behavior of
the free energy landscape E(φ) for small values of
the wrapping angle φ, which is given by E(φ) ≈
E(0) þ (1/2)E00 φ2. As shown in the SI Text A, the second
derivative E00 of the free energy with respect to φ at
φ = 0 is given by
"  
#
Rpa 2
00
E ¼ 4πK 
(6)
þ (1 þ Rpa Mms )2
RW
AGUDO-CANALEJO AND LIPOWSKY

Figure 5. Onset of endocytic engulfment: (a) free state F of
nanoparticle (gray) and asymmetric bilayer (bluered)
compared to (b) partially engulfed state P with a small
contact area. The free state is unstable if the initial spreading of the bilayer membrane onto the particle leads to a
gain in adhesion energy that overcompensates the increase
in the membrane's bending energy. The corresponding
instability criterion in eq 5 involves the mean curvature
Mms of the membrane segment before contact. For the
convex shape shown here, the segment curvature Mms
is positive. In general, this curvature must be larger than
1/Rpa to ensure that membrane and particle do not
intersect each other.
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Instability of Free State and Onset of Endocytic Engulfment.
In order to determine the instability of the free state F ,
we compare the latter state as depicted in Figure 5a to
a partially engulfed state with a small contact area as in
Figure 5b. The convex membrane segment shown in
Figure 5a has a positive mean curvature Mms > 0. The
latter curvature can be negative but must satisfy Mms >
1/Rpa in order to ensure that the membrane does not
intersect the particle before contact. The stability limit
of the free state is obtained from the requirement that
the mean curvature at the attachment point is the
same before and after contact, which implies that the
mean curvature Mms of the membane segment before
contact is equal to the contact mean curvature Mco =
1/RW  1/Rpa; see Methods section. It then follows that
the instability line Lfr of the free state F is described by

This expression can be decomposed into two contributions arising from (i) the bound membrane segment in
contact with the nanoparticle and (ii) the unbound
membrane segment close to the contact line. For Mms
= m, the contribution from the unbound segment
vanishes and E00 becomes equal to the contribution
from the bound segment. The free state F with φ = 0 is
stable and unstable if it represents a minimum and
maximum of the energy landscape with E00 > 0 and
E00 < 0, respectively; see Figure S2. A bit of algebra shows
that the condition E00 e 0 is equivalent to the relationship Rpa g Rfr, as given by eqs 4 and 5, when we take the
two constraints Rpa > 0 and Mms > 1/Rpa into account.
Instability of Completely Engulfed State and Neck Opening.
In the completely engulfed state, the nanoparticle is
fully covered by the membrane, but still connected to
the mother vesicle by a small membrane neck; see
Figure 6a. In the coarse-grained description used here,
the completely engulfed state corresponds to a limit
shape with an ideal neck that is attached to the mother
vesicle in a single contact point. At this contact point,
the unbound membrane segment of the mother ve0
sicle has the mean curvature Mms
, which must satisfy
0
Mms < 1/Rpa in order to ensure that the membrane
does not intersect the particle, whereas the mean
curvature of the membrane segment adhering to the
particle is equal to the contact mean curvature Mco =
1/RW  1/Rpa. For this limit shape, the sum of the two
0
curvatures Mco and Mms
is equal to twice the spontaneous curvature; see the Methods section. As a consequence, the instability line Lce for the completely
engulfed state C is described by
Rpa ¼ Rce 

1
0  (2m  R 1 )
Mms
W

0
Mms
> 2m  1=RW

for

(Lce , endocytosis)

(7)

and the membrane neck starts to open if
Rpa < Rce
0
Mms
>

2m  1=RW

and

(unstable C , endocytosis)

(8)

0
of
Mms

the unbound membrane
If the mean curvature
segment is smaller than 2m  1/RW, the completely
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Figure 6. Opening of membrane neck for endocytic engulfment: (a) completely engulfed state C of nanoparticle (gray)
and asymmetric bilayer (bluered) compared to (b) partially engulfed state P 0 , for which the neck has been opened
up. The completely engulfed state is unstable if the opening
of the neck leads to a decrease in the membrane's bending energy that overcompensates the loss in adhesion energy. The corresponding instability criterion as
0
of
described by eq 8 involves the mean curvature Mms
the weakly curved membrane segment (dotted line)
of the mother vesicle. For a convex segment as shown
0
is positive. In general,
here, the segment curvature Mms
this curvature must be smaller than 1/Rpa to ensure that
the unbound and bound membrane segments do not
intersect each other.

TABLE 3. Critical Particle Sizes for Endocytic Engulfment

As Obtained from eqs 48
range of
spontaneous
curvature m

intermediate
size regime

engulfment
process

0
m > (1/2)(Mms þ Mms
) partial P st continuous
0
m < (1/2)(Mms þ Mms
) bistable B st discontinuous

