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ABSTRACT

ARTICLE HISTORY

The adhesion of cell membranes is mediated by the binding of membrane-anchored receptor and
ligand proteins. In this article, we review recent results from simulations and theory that lead to
novel insights on how the binding equilibrium and kinetics of these proteins is affected by the
membranes and by the membrane anchoring and molecular properties of the proteins. Simulations
and theory both indicate that the binding equilibrium constant K2D and the on- and off-rate constants of anchored receptors and ligands in their 2-dimensional (2D) membrane environment
strongly depend on the membrane roughness from thermally excited shape ﬂuctuations on nanoscales. Recent theory corroborated by simulations provides a general relation between K2D and the
binding constant K3D of soluble variants of the receptors and ligands that lack the membrane
anchors and are free to diffuse in 3 dimensions (3D).
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Introduction
Cell adhesion processes and the adhesion of vesicles to
the membranes of cells or organelles depend sensitively
on the binding constant and binding kinetics of the
membrane-anchored receptor and ligand molecules that
mediate adhesion. Since the binding equilibrium constant K2D and the on- and off-rate constants of these
receptor and ligand molecules are difﬁcult to measure in
their natural 2-dimensional (2D) membrane environment, a central question is how they are related to the
binding equilibrium constant K3D and the on- and offrate constants of soluble variants of the receptors and
ligands that lack the membrane anchors and are free to
diffuse in 3 dimensions (3D).1-10 The binding constant
K3D and on- and off-rate constants of these soluble
receptors and ligands can be quantiﬁed with standard
experimental methods.11-13
The binding equilibrium constant K2D of membraneanchored receptor and ligand molecules has units of
area, while the binding constant K3D of soluble variants
of these molecules has units of volume. Bell and coworkers14 therefore suggested the relation K2D D K3D =lc
between the binding constants with a characteristic conﬁnement length lc that balances the different units of
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these constants. However, experimental data for K2D and
K3D of several receptor and ligand pairs lead to values of
the conﬁnement length lc that can differ by orders of
magnitude, depending on whether K2D is determined
with ﬂuorescence methods or with mechanical methods.1
Fluorescence methods15-21 probe the binding equilibrium
of receptors and ligands in equilibrated adhesion zones
of cells and lead to values of lc of the order of nanometers. In contrast, mechanical methods22-31 probe the
binding kinetics of anchored receptors and ligands during initial contacts and typically lead to values of lc
between tens of micrometers and millimeters in cell
adhesion experiments.1
In this article, we review recent results from computational model systems and theory that provide general
and novel insights into the relation between the binding
equilibrium and kinetics of membrane-anchored receptor and ligand molecules in 2D and the binding of soluble variants of these molecules in 3D. A central aspect of
these computational and theoretical results is that the
relation between the binding equilibrium constants K2D
and K3D involves 4 characteristic lengths, rather than a
single conﬁnement length.9 Two of these 4 lengths are
characteristic lengths of the receptor-ligand complex
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that reﬂect variations in the binding site, and how
strongly the local membrane separation at the location of
the complex is constrained by the complex. The remaining 2 lengths are the average separation and relative
roughness of the apposing membranes and, thus, characteristic lengths of the membranes. The relative membrane roughness is the local standard deviation of the
membranes from their average separation due to thermally excited shape ﬂuctuations on nanoscales.
The binding equilibrium constant K2D strongly
depends both on the average membrane separation and
the relative membrane roughness, which helps to understand why mechanical methods that probe the binding
kinetics of membrane-anchored proteins during initial
membrane contacts can lead to values for K2D that are
orders of magnitude smaller than the values obtained from
ﬂuorescence measurements in equilibrated adhesion
zones.9 In equilibrated adhesion zones that are dominated
by a single species of receptors and ligands, the average
membrane separation is close to the preferred average separation for receptor-ligand binding at which K2D is maximal, and the relative membrane roughness is reduced by
receptor-ligand bonds.3,7 During initial membrane contacts, in contrast, both the average membrane separation
and relative membrane roughness are larger, which can
lead to signiﬁcantly smaller values of K2D .

Characteristic lengths of membranes and
membrane-anchored receptors and ligands
A membrane-anchored receptor can only bind to an
apposing membrane-anchored ligand if the local membrane separation l at the site of the receptor and ligand is
within an appropriate range. This local separation l of
the membranes varies – along the membranes, and in
time – because of thermally excited membrane shape
ﬂuctuations. Experiments that probe the binding equilibrium constant K2D or the on- and off-rate constants kon
and koff imply averages in space and time over membrane adhesion regions and measurement durations.
Our recent simulations and theories indicate that these
averages can be expressed as9,10
Z
K2D D K2D .l/P.l/dl
(1)
Z
kon D

kon .l/P.l/dl

(2)

where K2D .l/ and kon .l/ are the binding equilibrium constant and on-rate constant as functions of the local membrane separation l, and P.l/ is the distribution of local
membrane separations that reﬂects the spatial and temporal variations of l. The single-peaked functions K2D .l/
and kon .l/ are maximal at the preferred local separation
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of the receptors and ligands for binding, and have characteristic widths that depend on the anchoring, length,
and ﬂexibility of the receptors and ligands.9,10 The offrate constant follows from Eqs. (1) and (2) as
koff D kon =K2D . Our simulations also show that the distribution P.l/ of the local separation is well approximated by the Gaussian distribution

 pﬃﬃﬃﬃﬃﬃ 
P.l/ ’ exp ¡ .l ¡ l/2 =2ξ 2? = 2pξ ?