AGUDO-CANALEJO AND LIPOWSKY

lower
upper
critical size critical size

Rfr
Rce

Rce
Rfr

0
small curvatures Mms and Mms
. More precisely, we
will now assume that these segment curvatures
are small both compared to the inverse particle size
1/Rpa and compared to the inverse adhesion length
1/RW. These requirements are certainly fulﬁlled
for the shapes of large GUVs and for adhesion
lengths R W between about 10 and 500 nm, which
covers the strong and weak adhesion regime; see
Table 1. In addition, the limit of small segment
0
curvatures Mms and Mms
also applies to the membrane segments that are typically studied by molecular dynamics simulations with periodic boundary
conditions.2123,41
0
If we set the segment curvatures Mms and Mms
equal
to zero, we obtain the simple expressions Rfr = RW and
Rce = RW/(1  2mRW) for the critical particle sizes. The
corresponding engulfment regimes are displayed in
Figure 7b. This diagram is universal in the sense that it
does not depend on the vesicle shape, which becomes
irrelevant in the limit of large Rve. Therefore, as we
increase the vesicle size Rve, we approach the engulfment regimes in Figure 7b both for spherical vesicles
with adjustable volume (Figure 3) and for oblate
vesicles with a certain ﬁxed volume-to-area ratio v
(Figure 4). Indeed, comparison of Figure 3a with
Figure 4a, which both apply to negative spontaneous
curvature m = 0.05/RW, shows that the instability lines
Lce and Lfr have the same asymptotic values Rpa /RW =
0.909 and Rpa/RW = 1, corresponding to the vertical
dotted lines in these ﬁgures. These asymptotic values
are indicated in Figure 7b by the two open diamonds
for m = 0.05/RW. Likewise, the other open diamonds
in Figure 7b correspond to the identical asymptotes in
Figure 3b and Figure 4b as well as in Figure 3c and
Figure 4c. The open diamond with the coordinates
Rpa/RW = 1 and m = 0 in Figure 7b is special because
it represents the “multicritical” intersection point of
the two instability lines at which all four engulfment
regimes meet.
The engulfment diagram in Figure 7b is obtained
0
for ﬂat membrane segments with Mms = Mms
= 0. This
diagram undergoes small changes if we consider small
but ﬁnite values of the local membrane curvatures Mms
0
and Mms
as illustrated in Figure 7a and c. These changes
depend primarily on the sign of the curvature sum Mms
0
þ Mms
, which determines the intersection point for the
two instability lines.
Instability Relations and Critical Sizes for Exocytic Engulfment. The instability relations for exocytic engulfment
differ from those for endocytic engulfment because
the expression for the contact mean curvature Mco is
different; see eq 22 in the Methods section. The
modified instability relations lead to changes in the
critical particle radii and the engulfment regimes as
described in the SI Text B. The Supporting Information
also contains (i) Figure S3, which displays the regimes
of exocytic engulfment for weakly curved mother
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engulfed state C is unstable for all particle sizes, i.e.,
Rce = ¥.
The vesicle with an adjustable volume (Figure 3) still
attains a spherical shape after complete engulfment of
the nanoparticle, which implies that the local curvature
2
2 1/2
0
0
Mms
has the constant value Mms
= 1/(Rve
 Rpa
) . For
the oblate vesicle with v = 0.98 (Figure 4), the curvature
0
Mms
of the membrane segment at the pole has to be
determined numerically from the shape of the mother
vesicle, which is again calculated by minimizing its free
energy; see the Methods section. The same method
has been used to check and validate the instability
criterion as given by eq 8 for a large number of diﬀerent
parameter values.
Critical Particle Sizes for Endocytic Engulfment. As illustrated by the examples in Figure 3 and Figure 4, the
critical particle sizes can be deduced from the instability lines Lfr and Lce for the free and completely
engulfed particle states. These two lines intersect for
0
m = (1/2)(Mms þ Mms
) as in Figure 3c and Figure 4c
because the two instability relations Mco = Mms and
0
Mco þ Mms
= 2m become identical in this case. Therefore, depending on the relative size of the spontaneous
0
curvature m and the segment curvatures Mms and Mms
,
the lower and upper critical sizes are equal to the radii
Rfr and Rce; see Table 3.
The expressions for the instability lines and the
critical particle sizes become particularly transparent
in the limit of weakly curved membrane segments with
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Figure 7. Endocytic engulfment of nanoparticles for weakly curved mother membranes: diﬀerent engulfment regimes F st ,
B st , C st , and P st as a function of particle size Rpa and spontaneous curvature m, both measured in units of the adhesion
0
= 0.05/RW; (b) ﬂat segments with vanishing
length RW. (a) Concave membrane segments with negative curvatures Mms = Mms
0
0
= 0; and (c) convex segments with positive curvatures Mms = Mms
= þ0.05/RW. The two instability lines Lfr
curvatures Mms = Mms
and Lce determine the critical particle sizes Rfr and Rce via eqs 4 and 7. The bistable regimes B st contain the transition lines L*
(dashed), at which the free and completely engulfed states coexist. All four engulfment regimes meet at the “multicritical”
0
). The ﬁve open diamonds (red) in panel (b)
intersection points of the two instability lines where m = (1/2)(Mms þ Mms
correspond to the asymptotes of the instability lines Lfr and Lce for ﬁnite vesicle sizes Rve, as indicated by the vertical dotted
lines in Figure 3 and Figure 4.