(3)

in situations in which the adhesion of 2 apposing membranes, or membrane segments, is mediated by a single
type of receptors and ligands.9,10 Here, l D h l i is the
average separationp
ofﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the membranes or membrane segments, and ξ ? D h .l ¡ l/2 i is the relative roughness
of the membranes. The relative roughness is the standard
deviation of the local membrane separation l, i.e. the
width of the distribution P.l/. The distribution P.l/
describes both the spatial and temporal variations of the
local membrane separation l of 2 apposing membranes,
or membrane segments. Related temporal averages for
the on-rate constant kon and off-rate constant koff at
ﬁxed membrane locations have been employed by Bihr
et al.32
The Eqs. (1) and (3) illustrate 3 characteristic lengths
of the binding constant K2D . These lengths are the width
ξ RL of the single-peaked function K2D .l/, which reﬂects
how strongly the local separation l is constrained by a
receptor-ligand (RL) complex, and the average separation l and relative roughness ξ ? of the membranes. A
fourth characteristic length that affects the relation of the
binding constants K2D and K3D in our theory is the ratio
Vb =Ab of the translational space phase volume Vb of a
bound soluble receptor in 3D and the translational phase
space area Ab of a bound membrane-anchored receptor
in 2D, relative to their ligands (see below). Similarly, 3
characteristic lengths of the on-rate constant kon are the
width ξ TS of the single-peaked function kon .l/, which
reﬂects variations of the local separation l in the transition-state (TS) complex for binding, the average membrane separation l, and the relative membrane roughness
ξ ? , according to Eqs. (2) and (3).
In equilibrated membrane adhesion zones that are
dominated by a single type of receptors and ligands, the
average membrane separation is close to the preferred
average separation of these receptors and ligands for
binding. Our simulations indicate that the relative membrane roughness ξ ? then is determined by the concentration [RL] of the receptor-ligand bonds, which
constrain the membrane shape ﬂuctuations9,33:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ξ ? ’ 0:2 .kB T=keff /= ½RL

(4)
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Here, keff D k1 k2 =.k1 C k2 / is the effective bending rigidity of the 2 apposing membranes with bending rigidities
k1 and k2 , and kB T is the thermal energy, the driving
force of membrane shape ﬂuctuations. For a concentration ½RL ’ 100=mm2 of receptor-ligand bonds and for
typical values of the bending rigidities k1 and k2 of lipid
membranes34,35 and cell membranes36,37 between 20 kB T
and 80 kB T, we obtain estimates for the relative membrane roughness ξ ? between 3 nm and 6 nm from
Eq. (4). For a 4 times larger bond concentration
½RL ’ 400=mm2 , these roughness estimates are
decreased by a factor of 2, according to Eq. (4). For a
4 times smaller bond concentration ½RL ’ 25=mm2 , the
roughness estimates are increased by a factor of 2, compared to the bond concentration ½RL ’ 100=mm2 . The
scaling relation (4) results from the fact that the membrane shape ﬂuctuations
on the relevant lateral length
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
scales up to 1= ½RL, i.e., on length scales of the order
of 10 or 100 nanometers, are dominated by the bending
energy of the membranes. In contrast, the overall shape
of cells on length scales of micrometers is dominated by
the membrane tension and the cell cytoskeleton. The
bending energy dominates over the membrane tension
pﬃﬃﬃﬃﬃﬃﬃﬃs
on length scales smaller than the crossover length k=s ,
which adopts values of 100 or a few 100 nanometers for
typical values of the bending rigidity k and tension s of
cell membranes.36
If the relative membrane roughness ξ ? is much smaller
than the widths ξ RL and ξ TS of the functions K2D .l/ and
kon .l/, the binding of membrane-anchored receptors and
ligands is only weakly affected by ξ ? . Such situations
may occur in focal contacts or adherens junctions, which
consist of clusters of integrin and cadherin complexes,
respectively.4,38-41 In cell adhesion zones of immune cells
and in the equilibrated adhesion zones probed with ﬂuorescence methods,15-21 in contrast, the relative membrane
roughness is likely of the same order or larger than ξ RL
and ξ TS . The computational model systems and theory
described in the next sections indicate that the binding
equilibrium and kinetics of the membrane-anchored
receptors and ligands is then strongly affected both by the
relative membrane roughness ξ ? and the average membrane separation l. If the relative membrane roughness
ξ ? is signiﬁcantly larger than ξ RL and ξ TS , the binding
equilibrium constant K2D and on-rate constant kon are
both inversely proportional to ξ ? at the preferred average
separation for binding.9,10 Together with Eq. (4), these
inverse proportionalities lead to a quadratic dependence
of the bond concentration [RL] and the overall reaction
rate on the concentrations [R] and [L] of unbound membrane-anchored receptors R and ligands L, which reﬂects
the binding cooperativity caused by the membrane roughness on nanoscales.3,7,10