membranes, and (ii) a detailed comparison between
the latter figure and Figure 7 for the endocytic process.
Experimental and Computational Studies of Critical Particle
Sizes. Inspection of the engulfment diagrams in
Figures 3, 4, and 7 as well as Figure S3 shows that the
critical particle sizes are always on the order of the
adhesion length RW. More precisely, for the relatively
small spontaneous curvatures m studied here, the
nanoparticles probe the intermediate engulfment regimes P st and B st when the particle size varies in the
interval between 0.5RW and 1.5RW. For the intermediate engulfment regime P st , both critical sizes Rfr and
Rce are accessible to experiment as long as we can
distinguish partially from completely engulfed states.
For the ultraweak adhesion regime with an adhesion
length of a few micrometers (Table 1, fifth row), these
different states should be accessible to conventional
optical microscopy. For the strong adhesion regime
with an adhesion length on the order of 1030 nm
(Table 1, first and second row), the partially and
completely engulfed states could be distinguished by
cryoelectron microscopy.2,9
The two critical radii are also accessible to computer
simulations. Indeed, both Monte Carlo1719 and molecular dynamics2024 simulations have been recently
used to study the interactions of nanoparticles with
membranes. Nanoparticles with a radius of up to 50 nm
can be investigated by coarse-grained molecular dynamics, which can thus be utilized to probe the strong
adhesion regime. The weak adhesion regime, on the
other hand, can be elucidated via Monte Carlo simulations, by which one can study much larger particles. In
the simulations, one can even probe the stability of the
free and completely engulfed state directly by applying external forces to the particles.
Now, assume that we observed, in experimental
studies or computer simulations, the engulfment
regime P st for the endocytic process and that we
measured the two critical sizes Rfr and Rce. From the
AGUDO-CANALEJO AND LIPOWSKY

microscopy images or the simulation snapshots, we
would also be able to obtain the two segment curva0
tures Mms and Mms
. We can then use the explicit
expressions for the instability lines to deduce the
adhesion length RW and the spontaneous curvature
m from the critical particle sizes. As a result, we obtain
the relationships
RW ¼

Rfr
1 þ Rfr Mms

(cont endocytosis)

for the adhesion length RW and


1 1
1
0
m ¼

þ Mms þ Mms
2 Rfr Rce

(9)

(cont endocytosis)
(10)

for the spontaneous curvature m.
If the intermediate size regime for the endocytic
process belongs to the bistable regime B st , the experimental observation of the two critical sizes is more
diﬃcult. Indeed, when we add nanoparticles to the
exterior solution, the free state of the particles remains
metastable up to the upper critical size and will then
undergo an abrupt transition, as a function of particle
size, to the completely engulfed state. Thus, for a
bistable intermediate regime, we can still measure
the upper critical size and, thus, the adhesion length
RW but not the lower critical size, which is necessary to
determine the spontaneous curvature. However, if the
endocytic process is discontinuous, the exocytic process is continuous as explained in the SI Text B. Therefore, we can then deduce the material parameters from
the radii as determined from the exocytic process for
the same vesicleparticle system; see eqs S18 and S19.
RECEPTOR-MEDIATED
ENGULFMENT

ADHESION

AND

Particle-Induced Segregation of Membrane Components. In
the previous sections, we considered model membranes with a laterally uniform composition and, thus,
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ligandreceptor bonds to the adhesive strength |W| is
then given by |U|Flig as mentioned previously.
The combined bending and adhesion free energy
of such a nonuniform membrane is equal to the free
energy of a uniform membrane with bending rigidity κ
and spontaneous curvature m provided we replace
the molecular adhesive strength |W| by the eﬀective
adhesive strength
Weff ¼ jWj þ

ARTICLE

a laterally uniform spontaneous curvature m. If the
membrane contains several molecular components,
these components will typically experience different
interactions with the particle surface. As a consequence, the composition of the bound membrane
segment can differ significantly from the composition
of the unbound membrane. One example is provided
by charged particles and oppositely charged lipid
molecules; another example by membrane-anchored
receptors or “stickers” that interact with the particle via
specific receptorligand bonds. Both the oppositely
charged lipids and the receptors will be enriched (or
“recruited”) in the bound segments and depleted in
the unbound segments.47 The actual concentrations in
the two segments are determined by the partitioning
of the receptor molecules between the two membrane
segments, a partitioning that depends on the affinities
or binding free energies of the different components
with the particle surface and on the size of the two
membrane segments. In equilibrium, these concentrations follow from the requirement that each membrane component has the same chemical potential in
the two membrane segments. One major contribution
to these chemical potentials comes from the translational entropy of the membrane components. For
receptor-mediated endocytosis, these dependencies
have been studied in ref 27 using a kinetic model for
the diffusing receptors and in ref 30 based on the
statistical thermodynamics of many interacting receptors and nanoparticles.
Because of their distinct compositions, the two
membrane segments can also diﬀer in their ﬂuid
elastic properties. Thus, we will now consider bound
membrane segments that have a spontaneous curvature mbo and a bending rigidity κbo, while the unbound
membrane is still characterized by the spontaneous
curvature m and the bending rigidity κ. We will again
assume that the spontaneous curvature m is relatively
small but will allow large values for the spontaneous
membrane curvature mbo of the bound membrane
segment in order to model a protein coat as formed in
clathrin-dependent endocytosis. Furthermore, the
membraneparticle interactions involve, in general,
both nonspeciﬁc (hydrophobic, van der Waals, or
electrostatic) and speciﬁc interactions mediated by
membrane-anchored receptors.48 Both types of
molecular interactions will be described by the adhesive strength |W|.
The loss of conformational entropy by the receptorligand bonds can also be included in |W| via the
binding free energy U of each bond. If the binding
enthalpy of a receptorligand bond is |H|, the binding
free energy of the bond can be estimated by |U| = |H| 
kBT ln(Flig/F0),27 where Flig and F0 represent the ligand
density on the particle surface and the concentration
of receptors on the membrane surface before contact
with the particle, respectively. The contribution of the