Results from computational model systems of
biomembrane adhesion
We have recently developed 2 computational model
systems to investigate the binding of anchored receptors and ligands in their 2D membrane environment
and the binding of soluble variants of the receptors and
ligands that are fully mobile in 3D.7,9,10 First, we have
developed a coarse-grained molecular model of biomembrane adhesion7,10 (see Fig. 1A). In this model,
lipid molecules consist of 3 hydrophobic head beads
and 2 hydrophobic tails of 4 beads each, and the receptors and ligands are represented as cylindrical rods of
beads, which are either anchored rather rigidly to a
cylindrical transmembrane domain, or more ﬂexibly to
lipid molecules. We have investigated the binding equilibrium and kinetics of both these transmembrane and
lipid-anchored receptors and ligands with molecular
dynamics (MD) simulations, as well as the binding
equilibrium and kinetics of soluble variants of the
receptors and ligands that lack the membrane anchors.
Related coarse-grained molecular models of biomembranes have been previously used to investigate the
self-assembly,42-45 fusion,46-51 and lipid domains52-56 of
membranes as well as the diffusion,57,58 aggregation,59
and curvature generation60,61 of membrane proteins
with MD simulations.
Second, we have developed an elastic-membrane
model of biomembrane adhesion in which the membranes are represented as discretized elastic surfaces, and
the receptors and ligands as anchored rigid or semi-ﬂexible rods that diffuse continuously along the membranes
and rotate around their anchoring points.9 Using Monte
Carlo (MC) simulations, we have determined both the
binding constant K2D of these anchored receptors and
ligands as well as the binding constant K3D of soluble
variants of the receptors and ligands. In previous elasticmembrane models of biomembrane adhesion, determining both K2D and K3D and the molecular characteristics
affecting these binding constants has not been possible
because the receptors and ligands are not explicitly represented as anchored molecules. Instead, the binding of
receptors and ligands has been described implicitly by
interactions that depend on the membrane separation.32,62-69 In other previous elastic-membrane models,
receptors and ligands are described by concentration
ﬁelds rather than individual molecules,70-79 or receptorligand bonds are treated as constraints on the local membrane separation.33,80-83
An important aspect for the binding of membraneanchored receptors and ligands is the ﬂexibility of the
membrane anchoring. In our computational model systems, the anchoring ﬂexibility of unbound membrane-
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Figure 1. (A) Snapshot from a molecular dynamics (MD) simulation of our coarse-grained molecular model of biomembrane adhesion. In
this snapshot, the 2 apposing membranes both have an area of 120 £ 120 nm2 and contain 25 transmembrane receptors and ligands.
(B) Snapshot from a Monte Carlo (MC) simulation of our elastic-membrane model of biomembrane adhesion. The snapshot shows membrane segments of area 200 £ 200 nm2 from simulations with overall membrane area 800 £ 800 nm2 and 200 receptors and ligands of
anchoring strength ka D 4 kB T and length 20 nm.

anchored receptors and ligands can be described by the
harmonic anchoring energy
1
(5)
Vanchor D ka u2a
2
with anchoring strength ka and anchoring angle ua ,
which is the angle between the direction of the receptors
and ligands and the local membrane normal. An anchoring angle of zero thus corresponds to a perpendicular
orientation of the receptors and ligands relative to the
membrane. For our coarse-grained molecular model of
biomembrane adhesion, the effective anchoring strength
ka can be determined by ﬁtting the anchoring-angle distributions of unbound receptors and ligands observed in
the MD simulations, which leads to the values ka ’ 2:5
kB T for our lipid-anchored receptors and ligands and
ka ’ 23 kB T for our transmembrane receptors and
ligands.10 In our elastic-membrane model of biomembrane adhesion, the anchoring energy (5) of receptors
and ligands is part of the overall conﬁgurational energy
of the model, and the anchoring strength ka thus can be
‘set’ as a parameter. We have performed MC simulations
with the 3 values ka D 4, 8 and 16 kB T.
The Figures 2 and 3 illustrate MC results for the binding constant of membrane-anchored receptors and
ligands from 2 different simulation scenarios.9 In the ﬁrst