2K
2Kbo
(1 ( Rpa m)2  2 (1 ( Rpa mbo )2
R2pa
Rpa
(11)

arising from the diﬀerence between the elastic parameters of the unbound and the bound membrane
segment where the plus and minus signs apply to
endo- and exocytosis, respectively. Because of this
parameter mapping, the instability relations for the
nonuniform membrane can be directly obtained from
the previously discussed relations for uniform membranes. In the following, we will again focus on the
endocytic case.
Engulfment Regimes Controlled by Bound Membrane Segment. The instabilities of the free state F and of the
completely engulfed state C are again described by
0
the relationships Mco g Mms and Mco þ Mms
e 2m as
before, but the contact mean curvature Mco now has
the form
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Weff (Rpa )
1
Mco ¼
(endocytosis)
(12)

2K
Rpa
where the notation Weff(Rpa) emphasizes the Rpa dependence of the effective adhesive strength Weff as
given by eq 11. Because Weff depends quadratically on
the particle size Rpa, the instability relations Mco g Mms
0
and Mco þ Mms
e 2m are no longer linear in Rpa. The
instability lines Lfr and Lce again follow from the
0
instability relations Mco = Mms and Mco þ Mms
= 2m.
As in the case of uniform membranes, these two
0
relations are identical for m = (1/2)(Mms þ Mms
), which
implies that the two instability lines Lfr and Lce are also
identical in this case.
We now focus on the case of weakly curved mother
0
membranes for which |Mms| and |Mms
| as well as |m| are
much smaller than 1/Rpa. For the limiting case Mms =
0
Mms
= m = 0, the two instability relations become
identical to Mco = 0 or
"

R2pa jWj
Kbo
(1 þ Rpa mbo )2
þ1 
K
2K

#1=2
¼ 1

(13)

This relation leads to two engulfment regimes, F <
st
and F >
st , in which the free state F is stable and the
completely engulfed state C is unstable; see Figure 8a.
As shown in this ﬁgure, these two regimes are separated by an intermediate regime C st in which the free
state is unstable and the completely engulfed state is
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Figure 8. Engulfment regimes for weakly curved mother membranes as a function of particle radius Rpa and spontaneous
curvature mbo of the bound membrane segment in contact with the nanoparticle. Both quantities are given in units of the
0
^W deﬁned in eq 16. (a) Engulfment regimes for Mms = Mms
= m that apply to both m = 0 and m 6¼ 0:
modiﬁed adhesion length R
>
the regime C st (blue) of completely engulfed particle states is located between the two regimes F <
st and F st (yellow), both of
which exhibit free particle states. For parameter values within the regime C st , the membrane spreads over the whole particle
surface. The two boundary lines Rpa = Rmin(mbo) and Rpa = Rmax(mbo) are given by eqs 14 and 15; (b) small deviations Mms  m
0
0
^W. The two
lead to a “broadening” of the boundary lines as illustrated here for Mms = Mms
= 0 and m = 0.2/R
and/or m  Mms
boundary lines split up into separate instability lines Lfr and Lce, which enclose a narrow boundary regime (white) around the
regime C st . In this example, the boundary regime represents a partial engulfment regime P st .

stable. The boundary lines between the three engulfment regimes are given by
Rpa ¼ Rmin 

1
1
R^W  mbo

for

mbo <þ1=R^W

(14)

and
Rpa ¼ Rmax 

1
1

jmbo j  R^W

for

mbo <1=R^W (15)

with the modiﬁed adhesion length
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R^W  2Kbo =jWj ¼ RW Kbo =K

(16)

It turns out that essentially the same solution applies to
0
= m 6¼ 0, for
the more general case with Mms = Mms
which the two instability relations become identical to
Mco = m. In the latter case, the two boundary lines are
truncated at mbo = (1/R^W)  |m| and mbo = (1/R^W) 
|m|, respectively, reﬂecting the condition that membrane and particle surface are not allowed to intersect
each other but the expressions for Rmin and Rmax as
given by eqs 14 and 15 remain unchanged.
An expansion of the instability relations Mco = Mms
0
and Mco þ Mms
= 2m around the special case Mms =
0
Mms = m leads to correction terms that are propor0
tional to Mms  m and m  Mms
, respectively. If we
take these correction terms into account, the boundary lines Rpa = Rmin and Rpa = Rmax “broaden” and split
up into two separate instability lines, Lfr and Lce, that
enclose a narrow boundary regime around the regime
C st of complete engulfment. This split-up is illustrated
0
in Figure 8b for Mms = Mms
= 0 and m = 0.2/R^W. In
general, such a split-up occurs as soon as Mms þ
0
Mms
6¼ 2m, i.e., as soon as the segment curvatures
do not match the spontaneous curvature of the
mother membrane, and the resulting intermediate
size regime may be a partial engulfment regime
P st and/or a bistable regime B st .
AGUDO-CANALEJO AND LIPOWSKY

Kinetics of Membrane Spreading and Particle Engulfment.
The spreading of the membrane over the particle
surface proceeds via the displacement of the contact
line. As described in the SI Text C, the contact line
experiences two forces, a thermodynamic driving force
and a frictional force. The thermodynamic driving force
is proportional to the gradient dE(φ)/dφ of the free
energy landscape E(φ), where the wrapping angle
φ varies from φ = 0 for the free particle state to φ = π
for the completely engulfed state.
Balancing the thermodynamic driving force with
the frictional force, we obtain the equation of motion
sin(φ)

dφ
1
dE(φ)
¼ 
dt
2πηeff R3pa dφ

(17)

for the wrapping angle φ as a function of time t, which
involves the eﬀective viscosity ηeﬀ. Using this equation
of motion with the initial condition φ(t = 0) = 0
corresponding to the free particle state F , we can
determine the engulfment time tFC that the membrane needs to spread over the whole particle surface
and to attain the completely engulfed state C within
the regime C st in Figure 8. This time follows from the
implicit equation φ(t ¼ tFC ) ¼ π.
As shown in the SI Text C, the gradient dE(φ)/dφ
becomes particularly simple in the limit of small particle
sizes with Rpa , Rve. Indeed, this gradient is then
determined by the contribution from the bound membrane segment alone and can be calculated in closed
form; see eq S31. As a consequence, the wrapping velocity
dφ/dt becomes constant and the implicit equation φ(t ¼
tFC ) ¼ π leads to the size-dependent engulfment rate
ωFC ¼

1

¼

tFC

f (Rpa =R^W )
to

in regime C st

(18)

3
with the time scale to  πηeﬀR^W
/(2κbo) and the dimensionless function
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Figure 9. (a) Size dependence of engulfment rate ωFC in units of 1/to as given by eq 18 for diﬀerent values of the reduced
^Wmbo of the bound membrane segment and (b) size dependence of particle uptake as
spontaneous curvature R = R
measured by Chithrani et al.26 for clathrin-dependent endocytosis of transferrin-coated gold nanoparticles (open circles)
^W = 48.6 nm and mbo = 1/(40.0 nm). The data point for Rpa = 7 nm (black open circle) has not been
ﬁtted by eq 20 with R
included in the ﬁt because, for this size, the clathrin-coated vesicles were observed26 to engulf more than one nanoparticle.
The eﬀective radius of the nanoparticles was increased to Rpa þ 9.3 nm in order to take the size of the transferrin receptor's
ectodomain52 into account.

x 2  (1 þ Rx)2
with
x3
x  Rpa =R^W and R  R^W mbo

f (x) 

(19)

The function f(Rpa/R^W) describes the size dependence of
the engulfment rate as illustrated in Figure 9a. The
numerator x2  (1 þ Rx)2 of f(x) is proportional to dE/dφ.
The eﬀective viscosity ηeﬀ depends on the microviscosity of the bilayer and on the molecular interactions between membrane and particle. Typical values
for the bilayer's microviscosity lie in the range 0.11 Pa s,
which corresponds to 102103 times the viscosity of
water.49,50 Using ηeﬀ = 1 Pa s together with κbo = 1019 J,
the time scale to is equal to about 1.25 ms for R^W = 20 nm
(strong adhesion) and to about 20 ms for R^W = 50 nm
(intermediate adhesion); compare Table 1. These estimates for the time scale to are consistent with both
experimental6 and computational51 studies.
Now, consider a giant vesicle in an aqueous solution
without nanoparticles and let us exchange this solution, at time t = 0, by an aqueous dispersion of such
particles with particle concentration Xpa. The vesicle
membrane will then start to engulf nanoparticles with
the rate ωFC . The corresponding particle uptake by the
vesicle is equal to the number NC of completely
engulfed particles. This number evolves in time according to dNC =dt ¼ NF ωFC , which depends on the
number NF of free particles adjacent to the vesicle
membrane. The latter number is determined by the
bulk concentration Xpa, which will be time independent as long as the number of dispersed particles is
much larger than the number of particles attached to
the membrane. After a certain observation time Δt, we
then obtain the particle uptake
NC (Δt) ¼ NF Δt ωFC ¼ NF

Δt
f (Rpa =R^W )
to

(20)

with the function f(x) as given by eq 19; compare
Figure 9a.
AGUDO-CANALEJO AND LIPOWSKY