scenario, the 2 apposing membranes are parallel and planar (see Fig. 2A). The local separation l of the membranes is then identical at all membrane sites and, thus,
identical to the average separation l of the membranes.
By varying the membrane separation l in this scenario,
we obtain the binding constant K2D as a function of the
local membrane separation l from MC simulations in
which the receptors and ligands diffuse along the planar
membranes and rotate at their anchor points. In the second scenario, the 2 apposing membranes are ﬂexible,
and the local membrane separation l varies because of
thermally excited shape ﬂuctuations of the membranes
(see Fig. 3A). These variations can be quantiﬁed by the
relative roughness ξ ? of the membranes, which is the
standard deviation of the local separation. In this scenario, the membranes are ‘free to choose’ an optimal
average separation l0 at which the overall free energy is
minimal, and we obtain K2D as a function of the membrane roughness ξ ? at the average membrane separation
l D l0 from MC simulations that differ in the numbers of
receptors and ligands, and in the membrane tension. In
both MC simulations scenarios, the binding constant of
the membrane-anchored receptors and ligands is
obtained as K2D D ½RL2D =½R2D ½L2D from the average
area concentrations ½RL2D , ½RL2D , and ½L2D of the
bound receptor-ligand complexes, unbound receptors,
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Figure 2. (A) Snapshot from a MC simulation with parallel and
planar membranes. (B) and (C) Ratio K2D =K3D of the binding constants of membrane-anchored and soluble receptors and ligands
versus local membrane separation l for different anchoring
strengths ka and complex lengths L0 of the receptors and ligands
of our elastic-membrane model of biomembrane adhesion. The
data points represent MC data, and the lines theoretical results
based on Eqs. (7) and (8). The binding constant K3D of soluble
variants of the receptors and ligand is determined by the binding
potential of the receptors and ligands and does not depend on
the complex length L0 .

and unbound ligands observed in the simulations. The
binding constant of soluble variants of the receptors and
ligands can be obtained as K3D D ½RL3D =½R3D ½L3D from
the volume concentrations of the receptors and ligands
observed in MC simulations. The binding constant K3D
is determined by the binding potential of our model, and
does not depend on the length of the complexes.9
As a function of the local separation l, the binding
constant K2D .l/ is maximal at a local membrane separation l0 that is slightly smaller than the length L0 of the
receptor-ligand complexes, and is asymmetric with
respect to l0 (see Fig. 2B and C). This asymmetry reﬂects

Figure 3. (A) Snapshot from a MC simulation with ﬂuctuating
membranes. (B) and (C) Ratio K2D =K3D of the binding constants
of membrane-anchored and soluble receptors and ligands vs. relative membrane roughness ξ ? of 2 equilibrated ﬂuctuating
membranes with preferred average separation for different
anchoring strengths ka and complex lengths L0 of the receptors
and ligands. The data points represent MC data, and the lines
represent theoretical results based on Eqs. (1), (7), and (8).

that the receptor-ligand complexes can tilt at local separations l smaller than l0 , but need to stretch at local separations larger than l0 . The maximum of the function
K2D .l/ decreases with increasing length L0 of the rigid
receptor-ligand complexes (see Fig. 2B), and strongly
increases with increasing anchoring strength ka of the
receptors and ligands (see Fig. 2C). The width of the
function K2D .l/ increases with decreasing anchoring
strength ka . These features of the function K2D .l/ can be
understood from our general theory presented in the
next section, which agrees with the MC data without any
ﬁt parameters (see full lines in Fig. 2).
The MC data in Fig. 3 and the corresponding MD
data of Fig. 4 illustrate that the binding constant K2D
of receptors and ligands anchored to ﬂuctuating
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Figure 4. Ratio K2D =K3D of the binding constants of membrane-anchored and soluble receptors and ligands versus relative membrane
roughness ξ ? at the preferred average separation for (A) transmembrane and (B) lipid-anchored receptors and ligands of our coarsegrained molecular model of biomembrane adhesion. The MD data points result from a variety of membrane systems. In these systems,
the area of the 2 apposing membranes ranges from 14 £ 14 nm2 to 120 £ 120 nm2, and the number of receptors (R) and ligands (L)
varies between 1 and 25 (see ﬁgure legends). For membrane systems with several receptors and ligands, we obtain multiple data points
for states that differ in the number of bound receptor-ligand complexes.7,10 The red data points in (b) result from simulations with conﬁning membrane potentials that restrict membrane shape ﬂuctuations. In experiments, such a situation occurs for membranes bound
to apposing surfaces as, e.g., in the surface force apparatus.84,85 The full line in (A) represents a ﬁt to Eq. (11) for the average membrane
separation l D l0 with ﬁt parameter ~c2D D 2:6 § 0:2. We ﬁt to Eq. (11) because the characteristic length ξ RL of our transmembrane receptors and ligands is about 0.38 nm and thus smaller than the values of the relative membrane roughness of all membrane systems in (a).
The full line in (b) results from a ﬁt based on Eqs. (1), (7), and (8) with ﬁt parameters c2D D 420 § 40 nm2, L0 D 10:35 § 0:05 nm, and
kRL D 6:0 § 1:0 kB T=nm2 for the anchoring strength ka ’ 2:5 kB T of lipid-anchored receptors and ligands obtained from the anchoring-angle distributions of the unbound receptors and ligands.