Comparison with Clathrin-Dependent Endocytosis. In the
previous subsections, we considered receptormediated adhesion and engulfment for lipid vesicles
with multicomponent membranes containing receptor
or “sticker” molecules. The same processes are also
involved in the uptake of nanoparticles by eukaryotic
cells, which utilize a variety of different endocytic
pathways53,54 including the much studied pathway of
clathrin-dependent endocytosis.5557 The size dependence of the latter process has been elucidated by
Chithrani et al.,25,26 who measured the uptake of gold
nanoparticles by HeLa cells for different particle sizes.
As a result, the cellular uptake was found to depend on
the particle size in a nonmonotonic manner as displayed in Figure 9b for the case of transferrin-coated
gold nanoparticles.26
One generic aspect of clathrin-dependent endocytosis is that the clathrin-coated membrane represents a
strongly asymmetric membrane domain with receptor
ligand binding on its outer (exoplasmic) face and
a thick protein coat consisting of adaptor proteins
such as AP-2 and clathrin triskelions on its inner
(cytoplasmic) face. The associated spontaneous curvature mbo can be estimated from the dimensions of the
clathrin-coated vesicles that are generated by the
endocytic process. For native coats from human
placenta,58 the outer diameter of the coat was found
to vary between 75 and 130 nm, while the enclosed
vesicle had a radius between 18 and 43 nm. Thus, the
spontaneous curvature mbo is expected to have a
value between 1/(18 nm) and 1/(43 nm), where
the negative sign reﬂects the endocytic process; see
Figure 2a. That the membrane prefers to curve in this
manner can be understood from the dense coverage of
the inner (cytoplasmic) face of the cell membrane by
bulky adaptor proteins such as AP-2.
As shown in Figure 9b, the size dependence of the
experimental data for transferrin-coated nanoparticles26
is well ﬁtted by eq 20 with mbo = 1/(40.0 nm),
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coat and the formation of the clathrin-coated vesicle
takes between 30 and 70 s regardless of whether it
contains a virus capsid or not.57 Because these capsids
had a diameter of 26 nm and utilized transferrin
receptors for their association with the cell membrane,
this intrinsic time scale for the coat assembly should
also apply to the clathrin-dependent uptake of gold
particles as studied by Chithrani et al. in refs 25 and 26.
After the clathrin-coated vesicle has been formed, it
pinches oﬀ from the mother membrane by cleavage of
the membrane neck via the GTPase dynamin. This
ﬁssion process takes only a few seconds and is, thus,
much faster than the vesicle formation step, as revealed by ﬂuorescence microscopy.56,57 As a consequence, the observed size dependence of the cellular
uptake should be dominated by the size dependence
of the engulfment process, which corroborates our
estimate based on the engulfment rate ωFC .
Comparison with Previous Theoretical Studies. It is instructive to compare our results with two previous theoretical studies on receptor-mediated endocytosis that
also obtained characteristic particle sizes. First, Gao
et al.27 studied the receptor-mediated engulfment of
nanoparticles in the framework of a kinetic model that
emphasized the lateral diffusion of the membraneanchored receptors. Second, Zhang et al.30 investigated the statistical thermodynamics of many membrane-anchored receptors interacting with many
nanoparticles. Both studies identified two characteristic particle sizes, R1 and R2, that separate three different
size regimes. For small particle sizes, Rpa < R1, a
no-engulfment regime was found in which the bending free energy dominates and prevents the onset of
adhesion. For particle sizes Rpa > R1, a complete
engulfment regime was found. These two regimes
were originally identified by Lipowsky and Döbereiner
in ref 5 with R1 = RW = (2κ/|W|)1/2. In the present study,
these size regimes correspond to the special case of
vanishing spontaneous curvatures m = mbo = 0 and flat
mother membranes; see the dashed horizontal lines in
Figure 7b and Figure 8a corresponding to m = 0 and
mbo = 0, respectively.
One important result of our study is that, in the
presence of even a small bilayer asymmetry generating
a small spontaneous curvature m 6¼ 0, the characteristic
size R1 = RW is replaced by an intermediate size regime
in which the particles either are partially engulfed or
show bistable behavior; see Figure 7b. These intermediate size regimes are bounded by the two critical
particle sizes, Rfr and Rce which emerge from the
“multicritical” point with Rpa = RW and m = 0 in a
continuous manner.
For Rpa > R2, Gao et al.27 and Zhang et al.30 considered receptor and ligand concentrations for which
complete engulfment is suppressed by a shortage of
receptors. Such a constraint has not been included in
our theory. As mentioned in the previous subsection,
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R^W = 48.6 nm, and NF Δt/to = 1.85  103. These values
were obtained using the method of least-squares
applied to the four data points with Rpa =15, 25, 37,
and 50 nm. The data point with Rpa = 7 nm was
excluded from the ﬁt because, for this small size, the
clathrin-coated vesicles were observed26 to engulf
more than one nanoparticle. The eﬀective radius of
the nanoparticles was taken to be Rpa þ 9.3 nm in order
to account for the size of the transferrin receptor's
ectodomain,52 which protrudes from the membrane
by 9.3 nm and, thus, increases the local separation
between the particle surface and the bilayer membrane by this amount.
The deduced value mbo = 1/(40.0 nm) for the coatinduced curvature lies within the range of mbo values
as estimated from the observed dimensions of clathrincoated vesicles. The deduced value R^W = 48.6 nm for
the modiﬁed adhesion length together with the bending rigidity κbo = 1.17  1018 J of clathrin-coated
vesicles59 leads to the adhesive strength |W| = 2κbo/
R^W2 = 0.99 mN/m = 0.24kBT/nm2. On one hand, this
adhesive strength is on the same order of magnitude
as attractive van der Waals interactions between colloidal particles. On the other hand, this |W| value could
also arise from the speciﬁc receptorligand interactions alone. Indeed, the bond between the transferrin receptor and the transferrin molecule has been
estimated, based on atomic force microcopy measurements,60 to be about 20kBT = 8.2  1020 J.
Because the lateral size of a single transferrin receptor
is about 5  10 nm2, a densely packed layer of
transferrin receptors with one molecular bond per
receptor would lead to the adhesive strength |W| =
1.64 mN/m = 0.4kBT/nm2.
The main diﬀerence between clathrin-dependent
endocytosis and the engulfment of nanoparticles by
lipid membranes is the characteristic time scale to.
Indeed, for the simple spreading dynamics described
in the previous subsection, this time scale was estimated to be on the order of milliseconds for lipid
bilayers. In contrast, it takes between 20 and 80 s to
form a clathrin-coated vesicle starting from a nascent
clathrin-coated pit.56,57 One mechanism for this slowdown of the dynamics is provided by diﬀusion-limited
enrichment of the receptor molecules within the contact area between membrane and nanoparticle as
theoretically studied in refs 2730. For relatively low
receptor concentrations and/or for relatively large
nanoparticles, it can indeed take tens of seconds for
a diﬀusing receptor to reach the contact area. However, the clathrin-dependent pathway is used by the
cells even in the absence of ligands or nanoparticles
in order to constitutively internalize and recycle
membrane-bound receptors such as the transferrin
receptor.61,62 Furthermore, a recent ﬂuorescence
microscopy study on the uptake of virus capsids by
feline cells revealed that the assembly of the protein
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CONCLUSIONS
In the main part of this paper, we studied nanoparticles in contact with laterally uniform model membranes and showed that the membranes' spontaneous
curvature m represents a key parameter of these
systems, which leads to two critical radii, Rfr and Rce,
separating four distinct engulfment regimes. For particle sizes below the lower critical radius, the particle is
free and does not bind to the membrane (regime F st ).
For particle sizes above the upper critical radius, the
particle is completely engulfed by the membrane
(regime C st ). For intermediate particle sizes, the particle either is partially engulfed (regime P st ) or exhibits
bistable behavior (regime B st ). The corresponding
engulfment diagrams have been determined for spherical and oblate vesicles as shown in Figure 3 and
Figure 4 as well as for weakly curved membranes
corresponding to the limit of large vesicles; see Figure 7
and Figure S3.
The basis length scale for the engulfment processes
is provided by the adhesion length RW = (2κ/|W|)1/2,
which depends on the bending rigidity κ of the lipid
bilayer and on the adhesive strength |W| of the attractive membraneparticle interactions. In real systems,
the adhesion length can vary between about 10 nm for
strong adhesion and a few micrometers for ultraweak
adhesion; see Table 1. For the relatively small spontaneous curvatures studied here, the nanoparticles
probe the intermediate engulfment regimes P st
and B st when the particle size varies in the interval
between 0.5RW and 1.5RW. As a consequence, the two
critical sizes are located within the same interval.
The engulfment of silica nanoparticles by DOPC
vesicles has been recently studied by cryoelectron
microscopy.9 Complete engulfment was found for all
particle sizes with a radius above 15 nm. Thus, we
conclude that this system belongs to the strong adhesion regime with an adhesion length RW below 15 nm.
AGUDO-CANALEJO AND LIPOWSKY

This conclusion can be directly corroborated by measuring the adhesive strength |W| between DOPC
bilayers and silica.
As explained in the three paragraphs before eq 9,
the two critical sizes will be directly accessible to
experimental observations and computer simulations
if the engulfment process proceeds in a continuous
manner via partially engulfed states. If the endocytic
process is discontinuous, corresponding to a bistable
intermediate regime, the exocytic process will be
continuous for the same vesicleparticle system, as
follows from the “mirror symmetry” of the instability
relations; see SI Text B. Thus, for any vesicleparticle
system, either the endocytic or the exocytic engulfment
process proceeds continuously via partially engulfed
particle states.
From the observed values of the critical radii and the
local membrane curvatures, one can deduce the adhesion length RW and the spontaneous curvature m as
described by eq 9 and eq 10 for continuous endocytosis and by eq S18 and eq S19 for continuous exocytosis. Therefore, the systematic variation of the size of
the nanoparticles provides a possible probe to determine the material parameters of the vesicleparticle
system both experimentally and via simulations. Using
Monte Carlo1719 or molecular dynamics2024 simulations, one can also directly study the bistable regime by
applying external forces that push the particle over the
energy barrier between the free and the completely
engulfed state.
In the last part of the paper, we generalized our
theory to receptor-mediated adhesion and engulfment. To model a protein coat on the membrane as
assembled during clathrin-dependent endocytosis, we
focused on the case in which the spontaneous curvature mbo of the bound membrane segment is large
compared to the spontaneous curvature m of the
mother membrane. For weakly curved mother membranes, we obtain the engulfment regimes shown in
Figure 8. In this case, the complete engulfment regime
C st is “sandwiched” between two regimes F <
st and
F>
with
free
particle
states
and
no
engulfment.
The
st
boundary lines Rpa = Rmin and Rpa = Rmax in Figure 8a
are given by the simple expressions in eqs 14 and 15.
We also derived an equation of motion for the
contact line (eq 17), which describes the spreading of
the membrane from the free to the completely engulfed state. The solution of this equation leads to
explicit expressions for the size-dependent engulfment rate (eq 18) and for the uptake of nanoparticles
(eq 20) by model membranes and vesicles. Both
the engulfment rate ωFC and the particle uptake
NC  ωFC are nonmonotonic functions of the particle
size; see Figure 9. In addition, as demonstrated in
Figure 9b, the expression in eq 20 for the particle
uptake provides a quantitative ﬁt to the experimental data of Chithrani et al.,25,26 who studied the
VOL. 9