membranes decreases with increasing relative membrane roughness ξ ? at the optimal average membrane
separation l0 for binding. In Fig. 3, the ratio K2D =K3D of
the binding constant, the inverse ‘conﬁnement length’,
varies between 0.2 and 10 nm¡1, depending on the relative roughness ξ ? of the membranes and on the
anchoring strength and length of the receptors and
ligands.
In Fig. 4, the values of K2D =K3D range from 0.5 to
5 nm¡1, depending on the relative membrane roughness
ξ ? and on whether the receptors and ligands have a
transmembrane anchor or a lipid anchor. The MD data
points in Fig. 4 result from a variety of membrane systems that differ in membrane area, in the number of
receptors and ligands, or in the membrane potential.10
The roughness depends on the area Lx £Ly of the membranes in the MD simulations because the periodic
boundaries of the simulation box suppress membrane
shape ﬂuctuations with wavelength larger than Lx =2p
where Lx D Ly is the linear membrane size. In membrane
systems with several anchored receptors and ligands, the
roughness is affected by the number of receptor-ligand
bonds because the bonds constrain the membrane shape
ﬂuctuations. For the small numbers of receptors and
ligands in our MD simulations, the binding constants
can be determined from the times spent in bound and
unbound states.7,10
The binding kinetics of the transmembrane and lipidanchored receptors and ligands of our coarse-grained

molecular model of biomembrane adhesion can be determined from the frequencies of binding and unbinding
events observed in MD simulations.7 The binding potential is identical for both types of receptors and ligands
and has no barrier to ensure an efﬁcient sampling of
binding and unbinding events of receptors and ligands
in our simulations. The kinetics of these events is then
strongly enhanced compared with protein binding events
in experiments.19-21,30,86 However, this rate enhancement
does not affect our main results, which concern the
dependence of the rate constants and equilibrium constant on the membrane separation and roughness. At the
preferred average separation l0 for binding, the 2D onrates of the anchored receptors and ligands decrease with
the relative membrane roughness, while the 2D off-rates
increase with the relative roughness.7,10 For our transmembrane receptors and ligands, the 2D off-rate kof f
increases from about 90/ms to about 140/ms with an
increase of the relative membrane roughness from
0.5 nm to 1.8 nm for the membrane systems of Fig. 4A.
For our lipid-anchored receptors and ligands, the 2D offrate kof f increases from about 245/ms to about 290/ms
with an increase of the relative membrane roughness
from 0.2 nm to 1.7 nm for the membrane systems of
Fig. 4B. The 3D off-rate of soluble variants of these
receptors and ligands with the same binding potential is
koff ’ 400=ms. This 3D off-rate is slightly larger than the
off-rates of the lipid-anchored receptors and ligands, and
about 3 to 5 times larger than the off-rates of the
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transmembrane receptors and ligands at the preferred
average separation for binding. These results appear to
indicate that the 2D off-rates of the receptors and ligands
in our coarse-grained molecular model are smaller than
the 3D off-rate due to constraints on the rotational
motion from membrane anchoring, which are more pronounced for our transmembrane receptors and ligands.
2D off-rates that are slightly smaller than 3D off-rates
have also been observed for the binding of T-cell receptors to MHC-peptides in experiments in which the T-cell
cytoskeleton is disrupted.19 In experiments with intact
T-cell cytoskeleton, the 2D off-rates are affected by ATPdriven cytoskeletal forces exerted on TCR-MHC-peptide
complexes.19,21,30,31,87

General theory for the binding equilibrium and
kinetics of membrane-anchored receptors and
ligands
We have derived a general theory for the binding equilibrium and kinetics of membrane-anchored receptors and
ligands that agrees with the results from our computational model systems. In this theory, the binding constants K2D and K3D of membrane-anchored and soluble
receptors and ligands can be calculated from the translational and rotational free-energy change upon binding.
As a function of the local membrane separation l, the
binding constant K2D has the general form9
pﬃﬃﬃﬃﬃﬃ
Ab VRL .l/
K2D .l/ ’ 8pK3D
Vb VR VL

(6)

in this theory. Here, VR , VL , and VRL .l/ are the rotational
phase space volumes of the unbound receptors R,
unbound ligands L, and bound receptor-ligand complex
RL relative to the membranes, and Ab and Vb are the
translational phase space area and translational phase
space volume of the bound ligand relative to the receptor
in 2D and 3D. The ratio Vb =Ab in Eq. (6) represents a
characteristic length for the binding interface of the receptor-ligand complex and can be estimated as the standard
deviation of the binding-site distance in the direction of
the complex.9 The rotational phase space volumes of the
unbound receptors and ligands can be calculated

R p=2

as VR D VL D 2p 0 exp½ ¡ 12ka u2a =kB Tsin ua dua . The
remaining, theoretically ‘challenging’ term in Eq. (6) is the
rotational phase space volume VRL .l/ of the bound complex, which determines the shape of the function K2D .l/.
We have found that the rotational phase space volume
VRL .l/ of the bound receptor-ligand complex can be calculated from an effective conﬁgurational energy HRL of
the bound receptor-ligand complex. In our

computational model systems, the binding angles and
binding angle variations of the rigid, rod-like receptor
and ligand molecules are small compared to their
anchoring-angle variations. A receptor and ligand then
have an approximately collinear orientation in the complex, and approximately equal anchoring angles ua . The
effective conﬁgurational energy is then9
1
HRL .l; ua / ’ ka u2a C kRL .l=cos ua ¡ L0 /2
2

(7)

The ﬁrst term of this effective energy is the sum of the
anchoring energies (5) for the receptor and ligand in the
complex, and the second term is a harmonic approximation for variations in the length LRL of the receptorligand complex, i.e. in the distance between the 2 anchoring points of the complex. For parallel membranes with
separation l and approximately identical anchoring
angles ua of the RL complex in these membranes, the
length of the complex, i.e., the distance between the 2
anchoring points in the membranes, is LRL ’ l=cos ua .
With the effective conﬁgurational energy (7), the rotational phase space volume of the bound complex can be

R p=2

calculated as VRL ’ 2p
which leads to

0

exp½ ¡ Hef =kB Tsin ua dua ,

R p=2

(8)
K2D .l/ D 2pc2D 0 e ¡ HRL .l; ua /=kB T sin ua dua
pﬃﬃﬃﬃﬃﬃ
with c2D D 8pK3D Ab =.Vb VR VL /.
The theoretical result for K2D .l/ of Eq. (8) agrees with
MC data for our elastic-membrane model of biomembrane adhesion without any ﬁt parameters (see lines in
Fig. 2). For our elastic-membrane model, the effective
spring constant kRL and preferred length L0 of the receptor-ligand complex in the effective conﬁgurational
energy (7) can be calculated from the standard deviations
of the binding angle and binding-site distance and from
the lengths of the receptors and ligands.9 By combining
the Eqs. (1), (3), and (8), we obtain general results for
the binding constant K2D of receptors and ligands
anchored to ﬂuctuating membranes that agree with MC
data without ﬁt parameters (see lines in Fig. 3). Our general theory for the binding constant K2D thus captures
the essential features of the ‘dimensionality reduction’
from 3D to 2D due to membrane anchoring.
In analogy to Eq. (7) for the bound receptor-ligand
complex, we have postulated the effective conﬁgurational
energy10
1
HTS .l; ua / ’ ka u2a C kTS .l=cos ua ¡ LTS /2
2

(9)

for the transition-state complex of the binding reaction
of membrane-anchored receptors and ligands, with the
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same anchoring strength ka as in Eq. (7). This effective
conﬁgurational energy reﬂects that a receptor and ligand
molecule can only bind at appropriate relative orientations and separations. The effective spring constant kTS
for the length variations of the transition-state complex
is smaller than the corresponding spring constant kRL of
the RL complex, because the variations in the bindingsite distance and binding angle, which affect the effective
spring constants, are larger in the transition state.10 The
preferred effective length LTS of the transition-state complex, in contrast, is in general close to the preferred
length L0 of the bound RL complex. In analogy to
Eq. (8), the on-rate constant is
kon .l/ ’ 2pcon

R p=2
0

e ¡ HTS .l; ua /=kB T sin ua dua

(10)

for a given separation l of the planar and parallel membranes. The integration over the angle ua in Eq. (10) can
be interpreted as an integration over the transition-state
ensemble of the binding reaction. The on-rate constant
kon of receptors and ligands anchored to ﬂuctuating
membranes can then be obtained from an average over
the local membrane separation l (see Eq. (2)). This average over local separations for the on-rate constant kon
relies on characteristic timescales for membrane ﬂuctuations that are signiﬁcantly smaller than the timescales for
the diffusion of the anchored molecules on the relevant
length scales.10,32 In contrast, the average in Eq. (1) for
the binding constant K2D is independent of these timescales because K2D is an equilibrium quantity that does
not depend on dynamic aspects.
The effective conﬁgurational energies (7) and (9)
describe the bound complex and the transition-state
complex of membrane-anchored receptors and ligands
as effective harmonic springs that can tilt. In contrast,
classical theories describe these complexes as simple
harmonic springs.32,88,89 As functions of the local
membrane separation l, the binding equilibrium constant K2D .l/ and on-rate constant kon .l/ then have a
symmetric, Gaussian shape in this classical theory (see
Appendix). However, the MC data of Fig. 2 illustrate
that the function K2D .l/ is clearly asymmetric, in agreement with Eq. (8) of our theory. In Fig. 5, both our theory (full lines) and the classical theory (dashed lines)
are compared to data from MD simulations.10 In these
simulations of our smallest model system with membrane area 14£14 nm2 and a single lipid-anchored
receptor and ligand, the average separation l of the
membranes is varied by varying the number of water
beads between the membranes. The relative membrane
roughness in this system is determined by the

Figure 5. (A) Ratio K2D =K3D of the binding constants of lipidanchored and soluble receptors and ligands and (B) on-rate constant kon of lipid-anchored receptors and ligands vs. average
membrane separation l of 2 membranes with area 14 £ 14 nm2
and a single lipid-anchored receptor and ligand in our coarsegrained molecular model. The relative membrane roughness is
determined by the membrane area in this system and attains the
value ξ ? D 0:54 § 0:01 nm. The data points result from MD simulations. The full lines in (A) result from a ﬁt of our general theoretical results for K2D =K3D from Eqs. (1), (7), and (8) with ﬁt
parameters c2D D 480 § 20 nm2, L0 D 10:64 § 0:02 nm, and
kRL D 7:2 § 0:7 kB T=nm2 for the anchoring strength ka ’ 2:5
kB T of our lipid-anchored receptors and ligands. The full lines in
(b) result from a ﬁt of our general theoretical results for kon from
Eqs. (9), (10), and (2) with ﬁt parameters con D 77 § 4 mm2 =s,
LTS D 10:63 § 0:02 nm, and kTS D 1:5 § 0:2 kB T=nm2 . The
dashed lines represent ﬁts to Eqs. (17) and (18) obtained for the
max
D 146 § 9
classical Gaussian theory with ﬁt parameters (a) K2D
nm2, lK D 9:36 § 0:06 nm, and ξ K D 1:08 § 0:04 nm and (b)
mm2 =s,
lk D 9:35 § 0:05
nm,
and
kmax
on D 42:1 § 1:4
ξ k D 1:41 § 0:05 nm.