’

NO. 4

’

3704–3720

’

ARTICLE

the transferrin receptors are continuously recycled
between the plasma membrane and membranebound organelles even in the absence of nanoparticles
or ligands.61,62 In addition, the number of receptors per
nanoparticle can be relatively small, as observed for the
uptake of virus capsids by feline cells.57 However, we
have found that the particle-induced segregation of
membrane components can lead to two critical particle sizes, Rmin and Rmax, even without any receptor
shortage provided the bound membrane domain
exhibits a large negative spontaneous curvature
mbo < 1/R^W, as shown in Figure 8a. Furthermore, as
illustrated in Figure 8b, the two critical sizes Rmin and
Rmax are again replaced by intermediate size regimes
with partial engulfment or bistable behavior if the sum
0
of the local segment curvatures Mms and Mms
deviates
from twice the spontaneous curvature m of the mother
membrane.
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focused on the behavior of a single nanoparticle in
contact with the membrane. If we expose a vesicle to a
solution of nanoparticles and consider the engulfment
of many nanoparticles by the vesicle membrane, up to
three diﬀerent engulfment morphologies of the nanoparticles can be simultaneously present on the same
vesicle, which then exhibits a characteristic engulfment pattern, as will be described in a subsequent
paper. Our approach based on the stability of the free
and completely engulfed particle states is rather general and can be extended to nonspherical shapes of the
nanoparticles, to deformable particles, to chemically
patterned Janus particles, and to membranes with
diﬀerent intramembrane domains or rafts.

METHODS

been previously applied to budding of uniform membranes63
and to budding of intramembrane domains.64 In this way, we
derived the ideal neck condition

Free Energy of VesicleParticle System. The membrane is treated
as a smooth surface with mean curvature M that varies continuously along the surface. For the well-established spontaneous curvature model,3436 the bending free energy of the
membrane depends on two material parameters, the bending
rigidity κ and the spontaneous curvature m, and has the form
Z
Ebe ¼
dA 2K(M  m)2
(21)
where the integral runs over the whole surface area of the
membrane or vesicle.
The attractive molecular interactions between membrane
and nanoparticle are described by the adhesive strength, W < 0,
which represents the adhesion free energy per unit area.44 The
total adhesion free energy is then given by Ead = |W|Abo where
Abo is the area of the membrane segment bound to the particle.
The total free energy, E = Ebe þ Ead, can be decomposed into a
contribution Ebo from the bound membrane segment and a
second contribution Eun from the unbound segment (or mother
membrane) as described in the SI Text A. The total free energy
was then minimized using the so-called shooting method as
described in ref 35. The same minimization procedure was
previously used to study the adhesion of vesicles to ﬂat
substrate surfaces.44
Mean Curvature along the Contact Line. If a vesicle is in contact
with a spherical nanoparticle of radius Rpa, the bound segment
and the unbound segment of the vesicle membrane are
separated by a contact line. Along this contact line, the principal
curvature C1* of the membrane parallel to the contact line is
given by C*1= -1/Rpa, where the minus and plus signs apply to
endocytic and exocytic engulfment, respectively; compare
Figure 2. The second principal curvature perpendicular to
the contact line follows from mechanical equilibrium along
this line. Minimization of the free energy leads to the value
C*2= (((2|W|/κ)1/2  1/Rpa), where the plus and minus signs
apply to endocytic and exocytic engulfment, respectively. As a
consequence, the contact mean curvature has the form
!
rﬃﬃﬃﬃﬃﬃﬃ
1 
jWj
1

Mco ¼ (C1 þ C2 ) ¼ (

2
2K Rpa
!
1
1
(22)
¼ (

RW Rpa
where the plus and minus signs again apply to endocytic and
exocytic engulfment.
Neck Condition for Completely Engulfed Particle. In order to characterize the membrane neck of a completely engulfed particle,
we considered vesicle shapes with a finite neck size l and
studied the limit of small l. This computational approach has
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0
¼ 2m
Mco þ Mms
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size-dependent uptake of gold nanoparticles by
clathrin-dependent endocytosis.
For engulfment by model membranes with a uniform spontaneous curvature m, we focused on relatively small m values in order to demonstrate that even
small asymmetries between the two leaﬂets of the lipid
bilayer have a strong eﬀect on the engulfment process.
Our instability criteria as given by eq 5 and eq 8 for
endocytic engulfment as well as by eq S15 and eq S17
for exocytic engulfment are, however, quite general
and apply to large values of the spontaneous curvature
as well. In the latter case, the vesicles can attain
relatively complex shapes with small membrane buds
and narrow membrane tubes. For simplicity, we also

(23)

between the contact mean curvature Mco, the segment curva0
ture Mms
of the mother vesicle (Figure 6a), and the spontaneous
curvature m. The same condition can also be obtained, in a
somewhat heuristic manner, from the requirement that the free
energy density of the membrane as given by 2κ(M  m)2 (see
eq 21) is continuous across the neck. The latter requirement
0
leads to (Mco  m)2 = (Mms
 m)2, which is equivalent to eq 23.
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