membrane area and attains the value ξ ? ’ 0:54 nm.
Our theoretical results (full lines) are in good agreement
with the MD data. The results for the classical theory
(dashed lines) deviate from the data because they do
not reﬂect the asymmetry of K2D and kon as functions of
the average membrane separation l, which results from
the asymmetry of K2D .l/ and kon .l/.
For a relative membrane roughness ξ ? that is much
larger than the widths ξ RL and ξ TS of the functions
K2D .l/ and kon .l/, the distribution P.l/ of local
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membrane separations l is nearly constant over the range
of local separations l for which K2D .l/ and kon .l/ are not
negligibly small. The Eqs. (1) and (2) of our theory then
simplify to 9,10


c»2D K3D
.l ¡ l0 /2
K2D ’
exp ¡
ξ?
2ξ 2?

(11)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
2pkB TKRL V b and
with c»2D D ka Ab =


c»on
.l ¡ lTS /2
exp ¡
kon ’
ξ?
2ξ 2?

(12)

pﬃﬃﬃﬃﬃﬃﬃ
with ~con D con p.kB T/3=2 =.ka kTS / for a Gaussian distribution P.l/ of the local membrane separation l (see
Eq. (3)). Here, l0 and lTS are the preferred average separations for large roughnesses. For such large roughnesses,
the dependence of K2D and kon on the average separation
l is dominated by the shape of the distribution P.l/, and
the asymmetry of K2D .l/ and kon .l/ are ‘averaged out’ in
Eqs. (1) and (2). At the preferred average separations for
binding, i.e. at the average separations for which the
Gaussian functions in Eqs. (11) and (12) are maximal,
the binding constant K2D and on-rate constant kon are
inversely proportional to the relative membrane roughness ξ ? .
In our theory, the widths ξ RL and ξ TS of the functions
K2D .l/ and kon .l/ depends on the anchoring strength ka
of the receptors and ligands, and the preferred lengths
and effective spring constants of the bound complex and
the transition-state complex9,10:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ξ RL ’ .kB T=kRL / C .kB TL0 =2ka /2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ξ TS ’ .kB T=kTS / C .kB TLTS =2ka /2

(13)
(14)

For the lipid-anchored receptors and ligands of our
coarse-grained molecular model, these widths are
ξ RL ’ 2:1 nm and ξ TS ’ 2:2 nm. For the transmembrane
receptors and ligands, we have ξ RL ’ 0:38 nm and
ξ TS ’ 0:8 nm. For the receptors and ligands of our elastic-membrane model, the width ξ RL of the function
K2D .l/ ranges between 1:3 nm and 5:0 nm, depending on
the anchoring strength ka and complex length L0 of the
receptors and ligands. For receptor-ligand complexes of
length L0 D 40:3 nm, we have ξ RL ’ 5:0 nm, 2:5 nm, and
1:3 nm for the anchoring strengths ka D 4 kB T, 8 kB T,
and 16 kB T. For receptors and ligands with anchoring
strength ka D 8 kB T, we have ξ RL ’ 1:3 nm, 2:5 nm, and
3:8 nm for the complex lengths L0 D 20:4 nm, 40:3 nm,
and 60:3 nm.

Conclusions and outlook
The computational model systems and theories reviewed
in this article indicate that the relative roughness ξ ? of 2
adhering membranes plays an important role for the
binding of membrane-anchored receptors and ligands.
For concentrations [RL] of receptor-ligand bonds
around 100=mm2 , the relative membrane roughness ξ ?
obtained from Eq. (4) is of the same magnitude or larger
than the characteristic lengths ξ RL and ξ TS of the receptors and the ligands in our computational model systems, which reﬂect how strongly the local separation of
the membranes is constrained by the receptor-ligand
and transition-state complexes. The binding constant
K2D and on-rate constant kon of the receptors and ligands
then decreases with increasing relative membrane roughness ξ ? in equilibrated membrane adhesion zones in
which the average separation l of the membranes is close
to the preferred average separation l0 of the receptors
and ligands for binding.
In the next years, experimental model systems of biomembrane adhesion may conﬁrm the effect of the relative membrane roughness ξ ? on the binding constant
K2D of membrane-anchored receptors and ligands. In
such model systems, the adhesion of reconstituted
membranes is mediated by anchored adhesion proteins,68,90-100 by anchored saccharides,101,102 or by
anchored DNA.103-106 The roughness-dependence of K2D
can be conﬁrmed by demonstrating that K2D increases
with the concentration [RL] of bound receptor-ligand
complexes, because the relative membrane roughness
ξ ? decreases with increasing bond concentration [RL].
Measuring the relative membrane roughness requires a
spatial resolution in the nanometer range both in the
directions parallel and perpendicular to the membranes,
which is beyond the scope of current optical methods
used to probe membrane shape ﬂuctuations.107,108 However, the relative membrane roughness can be measured
in neutron scattering experiments on stacks of oriented
membranes that interact via anchored molecules.102
Our general theories for the binding constant K2D and
binding kinetics of membrane-anchored molecules
reviewed in this article are in good agreement with simulation data for our computational model systems. These
theories identify characteristic properties of the receptor
and ligand molecules and of the apposing membranes
that determine the binding equilibrium and kinetics. In
the general Eqs. (1) and (2), the molecular properties of
the receptors and ligands, including their membrane
anchoring, are reﬂected in the functions K2D .l/ and
kon .l/, and the properties of the membranes are reﬂected
in the distribution P.l/ of the local membrane separation
l. The distribution P.l/ has the Gaussian shape (3) with
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the average membrane separation l and relative membrane roughness ξ ? as characteristic lengths if the adhesion is dominated by a single type of receptors and
ligands.9,10 In our detailed theories for K2D .l/ and kon .l/
reviewed in Section IV, the receptor-ligand complex and
the transition-complex are described as elastic springs
that can tilt, which results in asymmetric, non-Gaussian
functions K2D .l/ for kon .l/. Our theoretical results for the
ratio of the binding constants K2D and K3D of membraneanchored and soluble receptors and ligands agree with
MC data without any ﬁt parameters (see Figs. 2 and 3),
which indicates that our theory captures the essential features of the ‘dimensionality reduction’ from 3D to 2D due
to membrane anchoring, for both planar and ﬂuctuating
membranes. Other theories concern the binding of receptors and ligands anchored to essentially planar membranes,4,8 the binding of DNA immobilized on apposing
nanoparticle surfaces,109,110 or the binding of ﬂexible
receptor and ligand polymers.111-114
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Appendix: Gaussian theory for membraneanchored receptors and ligands
In classical theories,32,88,89 the effective conﬁgurational energies
HRL and HTS of membrane-anchored receptor-ligand and transition-state complexes depend only on the membrane
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separation l. In harmonic approximation, such effective conﬁgurational energies lead to Gaussian functions
max
exp½ ¡ .l ¡ lK /2 =2ξ 2K 
K2D .l/ D K2D

(15)

2
2
kon .l/ D kmax
on exp½ ¡ .l ¡ lk / =2ξ k 

(16)

Here, ξ K and ξ k are the widths of the functions K2D .l/
and kon .l/. For a Gaussian distribution P.l/ of the local
membrane separation as in Eq. (3), the averages over all
local separation l in Eqs. (1) and (2) can be calculated
explicitly, which leads to


max
K2D
ξK
.l ¡ lK /2
K2D D qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp ¡
2.ξ 2? C ξ 2K /
ξ 2? C ξ 2K


kmax
.l ¡ lk /2
on ξ k
kon D qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp ¡
2.ξ 2? C ξ 2k /
ξ 2? C ξ 2k

(17)

(18)

From these 2 equations, we obtain the off-rate constant


.l ¡ lK /2
.l ¡ lk /2
koff ’ kmin
¡
(19)
exp
off
2.ξ 2? C ξ 2K / 2.ξ 2? C ξ 2k /
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
max
max
D
.k
ξ
=K
ξ
/
.ξ 2? C ξ 2K /=.ξ 2? C ξ 2k /.
with
kmin
K
off
on k
Related expressions for averages at ﬁxed membrane locations in the special case ξ k D ξ K have been derived by
Bihr et al.32
The dependence of the off-rate constant kof f on the average
membrane separation l can be understood from the ﬁrst and
second derivative of kof f with respect to l. The ﬁrst derivative
d kof f =d l vanishes at the average membrane separation
lk 0 D

lK .ξ 2k C ξ 2? / ¡ lk .ξ 2K C ξ 2? /
ξ 2k ¡ ξ 2K

(20)
2

The value of the second derivative at d2 kof f =d l at this
membrane separation is positive for ξ k > ξ K , and negative
for ξ k < ξ K . As a function of l, the off-rate constant thus
exhibits a minimum at l D lk 0 for ξ k > ξ K , and a maximum
for ξ k < ξ K . Depending on the values of lK , lk , ξ K , ξ k , and
ξ ? , the location lk 0 of this minimum or maximum can
adopt values that differ strongly from the locations lK and
lk of the maxima of the Gaussian functions (15) and (16).
Negative values of lk 0 imply that the off-rate constant kof f
is monotonously increasing at positive average separations
l for ξ k > ξ K , and monotonously decreasing at such average separations for ξ k < ξ K . Because the membranes cannot intersect, the average separation l of the membranes
does not attain negative values.

